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On  Gauss's  Method  of  Computing  Secular  Perturbations,  with  an 
Application  to  the  Action  of  Venus  on  Mercury. 

(Actronomlcftl  Ptpert  of  the  Amertctn  Epb«m«rit,  Vol.  I,  pp.  81S.S41.  1883.) 

In  1818  Gkuss  presented  to  the  Rojal  Society  of  Sciences  at  Gottingen 
a  memoir,  the  full  title  of  which  is  Determinatio  Attractionia  quam  in punctum 
quodvU  pusitionia  daUae  exerceret  planeta  $i  ejua  massa  per  Mam  orbitam  ratione 
temporia  quo  aingulae  partea  deMcribuntur  uni/ormiter  etset  dieptrtUa.  (  Werke, 
Band  111,  «.  331.) 

This  memoir  is  a  notable  one  in  the  history  of  elliptic  functions,  as 
it  contains  a  new  algorithm  for  the  computation  of  the  complete  functions  of 
Legendre's  first  and  second  species.  But  we  shall  at  present  view  it  from 
the  side  of  celestial  mechanics.  Ghtuss  investigates  the  expressions  for  the 
components  of  the  attraction  of  a  certain  species  of  elliptic  ring  on  a  point, 
which  can  be  advantageously  employed  in  computing  the  secular  perturba- 
tions of  a  planet,  at  least  the  parts  of  them  which  are  of  the  first  order  with 
respect  to  the  disturbing  forces.  This  method  merits  attention  because,  with 
it  we  can  secure  almost  absolute  accuracy  at  the  cost  of  a  comparatively 
small  outlay  of  labor.  Moreover,  it  is  capable  of  being  applied,  with  success, 
to  all  the  asteroids,  and  even  to  such  refractory  cases  as  the  periodic  comets. 
Yet,  I  can  find  but  two  published  investigations  where  it  has  been  employed. 
The  first,  a  computation  of  the  secular  perturbations  of  the  earth  by  Nicolai, 
results  only  being  given  (Berliner  Astrwtomische  Jahrbuch  fiir  1820).  The 
second,  an  application  of  the  method  to  Tuttle's  periodic  comet  by 
Dr.  Thomas  Clausen  {Dvrpater  Bcobachiungeti,  Band  XVI,  EuUeitung).  This, 
1 
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perhaps,  is  due  to  the  circumstance  that  the  memoir  of  Gauss  does  not  contain 
all  the  formulaB  needed  in  the  application.  A  double  integration  being 
necessary,  Gauss  has  considered  only  that  in  respect  to  the  eccentric  anomaly 
of  the  disturbing  body,  and,  having  regard  to  elegance  only,  has  not  reduced 
his  equations  to  the  forms  giving  the  utmost  brevity  of  calculation.  Hence, 
I  propose  to  give  an  exposition  of  the  method  with  the  additional  formulae 
required. 

The  following  notation  will  be  adopted:    For  the  quantities  pertaining 
to  the  disturbed  planet,  let 

a  denote  the  semi-axis  major, 
n      "         "    mean  motion  in  a  Julian  year, 
e      "         "    eccentricity, 

^      "         "    angle  of  the  eccentricity,  such  that  e  =  sin  ^, 
n      "         "    longitude  of  the  perihelion  measured  from  a  fixed  equinox, 
i      "         "    inclination  of  the  orbit  to  a  fixed  ecliptic, 
^     "         "    longitude  of  the  ascending  node  of  the  orbit  on  the  fixed 

ecliptic, 
L      "        '*    mean  longitude  at  the  epoch, 
X,      "         "    longitude  of  the  perihelion  measured  from  a  point  fixed 

in  the  shifting  plane  of  the  orbit, 
a      "         "    angular  distance  of  the  perihelion  from  the  ascending 

node  =  »i  —  Q, 
r      "         "    radius  vector, 
M,  E,  V      "         "    mean,  eccentric,  and  true  anomalies, 
u      "         "    argument  of  the  latitude  =  v  -\-  a, 
m     "         "    mass  of  the  planet,  the  sun's  being  taken  as  the  unit, 
p     "        "    semi-parameter  =  a  (1 — e*). 


The  similar  quantities  belonging  to  the  disturbing  planet  will  be  denoted 
by  the  same  letters  accented.  In  addition,  let  B  denote  the  component  of 
the  disturbing  force  in  the  direction  of  the  radius  vector,  positive  outward 
from  the  sun;  S  the  component  of  the  same  perpendicular  to  the  radius 
vector  and  in  the  plane  of  the  orbit,  positive  in  the  direction  of  motion;  and 
Wthe  component  perpendicular  to  the  plane  of  the  orbit,  positive  northward. 

The  diflFerential  equations,  which  give  the  variations  of  the  elements 
of  the  disturbed  planet,  are 
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*  =  ?!jL52Lf  Tiin  r.  i?  +  (oo«  p  +  oo«  ^)  S] 

di         1  +  m 

where  R,  S,  and  ITiDvoIve  the  factor  m'  =  the  mass  of  the  disturbing  planet 
measured  with  the  sun's  mass  as  the  unit,  but  are  not  multiplied  by  the 
factor  1^  (k  being  usually  known  as  the  Gaussian  constant).* 

Provided  the  orbits  do  not  intersect,  and  if  we  limit  the  approximation 
to  terms  of  the  tirst  order  with  respect  to  the  disturbing  forces,  each  of  these 
differential  coeflBcients  can  be  expanded  in  a  periodic  series  of  the  form 

j  and  /  being  positive  or  negative  integers,  and  A  being  constant.  The 
term,  for  which  bothy  =  0  and/  =  0,  constitutes  the  secular  portion  of  the 

de 
series.    The  part  of  any  differential  coefiBcient,  as  -^  ,  independent  of  if,  is 

given  by  the  definite  integral 

and  the  secular  portion,  which  is  independent  of  both  M  and  M',  by  the 
definite  integral 

But  as  we  have  the  equations 

dM=-dB= 
a 

dM'=^dE'  = 

*  For  tk«  proof  of  tbaae  formal*  th«  roadar  mar  eootalt  dthar  of  tb«  fonowlnn  toorcM:  Back*. 
Bnllmu  Ailr»mamtir»tJaMr*meh/»r  inimtd  ISSS,  In  the  trvattia  Vb»r  dl*  Bmdunmg  dtr  a^*eUUtn  «*r- 
^m§m,  which  ha*  bacn  raprlnUd  Id  Kacka'a  ilM«a4lMy«ii ;  or  OppoUar,  LtMHnteh  rmr  BmMmbmimmHf 
ttr  0— Xia  tmd  /latwtoa.  Band  II,  a.  SIS  «(  ««f .  ;  or  WataoD,  Thaoratieal  AalroDomy,  pp.  SlS-SlS. 
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and  as  the  variables  M,  E,  and  v  all  take  the  values  0  and  2n  together,  it  is 
possible  to  make  the  integrations  with  reference  to  the  eccentric  or  the  true 
anomalies  of  the  planets.  Thus  we  have  choice  between  four  different 
procedures.  That  in  which  both  of  the  integrations  are  executed  with  refer- 
ence to  the  eccentric  anomalies  is  to  be  preferred;  for  the  inequalities  of 
distribution  of  a  series  of  points  on  an  elliptic  orbit,  corresponding  to  equal 
intervals  in  the  value  of  the  eccentric  anomaly,  are  of  the  order  of  the  square 
of  the  eccentricity ;  while,  for  the  other  two  anomalies,  they  are  of  the  order 
of  the  first  power  of  this  quantity.  Hence,  to  get  the  secular  portion  of  the 
variation  of  any  element,  as  e,  we  shall  employ  the  double  integral 


K  r  n/UEdE' 

^■^  Jo    Jo      dt  a  a' 


the  value  of  which  we  shall  denote 

""  Joo 


^4  SI 


As,   in  this  method,   the  integration,    with   reference  to   E,    will   be 
performed  by  quadratures,  instead  of  the  notation 


XdE 


we  shall  use  M^  [XJ ,  which  will  denote  the  average  of  all  the  values  of  X 
with  respect  to  the  variable  E.  In  the  application  of  this  method  to  the 
eight  large  planets  of  the  solar  system,  the  taking  the  average  of  12  values, 
evenly  distributed  about  the  circumference  with  reference  to  E,  will  give, 
in  all  cases,  extremely  accurate  results;  and  often  8  values  will  suffice.  It 
can  readily  be  shown,  but,  for  the  sake  of  brevity,  we  omit  the  demonstration, 
that,  if  the  number  of  these  values  be  even,  the  order  of  the  error  committed 
in  the  determination  of  the  secular  portions  of  the  differential  coefficients 

-jt  I  ^  I.  >  -^7  t  and  sin  i  -^  will  be  the  same  as  that  of  a  power  of  the 
at        at     at  at 

eccentricities  or  mutual  inclination  of  orbits,  whose  exponent  is  one  less  than 

the  number  of  these  values,  while  the  error,  in  the  case  of -7-  ,  is  of  an  order 

at 

one  degree  higher.  From  this  principle  it  can  be  judged,  in  any  particular 
case,  how  many  values  ought  to  be  computed. 

It  is  well  known  that,  not  only  when  the  approximation  is  limited  to 
terms  of  the  first  order  with  respect  to  the  disturbing  forces,  but  even  when 

terms  of  the  second  order  are  included,  the  secular  portion  of  -j-  vanishes. 

at 

Hence,  we  can  dispense  with  computing  it. 
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If  WO  put 

we  shall  have,  for  the  secular  portions  of  the  differential  coefficients  of  the 
elements  of  m,  the  equations 


unt 


da 

H 
■  dt 

m 

di 

dn 

di- 
ll 


=  0 


=  ~^oosf.irj,rBinr.  R,  +  (ooe*  +  coa  E)S,~\ 


m  II 


»      I   4-  fR 
m'n 


titOf.Mg 
tec  f.  Mm 


—  coav.R,  +  (  — ^  +  1  ^  Bin  v.  .V,l 
006  M.  IT. 


1  +  TO 


.=i4'i.''[-»T'-]-"i»' 5Cf]. + «"»• ;  [ift"]. 


In  the  case  of  the  earth,  as  the  ecliptic  is  usually  ansumed  as  the  plane 
of  reference,  at  the  epoch  t  vanishes  and  Q  is  indeterminate,  lint  this 
inconvenience  is  avoided  by  substituting  for  t  and  Q  two  variables  ;>  and  q 
(where  the  reader  is  asked  not  to  confound  this  j)  with  the  p  which  denotes 
the  semi-parameter),  such  that 

^  =  lin  I  sin  Q  q  =  sin  1  coa  Q . 

When  we  shall  have 
'di 


dq 

dt 


=  ^!?^8ec  V.  ArirfcoB  (r  +  r).  IF.l 

1  +  TO  L  J 


The  parts  of  R.  S,  and  W,  which  arise  from  the  action  of  the  disturbing 
planet  on  the  sun,  have,  in  their  periodic  developments,  no  terms  indepen- 
dent of  M.     For 

r'*  ''^ - ~  l  +  m'  J   dP^'--l-^  TO'  *- 
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which,  as  it  has  the  same  value  for  M'  =  0  and  M'  ■=.2n,  leads  to 


r 


4-  rfif'  =  0 . 

r* 


In  like  manner 

Hence,  for  our  present  purpose,  it  will  suflBce  to  consider  only  the 
mutual  action  of  the  two  planets.  Then,  assuming  a  system  of  rectangular 
co-ordinates,  two  of  whose  axes,  x  and  y,  lie  in  the  plane  of  the  orbit  of  the 
disturbed  planet,  so  that  z  =  0,  i2,  S,  and  TT  are  determined  by  the  equations 

*•  jy  —  3'''^  +  yy'  —  y' 
m'  J' 

r  g__xy'  -  x'y 
la  J' 

and  the  distance  A  of  the  two  planets  by  the  equation 

J»  -  r''  -  2  {xi^  +  yy')  +  r". 

In  order  to  accomplish  the  integrations  which  22o,  /%,  and  TPq  involve,  it 
will  be  necessary  to  express  R,  S,  and  IT  explicitly  in  terms  of  the  variable 
E'.  If  /  denotes  the  mutual  inclination  of  the  orbits,  and  11  and  11'  sever- 
ally the  angular  distances  of  the  perihelia  from  the  ascending  node  of  the 
orbit  of  the  disturbing  planet  on  the  orbit  of  the  disturbed,  these  quantities 
are  determined  by  the  equations 

sin  /  cos  (/7  —  at')  =  —  sin  t  cos  i'  +  cos  i  sin  i'  cos  (Si'  —  S2) 
sin  /sin  (/7  —  a; )  =  —  sin  i'  sin  (fj'  —  Q) 

sin  /cos  (/7'  —  (o')  =      COB  i  sin  i'  —  sin  i  cos  i'  cos  (Q'  —  SI) 
sin  /sin  (//'  —  m')  =  —         sin  i  Bin(Q'  —  Q,). 

We  shall  then  have 

ass'  +  yy*  =  fV  [     cos  (v  +  /7)  cos  (v'  +  //')  +  cos  /sin  (v  +  /7)  sin  (i/  +  /7')] 
xy'—x'y  =  jy  [  —  sin  (V  +  /7)  cos  (t/  +  fl')  +  cob  /  cos  (v  +  fl)  sin  (v'  +  /7')] 
z' =  /  sin  /  sin  (t/  +  /7'). 

But  if  four  auxiliary  constants,  k,  K,  h!,  and  K',  are  so  taken  that 

*  cos  {K-  n)=  cos  /7'  Jd  cos  (X'  —  n)  =  cos  /  cos  /7' 

*  sin  (K—n)  =  —  cos  /  sin  77'  *'  sin  (^'  -  77)  =  -      sin  77' 
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the  first  two  equations  take  the  forms 

w'  +yy'=      kr  oo»  (v  +  £).f^  oMt/  -^  tr  tin  iv  +  JT).  f^  tin  9^ 
xy  -  a/y  =  —  ir  tin  (r  +  £).r'  oott/  +  i'rcos(»  +  A").!^  tin  r*. 

By  the  subfltitution  of  the  values 
f' COS  •so' (COS  if '  —  O  r*  iiu  •/ =  a*  cot  f '  tin  iP 

we  have 

»'  +  yy  =      ka'r  oo§  {v  +  K)  (otM  E' -  ^)  +  if (^  OM  /.  r  lin  (»  +  A")  lin  B' 

^it—^jt  =  —  ka^r  sin  (v  +  K)  (ooa  JP'  —  •')  +  ir'o'  om  /.  r  oo«  (»  +  £')  lin  if' 

«*  =      a'  tin  /  lin  //'  (om  B'  —if)  +  a"  sin  /  om  //'  coa  /  tin  B. 

Moreover, 

r'  =  a'(l  — /oos^') 

in  ooowquoioe,  if  we  put 

^  =  f*  +  2kafifr  om  (p  +  JT)  +  a" 
£  OM  (  =  iw'r  co«  (p  +  £" )  +  a^«' 
5  sin  .  =  ifo'  Oct  /.  r  tin  (r  +  JT') 


we  shall  have 


^  =  J  —  25  oos  (^  — »)  +  C  ooe*  ^. 


R,  S,  and  TF  are  now  expressed  explicitly  in  terms  of  F.  Qauss's 
method  of  effecting  the  integrations,  which  give  /?,,  S^,  and  Wq,  consists  in 
taking  a  new  variable  T,  such  that 

„^  jr.,  _  o  +  a'  sin  r  +  o"  CM  7* 

"*^  -r  +  r'rinT+r"cMr 
.in  JP  -  ^  +  /8'«in7'  +  ^'0M  T 

where  a,  /3,  ^,  etc.,  satisfy  certain  conditions,  and,  moreover,  are  so  taken 
that  the  coefficients  of  sin  T,  cos  T  and  sin  T  cos  T  vanish  in  the  expression 

J*|>  +  /  ua  T+r"  OM  Ty 

which,  in  consequence,  takes  the  form 

9-0'na*T+  Q"  ootfT. 

As  the  equation 
(«  +  «'iuir+«"oM77+(/  +  ^sinr  +  /'oMaT-[r  +  y'«nr+/'oM77  =  0 
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ought  to  hold  true  independently  of  the  value  of  T,  the  left  member  must 
have  the  form 

*(sin»r+  cos'T— 1) 

but  as  it  is  plain  that  the  values  of  a,  a',  etc.,  can  be  multiplied  by  a  common 
factor  without  any  change  resulting  in  sin  E'  and  cos  E,  we  may  assume 
4=1.     We  then  have  the  six  equations  of  condition 

«'  +  ^'  -  r'  =  —  1  ««'   +  /SiS'   -rr'  =  o 

«"  +  /S"  — r"=       1  aa"    +yS^"   -7r"  =  0 

a"«  +  ^'«_  y>'*  a:       1  a' a"  +  /S',9"  —  //'=  0. 

From  the  values  of  sin  E  and  cos  E  in  terms  of  T,  by  having  regard  to 
the  equations  of  condition  just  written,  we  obtain 

-  1 


a   COS  E'  +  ^   sin  E'  —  r    = 


r  +  r'  Bin  T+  r"  cos  T 


a'  COS  E'  +^'  Bin  E'  —/   -  ^'"^  ^ 


r  +  Z  sin  T  +  r"  COS  T 


a"  008  E'  +  /S"  sin  E'  —  /'  =  '^^^  ^ 


>+  /sin  T'+Vcos  T' 

Hence,  as  the  equation 
[a  cos  E'  +  fi  sin  ^'  -  rY  —  W  cos  ^'  +  ^'  sin  J^' — /Y  —  [a"  cos  E'  +  ^'  sin  jE"  -  /']•  =  0 

ought  to  be  satisfied  independently  of  the  value  assigned  to  E,  the  left 
member  must  have  the  form 


/fc[8in'^'  +  cos' JE?'  — 1]. 


Consequently, 


r*~r"-r"'  =  -k  ^ _ ^/ _ ;s'V"  =  o. 

But  by  comparing  the  three  of  these  equations  which  involve  squares 
of  the  quantities  a,  a',  etc.,  with  the  similar  three  of  the  equations  of  condi- 
tion previously  obtained,  we  get  3k  =  —  S,  or  k  =  —  1. 

The  six  equations  of  condition  first  obtained  may  be  so  written  as  to 
form  three  groups  of  linear  equations,  thus: 

a  .a +  /9.  ;J— ^.  ;-=  -1  a  .  a'  + /9.  /S' —  j- .  /  =  0  a  .a"  + /i  .  jS"  —  y  .  /' =  0 

cf.a  +  fir.P  —  r'.r=        0  «' .  a'  + /S'.  /5' -  r'-  /  =  1  a'.a"  +  ff.^'  -/.  /' =  0 

a".a  +  fi".fi-/'.r=        0  a".  «'  +  /S".;8' -/'./=  0  a",  a"  +  yJ". />"-/'./'  =  1. 
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If  we  put 

D=^a(tf-  -'/V'  +  JC'r  -  '"fr  +  •' V  -  -^  V 

we  shall  hav« 

The  value  of  /)  may  be  found  by  taking  any  one  of  the  twelve  preceding 
equations  of  condition  between  a,  a',  etc..  and  substituting  in  it  the  values 
of  a,  a',  etc.,  (h>in  the  preceding  nine  equations.  Thus,  if  we  take  the 
equation 

a«  _  «»»  _  a't  =  _  1 

we  shall  have 

//•  ( -  a*  +  «'» +  »"•)  =  If  =  (;V  -/»'r)'  +  (d'r  -  ^'Y  -  i^r"  -  ^VT 
=  /»V  +  /»V  +  /»"V  +  /SV"  -  /*'V"-/»"y 

-  2^^r'  -  i^ff'r"  +  Vr'  A'V ' 

= /S'Cr' - 1)  + /s^Cr"  +  1)  +  <*"•  (r"' +  1) 

-  2^ffr'  -  aA-ZV  +  iffr'n" 

=  -  /s*  +  A"  +  /»"•  +  (A-  -  dZ-ffYY 
=  1. 

Hence,  Z>=  ±  1.  It  is  evident  we  may  adopt  either  sign,  consequently 
we  take  the  positive  one- 

The  foregoing  equations  between  the  quantities  a,  a',  etc.,  are  all  that 

are  necessary  for  our  purposes,  but  in  order  to  obtain  the  values  of  these 

quantities  and  also  of  the  three  O,  &,  and  Q"  we  must  have  recourse  to  the 

equations  furnished  by  the  tronsformation  of  the  expression  for  ^*.     This 

transformation  evidently  comes  to  the  same  thing  as  the  changing  of  the 

expression 

Ai^  —  %B  OM  t.  xt  -  2B  tin  t.  y<  +  Cz* 

into 
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by  the  employment  of  the  formulae 

X  =  au  +  a'u'  +  a"u" 
y  =  ^U  +  ^u'  +  /3"m" 
z=  pi  +  r'u'  +  y"u" . 

But,  having  regard  to  the  equations  which  the  quantities  a,  a',  etc., 
satisfy,  we  readily  deduce  from  the  last-given  equations 

M  =  —  ax  —  ?y  +  r^ 
v!  =  a!x  +  yJ'y  —  r'« 
«"=       «"a;  +  ^'y-r"2. 

By  substitution  of  these  values  in  the  expression  Gv? —  G^u'*  +  G^V* 
and  comparison  of  the  resulting  coeflScients  with 

A^  —  2B  cos  e.  XZ  —  2B  sin  e.  yz  +  Go? 

we  get  the  following  equations: 

Go*  -  G'a"  +  <?"a"'  =  C  (?«/3  —  G'a'/?'  +  G"a"/9"  =  0 

ff/S*  -  <?'y9"  +  G"/J"'  =  0  (?«^  -  ^'aV  +  G  '"-"r"  =  5  COS  £ 

Gf^»  _  O'y'^  -I-  (?"/'«  =  ^  (?;?;._  G'fi'y'  +  G"^'r"  =Bs\nt 

which,  in  conjunction  with  the  six  independent  equations  between  a,  a', 
etc.,  previously  obtained,  suflGce  to  determine  the  twelve  unknowns,  a,  a',  a", 
i3,  |3',  ,8",  y,  /,  y".  (7,  G",  and  G"'. 

Thsse  six  equations  can  be  written  in  three  groups  of  three  equations 
each,  the  first  group  being  as  follows: 

a.Ga  —  a'.  G'a'  +  a".  G"a"  =  G 

a.O^-a'.  G'^  +  a".  G"'/9"  =  0 

a.  Or  -  a'.  G'r'  +  «".  0"r"  =  B  cos  e. 

The  second  and  third  groups  are  obtained  from  this  by  writing  in  suc- 
cession /3  and  y  for  a  in  the  first  factors  of  the  terms  of  the  left  members  of 
the  equations,  and  making  the  second  members,  in  the  first  case,  severally 
0,  0,  and  B  sin  f,  and  in  the  second,  B  cos  e,  B  sin  e,  and  A.  By  having 
regard  to  the  six  equations  of  condition  between  a,  a',  etc.,  which  were 
first  obtained,  we  get  from  these  three  groups  severally  the  following  three 
groups  of  equations : 

t  Oa  =  —  Ca    +  B  COa  e.r 

J  O/S  =  ^sinE.;' 

\  Oy  =  —  BcOB£.a  —  BBine.fi  +  Ar 

(  G'a'  =  —  Ga'    +  Bcoae./ 

\      G'^  =  Beinc./ 

(.      G'r'  =  —  Bcoee.a'  —  Baiat.^'  +Ar' 

(  —  0"cl"z=:  -  Ga"  +  Bcoat.  r" 

\-0"^'=  Beinc.r" 

I  -  G"r"  =  —  £  cos  t.  a"  —  5  Bin  c.  (J"  +  Ar". 
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From  the  HrBt  two  equations  of  each  of  these  three  groups  is  obtained 
-  _  Bunt  ff  _  B%\n  «   ,  ^,  _      Btxa*   „ 


By  substituting  these  values  of  a,  /3,  etc.,  in  the  last  equation  of  each 
group  we  obtain 

^   -^+    TTTD  ^—0 ° 

ff  —A  4-    ^°°^J  +  ^  "■*' '  -  0 


It  is  evident,  now,  that  O,  0',  and  —  Q"  are  the  roots  of  the  cubic  equation 

z  +  t  z 

or  of 

z[(*  -  M)  (*  +  (7)  +  ^  +  fi'C  iin' .  =  0. 

The  roots  of  this  equation  are  all  real,  as  can  be  shown  in  the  following 
manner:  If,  for  the  moment,  we  adopt  Gauss's  system  of  rectangular  co-or- 
dinates, that  is,  put  the  origin  at  the  center  of  the  ellipse  described  by  the 
disturbing  planet,  and  make  the  axes  of  a:  and  y  coincide  severally  with  the 
major  and  minor  axes  of  this  ellipse,  and  suppose  that  the  co-ordinates  of 
the  disturbed  planet,  with  reference  to  this  system  of  axes  are  denoted  by 
A,  B,  and  C,  the  expression  for  ^*,  which,  in  our  notation,  is 

d'  =  A-%BcM{S'  —  i)  +  Coos' if 

will  become 

J"  =  (J  —  o*  cos  .*")•  -f  (fi  —  o"  COS  /  sin  B")'  +  C* 

^  A*  +  B'  +  C*  +  <^'  ooi^  r'  —  %(Aa:  cot  S"  +  Ba'  CO*  f'  Bin  E')  +  a"  wn*  f'  oo**  B'. 

By  comparison  of  these  two  expressions  for  A',  we  find  that,  expressed 
in  terms  of  the  second  system  of  co-ordinates,  the  equation  in  x  becomes 

*[*  — (J*  +  fi»  -^  CT*  +  o^  cos*  /))  (»  -ho"  Iin'  f')  +  (A'a"  +  ^o"  cos*  f')* 

+  ETd*  sin*  /  oot*  f '  =  0. 
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We  substitute  for  x  in  this  equation  the  four  values  —  C,  0,  a'^  cos*  4»', 
and  A,  and  obtain  the  results 

a;  =  —  a"  sin'  ,p'  =  —  C  result,  —  ^  V  sin'  ^' 

x=       Q  "      +  &a"  sin' ?>'  cos'  <p' 

X  =       a"  cos'  y>'  "      —  Ca'*  cos'  ?>' 

x=      A  "      +^(^  +  Csin'e), 

From  this  it  is  apparent  that  the  roots  are  all  real,  one  being  negative 
and  numerically  less  than  C,  one  positive  and  less  than  a'^  cos"  «^',  and 
another  positive  and  lying  between  a"  cos*  <^'  and  A. 

The  assignment  of  these  roots  as  the  values  of  G,  G',  and  —  G"  is  not 
indifferent;  as  we  wish  both  A  and  the  transformation  to  be  real,  we  put  G 
equal  to  the  larger  of  the  positive  roots,  G'  equal  to  the  smaller,  and  —  G" 
equal  to  the  negative  root.  Consequently,  G,  G',  and  G"  are  always 
positive  quantities. 

The  readiest  method  of  obtaining  them  from  the  equation  of  the  third 
degree,  which  determines  them,  appears  to  by  trial.     If  we  put 

flr  =  ^  C  sin'  e 


A  =  H^-C'  +  V  (-4  +  0)'  — 4^] 
l  =  i\_A-G—  ^/  (A  +  cy-iB'^ 

the  equation  takes  the  form 

x(z  —  h)  (x—l)+g  =  0. 

As  ^  is  usually  a  small  quantity,  having  the  factor  e'^  the  approximate 
values  of  the  roots  are  0,  I,  and  h.  G,  &,  and  G"  can  then  be  obtained,  by 
successive  approximations,  from  the  equation  put  in  the  forms 


Q 

=  h- 

9 

0(0- 

-I) 

0' 

=  1  + 

9 
0'(h~ 

■0') 

(V' 

..9  . 

{h  +  G"){J  +  0") 

quite  approximate  values  being 

Q  =  h-j-j^.  G'  =  l  +  .-,/-..        0"  = -^ . 
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For  verification  we  may  employ  either  or  both  of  the  eY]uatioDB 

0^(r  —  G"  =  A-C 

GGG"  -  ffCau**. 


It  will  be  8ceu  that,  in  order  to  make  our  desired  traniirormation  from 
the  variable  ff  to  the  variable  T,  we  do  not  need  the  values  or  the  nine 
quantities  a,  a',  etc.,  but  only  the  values  of  the  following  ten  squares  and  pro- 
ducts of  them,  viz.,  a",  y",  a'fi',  a'/.  /»'/,  a'",  y'"  o"/3",  a"/',  and /?'>";  hence, 
we  will  limit  ourselveH  to  the  determination  of  these. 

The  values  of  a'  and  (f,  in  terms  of  y',  and  of  a"  and  (i",  in  terms  ofy", 
have  already  been  given.     If  we  substitute  them  in  the  equations 


we  obtain 


Whence 


^^0  +  ^^(o'  +  (n-iff^-oG' 


or  having  regard  to  the  equation  which  determines  (?', 

y^  ^ (O*  +  G)  G- 

(ff  +  C)  G' 

~jsr+o")\o-o')' 

And  in  like  manner, 

/'•-___        (<"  -  G")  G" 


^^5^0"  +  "  ^;;  '(c-G")-io-ff')0" 

_  (C-  G")  (r   

-  Onr&>Yi3"  +  OG'—(C-0")  0" 

_        {0-ff'}0" 

-lin^'jiG'  +  ff'y 
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We  have 


consequently, 

Also, 
consequently, 


B*  cos'  i  _  A      a>      ^  s'^i'  * 


„  _  (^  —  G')  G'  -B'  sin'  r 
" {&' +  G")(G  -  G') 


B*  cos'  £  _  J  _L  /a"   I   -S*  sin'  c 
0-G"~  ■•"      &' 


.„  _  (A  +  G")  G"  +  B  sin' s 


And  the  values  of  the  six  products  needed  are 

,fj B*  sin  £  cos  £  „  ,„  _  5'  sin  £  cos  £ 

^''-(G'  +  G")iG-G')  "^   -~iG  +  G")iG'  +  G")        : 

I  ,  _  B  COB  £.  G'  If    n  _  B  COS  £.  G^ 

^  ~  (G'  +  G")(G  —  G')  "  ^   -      {G  +  G")  {G'  +  G") 

f.  ,_    B^Qt.(C  +  G')  f>"n_         Bem^.(G-G") 

'^^  -{G'  +  &"){&-&')  ^  ^   --(G+&")(G'  +  G") ' 

We  have  next  to  ascertain  the  value  of  the  differential  dE'  in  terms  of 
the  differential  dT.    From  the  equations 

/TCOS  ^'  =  a  +  a'  sin   T  +  a"  COS   T 

ffeinE'  =  j3  +  /i'  sin  T  +  ^'  cos  T 

where  ff  stands  for  y  +  y'  sin  T+  y"  cos  T,  it  follows  that 

HdE'  =  [cos  E  (y9'  cos  T—^'  sin  T)  -  sin  IT  (a'  cos  T-  a"  sin  T)]  dT 

or 

H'dE'  =  [(o"/S'  —  o'/S")  +  (a"fi  -  a/9")  sin  T+  (a/9'  -  a'/S)  cos  r]  dr 
=  -  [r  +  r'  sin  ^  +  /'  cos  T]  rfr. 

Whence 

^d^'  =  -d7'. 

The  quantity  E  is  always  of  the  same  sign,  otherwise  sin  E'  and  cos  E7 
might  become  infinite  in  the  passage  of  5^ through  zero.  If  this  consideration 
is  not  deemed  conclusive,  the  point  can  be  established  as  follows: 

Since  we  have 

(/  sin  T+r"  008  Ty  +  (r"  an  T  -  r'  cos  T)'  =  /'  +  /"  =  r'  —  1 
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without  regard  to  signs,  y'  sin  T+y"  cos  T  will  always  be  less  than  y. 
Hence,  if  y  be  negative,  Twill  always  increase  when  E'  increases;  but  Hy 
be  positive,  T  will  always  diminish  when  J?  increases. 

If  we  put  \/y»— 1  =  i,  so  that  A*  =  a»  +  /?•  =  y^  +  y"*,  we  shall  have : 

H(i  +  a  oot  r  +fiuiaJF)  =  r^  +  a'-k-  fT  +  {/*  +  ««'  +  flfl')  sin  T 

=  (r  +  *)('+  r"  iin  r  +  r"  COS  70. 
Also, 

£r(<isin  J!'-^oos^)  =  («^  — a'/J)iin  T+  (<i4"-a'V)oos  T 
=  -  r"  nn  r  +  r*  oos  7*. 

By  putting 

■j  =  e(»L  ^  =  $inL  ^  =  cosJT  ^  =  tin  M 

these  two  equations  become 

Ell  +  oot  iE'  —  L)]  =  (r  +  S)[l  +  cot  {T-M)} 
HtiniB'-  L)=-  tin  (T—M). 

By  division  we  get 

tan  i  (T—M)  =  -  (r  +  3)  taa  ^  {£' -  L). 

From  this  equation  it  is  evident  that,  when  E'  augments  by  a  circum- 
ference, T  augments  or  diminishes  by  the  same  quantity  according  as  y  is 
negative  or  positive. 

The  expressions  we  have  to  integrate  with  respect  to  E  are  of  the  form 

-ry ;  hence,  whether  y  be  positive  or  negative,  we  shall  always  have 

provided  that  we  understand  that  the  radical  in  the  denominator  is  to  have 
the  positive  sign. 

The  general  form  of  0  is 

*  =  [/  +  y(co«  i?  — O  +  h»iaE^(l  —  tf  OM  B) 
=/- ^  +  [y  (1  +  O  — /•')  oot  B'  +  h  tin  P  —M  Min  B"  oot  r  —f^  eot' B". 
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If  in  this  expression,  multiplied  by  E",  are  substituted  the  values  of 
H*,  H  cos  E,  and  H  sin  E  in  terms  of  T,  and  the  terms  multiplied  by  sin  T, 
cos  T,  and  sin  T  cos  T  omitted,  as,  when  integrated  between  the  limits  0 
and  27t  they  contribute  nothing  to  the  value  of  the  integral,  we  get 

H'e  =  if—ge)  {f  +  /'  sin'  T  +  r'"  cos'  T) 

+  [if  (1  +  e")  -/e']  (ay  +  a'/  sin'  rn-  a'V"  cos'  7') 
+  A  (,Jr  +  /S'r'  sin'  T  +  /J'V"  cos'  T) 
-  Ae'  (a,3  +  a'^  sin'  T  +  a"/S"  cos'  y) 
-^e'  (a»  +  a"  sin'  7"+  a'"  COS  T). 

But  we  have  the  equations 

a»  =  -  1  +  a"  +  a'" 

^  =      1  +  r"  +  r'" 

a/9  =        aV  +  a"^" 
ar  =        a'r'  +  a"r" 

^r=     /9y+/S'V". 

Hence,  if  we  put 

r  =  if—gif^r"  +[9  0-  +  e")  -fe']  a'/  +  h^r'    -  he'a.\3'    —g<ia'' 
r"  =  U-gtl)  /"  +  [^  (1  +  e")  -/«']  «'V"  +  A/J"/'  -  Ac'a'r*"  -ge'a"' 

we  shall  have 

5' »  =  [3/'  +  /"  +  /]  sin'  T+[_r  +  2/"  +  /]  cos'  T. 

If  we  substitute,  in  the  expressions  for  T'  and  r",  for  y",  a'/,  etc.,  the 
values  we  have  previously  obtained  for  these  squares  and  products,  and, 
moreover,  put 

F=  [ge'  B  Bin  e  —  he'  B  coa  e  +  AC]  B  sin  e 

/  =  —ge'A  +  (f—ge')  C  +  [g  {I  +  e")  — /e')  fi  cos  e  +•  hB  sin  e 

we  shall  obtain 

„  _     F  +  JO'  +/G"  ,*/  _  -  -^  +  JG"  -fG'" 

^   -  JU'  +  0''){G-G')  '    -  (jr+'G")  (0'  +  G")  ' 

Substituting  in  the  values  of  F  and  /  the  values  of  A,  B  cos  f ,  B  sin  e, 
and  C,  we  get 

F=  a'eir  B  sin  e  [^A/  cos  9'  sin  (y  +  K')  — hk  cos  (y  +  K)"] 
J  =  — fa'e'kr  cos  {v  ■{■  K)  ■\-  g  [ka'  cos'  <p'.  r  cos  (v  +  K)  —  e'r'] 
+  hkfa'  cos  <f'.  r  sin  (v  +  K'). 
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To  apply  these  formula)  to  the  three  special  cases  of  the  computation 
of  Rf  S^  And  Wf.     In  the  case  of  R^  we  have 

/=—ar'  g  =  kaa'r  00*  (V -^  K)  *  = /foa' oos /.  r  tin  (»  +  iT') . 

Consequently,  here 

F=0 

y  =  00^  cos'  f '.  r*  [if  cm'  (»  +  JT)  +  *^  «n'  (»  +  A"*)] 
=  aa"  cos'  f*.  r*  [1  -  sin'  /sin'  (p  +  //)]. 

In  the  case  of  S^  we  have 
/=0  g  =  — kaa'r  tin  (v  +  ry  *  =  i'aa' oo« /.  r  cot  (»  + JT) . 

Gonaequently,  here 

/•=  -  «ui''ilri'  co€  (K'  -  K)  lin  f'  cos  <r'.  1*  B  nn  t 

=  — aa"  sin  f '  coa  f '  coa  /.  r*  ^  (in  c 
J  =  *aa'/r'  tin  (p  +  JT)  f  i  oa^  ooi'  /.  r^C*^  ain  2  (p  +  JT')  — **  iin  2  (p  +  A^J 

sioo'a'r'  sin  (p  +  JT)  — ioo^coe' f' ain' /.r*  ain  2  (p  +  ff). 

In  the  case  of  IT,  we  have 

f=0  g  =  a^  nn  I  tin  11'.  r*  k  =  a^  tin  loot  II'  cot  f'.r*. 

Consequently,  here 

F=  o^  ain  /  cos  /  ain  Lr*  B  ain  c  [k'  ain  11'  ain  (p  +  A")  —  A  coa  //'  coa  (p  +  K)] 

=  — a*'  sin  f'  ooa  f'  ain  /.  r*  coa  (p  +  n).B  ain  i 
7  =  0"  coa'  f '  ain  /.  r*  [k  ain  //'  coa  (p  +  A^  +  f  cot  //'  ain  (p  +  JT)] 
—  a'  tin  f'  ain  /  ain  //'.  r* 

=  a^C08'f'  ain  /cot  /.  r*  tin(p  f  //)  —  o't'  tin  /tin  //'.  r*. 


The  values  of  iZ^,  S,,,  and  TFj  are  given  by  the  definite  integral 

1   r*'[ir+  r  + /i«n'  r  +  rr  i-  tr  +/]  cot'  r  .^ 
sj.    [fif+<J"]i[i-c'tin«n*    — '^ 

provided  we  attribute  to  /",  J,  and  /  the  values  they  have  in  each  case.     In 
this  expression  we  have  put 
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c  is  then  the  modulus  of  the  elliptic  integrals  involved  in  the  expression. 
Let  h  denote  the  complementary  modulus  =  »/i  —  <f.  In  the  notation  of 
Legend  re 


We  have  the  equation 

d      sin  Taoi  T         1—2  sin'  T  +  c"  sin*  1 


dT  \l-c'  sin'  T]* 


[1  -  c"  sin'  T]\ 


whence 


/ 


-  1  — 2  8in'2'+c'sin*7',,7,_n 
^        [1  -  c*  sin'  y]!        "^-W- 


In  consequence,  we  have  the  equations 


J,     [l-c'sin'  T]!  *"  ^ 


/,      [l-c'sin*  T]! 

/» '        sin'  TWr      _  ^ 

J,     [1  — c'sin'  yjl"  c* 

Jr*JL       cos'  THy      _  1 
.  *  [1  -  c'  sin'  y]i  ~  c"" 


"A.^.(c)_/"(c)] 
>'(c)-^'W]. 


Legendre,  moreover,  has  put 


^■(c)  =  |ir 


^•(c)=y^^ 


Hence, 
J?„,  5„,  or  ir„ 


..  "«.  -  "'-■Erjjj^rwY^i^'  +  2^'  +/)(!-  Z)  +  (sr  +  r"  +/)(^_i  )J 


We  will  now  put 


*  = 


jrz 


x  = 


z-y 


In  consequence,  the  general  expression  for  R^,  Sq,  or  Wq  will  take  the  form 
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If  we  put 

and  subetitute  for  T'  and  T"  their  values,  this  expression  beooroes 

{N'  —  y')  j^  +  {N'Q"  +  N"U")^  +  (N  k-  Na"-N"0''^)  L. 

Thifl  can  be  rendered  more  suitable  for  computation  by  putting 
«_«._„„_  iV[ -2*:+  l-Kl  +  y)X] 

K=  e  -  PO". 
Then  the  expression  takes  the  form 

f     J  f 

If  we  call  -  J I  -J  .  and  -=^  severally  in  the  cases  of  R^  S^,  and    Wo  by 

''i.  -^i./i.  ^i.  •A./i.  -^1.  •''»./«.  remembering  that  f,  =  0,  /,  =  —  1,  /,  =  0, 
and  /,  =  0,  we  shall  have 

R,=  -(N+Qff-  VO")  +  VJ, 
a,=      PF,+  VJ, 
W,=      PF,+  VJ,. 

It  now  only  remains  to  show  how  the  elliptic  integrals  K  and  L  may 
be  computed.     If  we  adopt  a  new  variable,  7°.  such  that 

■in  (iT-  7")  =  c'«n  r* 

where  c*  =  — ^^  ,  we  shall  have  the  following  equations: 
1  +  6 

cos  (27*— 7")=  ^(1  — «^«n'  T**)  =  ^ 
CM  2T  =  J  CO*  T*  —  c»«n'  T* 
sin  2T=  J  sin  r*  +  e»  lin  7"  co«  T* 
=  lin  T**  («•  cos  7"  +  J) 

2dT  =  ^\<fcM  7"+  4) 

V(l-C.in'70=?^-P/^ 
rfr  _  1  +  tfdT* 

:  va-e»«n*r)-~i    J 
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which  constitute  the  well-known  transformation  of  Landen.     It  is  plain,  from 
the  values  of  sin  {2T—  T>)  and  cos  {2T  —  T°)  that,  when  T  passes  from  the 

value  0  to  the  value  ~  ,  V  passes  from  0  to  n.     Hence, 

\  »  "Va-c'sin'r)  =  ^^  ■*"  '^  V.  *  Va-c»'Bin'r) 

or 

/"  (c)  =  (1  +  c»)  F'  (c«) . 

If  we  take  c**  the  same  function  of  c"  that  c"  is  of  c,  and,  again,  in  like 
manner,  derive  c°**,  and  so  on,  the  quantities  c,  c*,  c"*,  etc.,  diminish,  and,  as 

i?^  (0)  =  -^ ,  we  shall  have 

F'  (c)  =  -J  (1  +  c»)  (1  +  c«>)  (1  +  O  •  .  . 


If  the  moduli  complementary  to  c",  c"",  etc.,  are  denoted  by  6',  6*    etc. 

1— ^c" 

h 


we  shall  have  6"  =  V  1  —  c"*  and  h  =  — ; — » •     Consequently, 

1  +  c' 


(i  +  ^)  =  7r 


Hence, 

j5r_    /¥WW77 


From  the  equations 
V(l-1'^Bin'r)  =  H^^  ''inT=  J(l  +  C8in'  T'-Aco,  T') 


we  obtain 


^  +  :^  +  J?  4  sin'  T' 


If  this  process  of  transformation  is  continued  as  in  the  case  of  the  former 
integral  we  find  that 
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la  the  case  of  E^  (c)  we  have  ^  =  1  and  B:=  —  o*;  hence, 

As  we  have 

.      <*     <ftf      (*       h 

and  M  we  may,  For  our  purpoee,  cut  off  the  series  at  the  term  which  contains 
if*,  and  with  sufficient  approximation  put 

we  may  put 

In  like  manner 


=  «[-^-'-f.^] 


^  ■£['-»-«-.^j 

The  common  logarithms  of  the  last  three  functions  are  tabulated  at 
the  end  of  this  memoir.  In  order  to  make  the  data  of  Legendre's  Tables  in 
the  second  volume  of  his  Thfxtrie  de$  Fonctions  Elliptiquea  available,  c  has 
been  put  =  sin  6,  and  0  adopted  as  the  argument  The  quantities  are  given 
to  eight  places  of  decimals,  having  been  computed  with  ten.  They  are 
tabulated  at  intervals  of  a  tenth  of  a  degree,  and  are  given  from  0  =  0  up  to 
6  =  60°.  Beyond  the  latter  limit  they  will  scarcely  be  needed  and  the 
interpolation  of  the  tables  becomes  difficult.  Should  values,  beyond  the 
limit  of  the  table,  be  wanted,  it  will  be  easier  to  compute  them  directly  from 
the  formulae  than  to  derive  them  by  interpolation  from  values  tabulated  at 
intervals  of  0°.  1  in  the  value  of  $. 


22 


COLLECTED  MATHEMATICAL  WORKS  OF  G.  W.  HILL 


Becapitvlation  of  the  /(xrmuloe  needed  for  the  application  of  this  method. 

For  the  benefit  of  those  who  wish  to  make  a  numerical  application  of 
this  method,  I  have  here  gathered  together  and  arranged,  in  proper  order, 
all  the  formulae  necessary  to  be  used.  For  the  signification  of  the  symbols, 
the  preceding  discussion  must  be  consulted. 

Compute  the  constants  /,  11,  II',  h,  K,  Jcf,  K,  and  G,  which  are  functions 

of  the  elements  of  the  two  orbits,  by  means  of  the  equations 

sin  / cos  (//  —  tu  )  =  —  sin  i  cos  i'  +  cos  i  sin  i'  cos  (Q'  —  S3) 
sin  /sin  (//—«.)=  —  sin  i'  sin  {^'  —  Q,) 

sin  /cos  {IV  —  w)  =      cos  i  sin  t'  —  sin  i  cos  i'  cos  (Q'  —  Q,) 
sin /sin  (/7'  —  <o')  =  —  sin  i  sin  (g^' —  £2) 

icos(V— //)=  cos  77' 

h  sin  {k  —  II)  =  —  cos  I  sin  77' 

k^  cos  (K'-n)  =      cos  I  cos  77' 

k' Bin  (K'  —  n)=-  sin  77' 

0  =  o'V. 

The  circumference,  with  reference  to  the  variable  ^,  will  now  be  divided 
into  a  certain  number  of  equal  parts,  which  number  ought  to  be  a  multiple 
of  4,  and  should  be  large  or  small  as  the  perturbations  are  more  or  less  irreg- 
ular through  the  variation  of  the  distance  of  the  two  planets.  For  each 
of  these  values  of  E,  the  values  of  the  varying  quantities  in  the  left  members 
of  the  following  equations  must  be  calculated.  Here  a  useful  check  against 
large  errors  may  be  had  by  adding  the  first,  third,  fifth,  etc.,  numerical  values 
of  any  one  of  these  quantities,  and  again  the  second,  fourth,  sixth,  etc.  The 
difference  of  the  two  sums  should  be  very  small,  except  in  case  of  certain 
angles,  where  one  sum  may  exceed  the  other  by  nearly  180°.  The  same 
test  may  be  applied  to  the  logarithms  of  a  quantity,  provided  it  does  not 
change  sign  and  does  not  approach  zero  very  closely. 

r  cos  r  =  o  (cos  E  —  e) 
r  sin  V  =  a  cos  <p  sin  E 

A  =r^  +  2ka'e'r  cos  (v  +  X)  +  a" 
B  cos  c  =  ka'r  cos  (v  +  K)  +  a"  ^ 
J5  sin  e  =  k'a'  cos  <p'.  r  sin  {v  +  K') 
g  —  B'G  sin'  c 

h  =  \\_A  —  0+  >fXAT'Cy  —  i:B'] 
i  =  i  [^  -  C  -  V  (^  +  C)'  — 4  ^] . 

Find  O,  Gf,  and  G"  by  trial  from  the  equations 

O"  —     _J>  _ 

~w+G"ni  +  G")' 
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Approximate  values  are 


ss 


c  =  /  + 
0"  = 


From  the  tables  at  the  end  of  this  memoir,  with  the  argument  6,  take 
out  the  values  of  log  It,  log  X'>  and  log  Tt 

p_       N%' 
^  "(«+«")' 

V  =  Q-  PO" 

y,  =  «^  eot*  /  [1  -  iin*  /iin'  (»  +  //)]  +  G" 

Jt  =  Utfr  sin  (r  +  iT)  —  J  a"  oot*  /  iin'  /lin  8  (r  +  //) 

J,  =  — oos"  /  sin  /ooi  /.  r  sin  (»  +  //)  -  ?'  Z  iin  /tin  //'.  r* 
a  a 

/*,  =  —  o"  sin  f'  cot  f'  of»  I .  B  tin  c 

/",  = iin  /  OM  r'  siD  7.  r  cos  (v  +  //).  E  ain  t 

a 

»r,=  p/',  +  r/.. 

The  secular  variations  of  the  elements  will  be  given  by  the  following 
equations: 


sin  I 


di 

m 

dQ 
W 
dn 


=  j-^oo"  f-  ir,r  tin  ».  J?,  +  (COS  r  +  cot  E)  8, 1 


=  rT"ii-«'-*'[«^--'^'] 
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EXAMPLE. 

Computation  of  the  Secular  Perturbations  of  Mercury  produced  by  the  Action 

of  Ventts. 

The  elements  of  the  two  planets,  adopted  for  the  epoch  1850.0,  are 

Mercnry.  Venus. 

w  =  5381016".26  n'  =  2106641".357 

e  =  0.20560476  e'  =  0.0068431 1 

JT  =  75°     7'     13".62  z'  =  129°    27'    42".83 

»•=    7°    0'      7".71  i'=     3°    23'    35".01 

Q  =  46°  33'     8".63  Q'  =    75°     19'     53".08 
log  a  =  9.5878217                                         log  a'  =  9.8593378 
1 


m  = 


5000000 


From  these  are  deduced 

I  =      4°    20'    42".98  K  =  305°  43'      2".46 

n  =  230°    39'    31".39  ^'  =  305°  47'    57".54 

//'  =  284°    54'      1".18        log  k  =  9.9988328 


log  k  =  9.9999176 
log  0  =  5.3891826 
G  =  0.00002450 


The  circumference  is  now  divided  into  twelve  parts  with  respect  to  E, 
the  eccentric  anomaly  of  Mercury.  The  values  of  the  various  quantities 
employed  in  the  computation,  computed  for  each  of  the  points  of  division,  are 
tabulated  below.  The  result  of  the  application  of  the  test,  mentioned  above, 
is  given  at  the  foot  of  the  column,  opposite  to  the  symbols  S  and  S,  when- 
ever it  is  supposed  to  be  useful.  The  numbers  given  are  affected  with 
asterisks  when  the  additions  have  been  made  on  the  numbers  which  corre- 
spond to  the  logarithms  in  the  column  of  values. 


log.  r 


log  .5 


^og.g 


o 

o 

/ 

„ 

o 

, 

f/ 

0 

9.4878584 

0 

0 

0.00 

0.61954395 

9.3606444 

306 

25 

17.64 

3.90151 

30 

9.6026623 

36 

32 

7.60 

0.62743501 

9.3671640 

342 

33 

14.83 

3.07719 

60 

9.5407098 

70 

60 

41.41 

0.64711632 

9.4050438 

16 

26 

41.01 

3.10312 

90 

9.5878217 

101 

51 

53.65 

0.67563289 

9.4506321 

47 

9 

9.28 

4.02085 

120 

9.6303194 

129 

46 

44.60 

0.70650301 

9.4909308 

74 

53 

39.98 

4.34050 

160 

9.6689887 

155 

27 

29.02 

0.73029576 

9.5171866 

100 

32 

23.25 

4.40878 

180 

9.6690267 

180 

0 

0.00 

0.73831733 

9.5249278 

125 

10 

50.07 

4.26384 

210 

9.6589887 

204 

32 

30.98 

0.72725905 

9.5130385 

149 

56 

52.18 

3.81457 

240 

9.6303194 

230 

13 

15.40 

0.70124328 

9.4833852 

175 

57 

47.29 

2.05108 

270 

9.6878217 

258 

8 

6.35 

0.66956948 

9.4412922 

204 

16 

31.00 

3.49971 

300 

9.5407098 

289 

9 

18.59 

0.64185659 

9.3963533 

235 

38 

26.28 

4.01534 

330 

9.5026623 

323 

27 

52.50 

0.62439830 

9.3618721 

270 

4 

31.93 

4.11293 

S  -  ■ 

.... 

. 

. 

. 

4.06468048 

6.6511853 

934 

32 

42.27 

.  .  .  . 

8'-  - 

.... 

-  ■ 

- 

-  - 

4.06458049 

6.6511855 

1114 

32 

42.47 

-  -  -  - 
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S6 


Q 


ioc.1t 


• 
0 

o.sassMii 

o.oMissas 

•JtSSUSS 

0.09696177 

0.00001687 

16  10  63.91 

0.0667816 

so 

0.USMU4 

OJOSMtM 

0.BS9M770 

0.10860601 

O.OOOOOIM 

86  18  16.40 

0.07S6786 

M 

•JSM4406 

0.1S8S477e 

0.6SSS4S4S 

0.113S60SS 

0.00000196 

19  0  69.16 

0.08US7S 

M 

0.BSS44U7 

0.1S21U81 

0.62S44817 

0.151178S9 

0.00001317 

81  37  46.67 

0.11419SS 

IM 

0.US19736 

0.18SUn7 

0.SSS18S0S 

0.18331631 

0.00001184 

36  17  45.76 

0.144196S 

IM 

timwM 

0J0C6M41 

OSttSCTM 

0.10«71766 

0.00001868 

38  66  51.65 

0.1687124 

IM 

•.It44«10t 

0.ntt8l75 

0.&I444981 

0.11885989 

0.00001617 

39  41  11.18 

0.1761011 

SIO 

0.SIS0079S 

o.sosnMi 

0.5SS00408 

0.102t36<l 

0.00000616 

88  11  61.11 

0.16S1616 

t40 

0.$S4T07«S 

o.i7ttins 

0.61470757 

0.17651133 

O.OOOOOOU 

16  17  1.86 

0.1369807 

no 

0.SXS91006 

0.1464S4S1 

0.51890907 

0.14563005 

0.00000414 

31  49  7.11 

0.1081197 

soo 

0.U3SM44 

0.118SSSCS 

0.51319156 

0.11865724 

0.00001670 

IS  16  10.44 

0.0850317 

n* 

o.staiss7i 

0.10114009 

0.51811784 

0.10117046 

0.00001460 

M  6  10.74 

0.0709441 

g. . 

a.i4SooaM 

o.»iis4on 

S.14S0t99« 

0.91144738 

0.00007386 

194  IS  23.40 

0.6981191 

»•■ 

S.14S0nN 

0.911S41U 

S.14M69S5 

0.91144808 

0.00007884 

194  18  IS^ 

0.6981S01 

log.X'        log.«  log.JV 


log.P         log.  e  log.  F  log./, 


e 
0 

0.3610703 

0.S748667 

9.0618116 

9.9748968 

9.6076810 

9.6076649 

9.7171747 

30 

0.S6S766S 

0.SSS4460 

9.0869399 

0.0171819 

9.6511283 

9.6511161 

9.7161627 

60 

0.SS974S6 

0.8068691 

9.1791740 

0.1306114 

9.7669400 

9.7669380 

9.7168407 

90 

0.4SS6948 

0.8484666 

9.1994S81 

0.2843710 

9.9240133 

9.9240002 

9.7181361 

110 

0.4609870 

0.3860837 

9.4147460 

0.4383836 

0.0821546 

0.0821320 

9.7186740 

160 

0.4919941 

0.4104077 

9.4960331 

0.6500430 

0.1974487 

0.1974256 

9.7181916 

ISO 

0.6014411 

0.4308491 

9.6116000 

0.5846071 

0.2336317 

0.2336158 

9.7171761 

110 

0.4S60679 

0.4117498 

9.4887989 

0.5335311 

0.1813804 

0.1813744 

9.7163SS6 

S40 

0.4616679 

0.3767381 

9.4056661 

0.4173882 

0.0613858 

0.0613857 

9.7162443 

170 

0.4148064 

0.3347896 

9.1928167 

0.2691023 

9.9083458 

9.9083417 

9.7171416 

>•• 

0.SS48118 

0.3013686 

9.1761378 

0.1234346 

9.7687489 

9.7687321 

9.7183721 

SM 

0.S664971 

0.1809213 

9.0860239 

0.0160988 

9.6482341 

9.6482093 

9.7185270 

8" 

S.6497117 

1.0757664 

6.7600445 

1.6692111 

9.6106419 

9.5104685 

8.3044809 

»• 

8.6497166 

107676S4 

6.7600498 

1.6691301 

9.6105606 

9.6104771 

8.S044S16 

E 

log./. 

log./. 

log./*. 

log./". 

log.^ 

log.^ 

log.fF. 

• 
0 

117.4811671 

II8.88S7186 

6.8088312 

••5.3916431 

8.7760911 

•16.6886871 

••7.9984114 

30 

II6.796S0SS 

n  8.6099324 

6.3966713 

1.3.8820117 

8.8091004 

•16.3190616 

M  8.1610813 

60 

7J616976 

118.4788966 

116.4096876 

114.9613818 

8.9109714 

6.8680694 

••8.2461SS1 

90 

7.4116S80 

N8.1676909 

116.8686040 

N  6.6972542 

9.0478487 

6.9001047 

••8.184S1SS 

ISO 

7J047668 

6.7011S84 

N  7.0283282 

1.6.9515414 

9.1783301 

1.6.6917106 

6.6600086 

160 

7.0091948 

8.3168080 

117.0624655 

116.9676881 

9.1656118 

•17.3958789 

S.608S140 

180 

6.699SS67 

8.6S8S794 

M  6.9899995 

N  5.7539798 

9.1869000 

••7.4874988 

SJOIOOIO 

110 

6.6740M6 

S.6SU719 

M6.766S616 

Mi.  124  5368 

9.2427427 

••7.1525128 

140 

6J4S77SS 

S.6SSS314 

115.8836161 

4.0827216 

9.1508864 

6.7876671 

8.6946448 

»0 

6J41S6S0 

8.4906101 

6.6079S07 

N  6.2856936 

9.0333867 

7.1190054 

S.S9SSS9S 

SM 

II6.6SS97S8 

8.0916691 

6.8667466 

116.6718316 

8.9136270 

6.8627036 

7.8465691 

SSO 

N7.S5S1W7 

•  7.8939066 

6.9145405 

116.6967794 

8.8179243 

••6.1167911 

1.7.6484891 

B-. 

4.2167070 
4.2167166 

-O.00198911S- 
H>.001984166' 

'  +0.09S6S41S* 

•  +0.0SS6S717' 

o  ■  • 
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s 

Bo  sin  V 

+  S)(COB»  +  COS«) 

—  .00  uuo  V 

W^  cos  u 

Tr„  Bin  u 

-«^*o 

o 

0 

-  0.00097660 

-  0.0597161 

-  0.00863059 

-  0.00469931 

-0.0948763 

30 

+  0.03833155 

-  0.0518053 

-  0.00610021 

-0.01314386 

-0.1059427 

60 

+  0.07755206 

-0.0254115 

+  0.00288259 

-  0.01738805 

-0.1461808 

90 

+  0.10909871 

+  0.0245450 

+  0.00991450 

-0.01163594 

-0.2232948 

120 

+  0.11643388 

+  0.0956574 

-  0.00033746 

+  0.00013397 

-0.3325506 

160 

+  0.08098430 

+  0.1653789 

-  0.03219222 

-  0.00226584 

-0.4343200 

180 

+  0.00614510 

+  0.1935976 

-0.05554168 

-  0.03024215 

-0.4668045 

210 

-  0.07011566 

+  0.1603978 

-  0.04118259 

-  0.05487000 

-0.4120403 

240 

-  0.10947664 

+  0.0895491 

-0.00962480 

-  0.04855987 

-0.3121865 

270 

-  0.10595401 

+  0.0195723 

+  0.00719195 

-0.02396722 

-0.2159816 

300 

-  0.07680512 

-  0.0282224 

+  0.00519678 

-  0.00472486 

-0.1470433 

330 

-  0.03941924 

-0.0526511 

-0.00350168 

+  0.00049010 

-  0.1080923 

S  ■  ■ 

+  0.01287268 

+  0.2654541 

-0.06605516 

-  0.10548027 

- 1.4996420 

S'-  - 

+  0.01292565 

+  0.2654376 

-  0.06587025 

-  0.10539276 

- 1.4996717 

+  0.02579833 

+  0.5308917 

-  0.13192541 

-  0.21087303 

-  2.9993137 

Dividing  the  numbers  at  the  foot  of  the  last  five  columns  by  12,  we 
have  the  average  values  of  the  several  functions  written  at  the  top.  And, 
leaving  the  mass  of  Venus  indefinite,  we  have 


+       11321".28  to' 
1133122"       m' 


[^]    =—      60449".22m' 
[^]    =-     792604".4    to' 


m- 


+  1127210"       to' 


=  —  1326648".?    to' 


log.  coeS. 
4.0538954 

6.0542766 
w  4.7813907 
n  5.8990565 

6.0620049 
n  6.1227559 . 


The  eccentricity  e  is  supposed  to  be  expressed  in  seconds  of  arc;  if  the 
variation  in  parts  of  the  radius  is  wanted,  the  result  given  above  must  be 
multiplied  by  the  factor  whose  logarithm  is  94.6855749.  It  is  scarcely 
necessary  to  add  that  the  unit  of  time  is  the  Julian  year,  and  that  ml  must 
be  expressed  in  parts  of  the  sun's  mass. 

If  we  adopt   Leverrier's  value  of  ml,  viz.,  m!  =  ,  we  have  the 

values  of  the  secular  variations  given  below.     Alongside,  for  the  sake  of 
comparison,  I  put  Leverrier's  values,  deduced  from  the  series  expanded  in 
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powers  of  the  eccentricitieB  and  mutual  inclination  of  the  planes  of  the  orbita. 
(AnnaUt  de  V Obaercaioire  de  Paris.     MSmoirea.     Tome  V,  pp.  6-7-21.) 


[^"]^=+r. 806078 
[Is].  =  -  8"-301"7 


+  ©".08823 
+  S".8064 

—  0".160U 
— 1".9702 

—  8".3282. 


Table  of  the  Values  of  Three 
•       Log.  It 


EHipHc  Integrals  employed  in  this  Memoir. 
Log.  X  Log.  1% 


0.0 

0.00000000 

0.1 

OOOOOOM 

0.S 

00000S97 

0.S 

0OOOOS93 

0.4 

00001688 

0.S 

0.0000S4S1 

•.« 

0000S67S 

•.T 

00004862 

0.S 

00006360 

o.» 

00008087 

1.0 

0.0000MI8 

U 

00012007 

IJ 

00014289 

u 

00016770 

1.4 

00010460 

1.6 

0.00088SI8 

1.6 

00026406 

1.7 

00028680 

1.S 

00022166 

l.t 

00026828 

10 

O.OOMNM 

tl 

OeMSTTO 

IS 

00048089 

S.8 

00062607 

1.4 

00067174 

t.6 

0.00062040 

298 

496 
696 
892 


>199 
198 
199 
198 

-•^198 
199 
198 
199 
199 


+1091 
1290 
1488 
1687 
1886 


+  198 
+  2084 

198 

199 

199 
2680 

198 
2878 

+199 


+2on 

2276 
8476 
2673 
3871 

+4071 
4269 
4468 

4667 
4866 


198 
200 
198 
198 

+200 
198 
199 
199 
199 

+  199 


0.27300127 

0.17609126 

+  122 

+  149 

27200269 

397 

+  265 

17609275 

446 

♦  297 

27800666 

662 

266 

17609721 

744 

298 

27301318 

926 

264 

17610465 

1042 

298 

27202244 

1191 

266 

17611507 

1340 

298 

0.27808426 

+  1466 

+  264 

0.17612847 

+  1637 

+  297 

27304890 

1720 

266 

17614484 

1935 

298 

27206610 

1984 

264 

17616419 

2232 

297 

27808694 

2249 

265 

17618651 

253! 

299 

27310843 

2614 

265 

17621182 

2828 

297 

0.27313367 

+  2779 

f266 

0.17624010 

+  8126 

+297 

r316136 

3043 

264 

17627136 

2424 

299 

27319179 

3308 

265 

17630669 

3721 

297 

27322487 

3672 

264 

17634280 

4019 

298 

27326069 

266 

17638299 

298 

3838 

4317 

0.27829897 

+  4102 

+  264 

0.17642616 

+  4616 

+  298 

8788899» 

4367 

266 

17647231 

4913 

298 

27228868 

4632 

266 

17652144 

6211 

298 

27842998 

4896 

264 

17667366 

6608 

297 

27347894 

6162 

266 

17662862 

6807 

299 

0.27268066 

+  6426 

+264 

0.17668670 

4  6104 

+297 

27268488 

6692 
6966 

266 

17674774 

6402 
6700 

299 

27364174 

264 

17681177 

297 

27270120 

266 

17687877 

tn 

8222 

•M9 

27876862 

6486 

264 

17694876 

7297 

tM 

0.27282888 

+266 

0.17702178 

+2M 
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Log.  U 


Log.  X' 


Log.  fl 


o 

2.5 

0.00062040 

+5065 

+199 

0.27382838 

+  6752 

+266 

0.17702173 

+  7595 

+298 

2.6 

00067105 

5263 

198 

27389590 

7017 

265 

17709768 

7894 

299 

2.7 

00072368 

5463 

200 

27396607 

7282 

265 

17717662 

8191 

297 

2.8 

00077831 

199 

27403889 

265 

17725853 

299 

5662 

7547 

8490 

2.9 

00083493 

5861 

199 

27411436 

7812 

265 

17734343 

8789 

299 

3.0 

0.00089354 

+6061 

+200 

0.27419248 

+  8078 

+  266 

0.17743132 

+  9087 

+298 

3.1 

00096415 

6259 
6459 

198 

27427326 

8344 
8608 

266 

17752219 

9385 
9684 

298 

3.2 

00101674 

200 

27435670 

264 

17761604 

299 

3.3 

00108133 

199 

27444278 

267 

17771288 

299 

C658 

8875 

9983 

3.4 

00114791 

6858 

200 

27453153 

9140 

265 

17781271 

10281 

298 

3.5 

0.00121649 

+7057 

+199 

0.27462293 

+  9405 

+265 

0.17791552 

+10580 

+299 

3.6 

00128706 

7256 

199 

27471698 

9671 

266 

17802132 

10879 

299 

3.7 

00135962 

7457 

201 

27481369 

9937 

266 

17813011 

11177 

298 

3.8 

00143419 

7655 

198 

27491306 

10203 

266 

17824188 

11477 

300 

3.9 

00151074 

7856 

201 

27501509 

10468 

265 

17835665 

11775 

298 

4.0 

0.00158930 

+8055 

+199 

0.27511977 

+10735 

+267 

0.17847440 

+12075 

+300 

4.1 

00166985 

8255 

200 

27522712 

11000 

265 

17859515 

12373 

298 

4.2 

00175240 

200 

27533712 

267 

17871888 

300 

8455 

11267 

12673 

4.3 

00183696 

8655 

200 

27544979 

11533 

266 

17884561 

12972 

299 

4.4 

00192350 

8856 

201 

27556512 

11799 

266 

17897533 

13272 

300 

4.5 

0.00201206 

+  9055 

+199 

0.27568311 

+12065 

+266 

0.17910805 

+13571 

+299 

4.6 

00210261 

9255 

200 

27580376 

12332 

267 

17924376 

13870 

299 

4.7 

00219516 

9456 

201 

27592708 

12598 

266 

17938246 

14170 

300 

4.8 

00228972 

9656 

200 

27605306 

12S64 

266 

17952416 

14470 

300 

4.9 

00238628 

200 

27618170 

268 

17966886 

299 

9856 

13132 

14769 

5.0 

0.00248484 

+10058 

+202 

0.27631302 

+13398 

+266 

0.17981655 

+15070 

+301 

5.1 

00258542 

10257 

199 

27644700 

13665 

267 

17996725 

16369 

299 

6.2 

00268799 

10459 

202 

27658365 

13931 

266 

18012094 

15669 

300 

6.3 

00279258 

10659 

200 

27672296 

14199 

268 

18027763 

15969 

300 

6.4 

00289917 

10860 

201 

27686495 

14466 

267 

18043732 

16270 

301 

5.5 

0.00300777 

+  11061 

+201 

0.27700961 

+14732 

+266 

0.18060002 

+16570 

+300 

5.6 

00311838 

11262 

201 

27715693 

15001 

269 

18076572 

16870 

300 

6.7 

00323100 

11463 

201 

27730694 

15267 

266 

18093442 

17171 

301 

6.8 

00334563 

11665 

202 

27745961 

15535 

268 

18110613 

17471 

300 

5.9 

00346228 

11866 

200 

27761496 

15802 

267 

18128084 

17772 

301 

6.0 

0.00358093 

+12068 

+203 

0.27777298 

+16070 

+268 

0.18145856 

+18073 

+301 

6.1 

00370161 

12269 

201 

27793368 

16338 

268 

18163929 

18374 

301 

6.2 

00382430 

12470 

201 

27809706 

16606 

268 

18182303 

18675 

301 

6.3 

00394900 

12672 

202 

27826312 

16874 

268 

18200978 

18976 

301 

6.4 

00407572 

12874 

202 

27843186 

17141 

267 

18219954 

19277 

301 

6.5 

0.00420446 

+203 

0.27860327 

+269 

0.18239231 

+301 
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» 

Log.m 

• 

•  s 

•.9MM44« 

•  < 

0O43SS13 

«.7 

00448801 

(.8 

00460181 

«.» 

00473964 

7.0 

0.00487849 

7.1 

00601937 

7.1 

0OS16118 

7J 

00530711 

7.4 

00646417 

7.B 

0.00660116 

7.« 

00675419 

7.7 

00690714 

7.8 

00606111 

7.» 

00611946 

8.0 

O.OMSTttS 

8.1 

00663983 

8.1 

00670107 

8.1 

^)^jmm 

8.4 

00703568 

S.S 

0.007MC06 

8.6 

007n646 

8.7 

00754991 

8.8 

00771541 

8.8 

00790199 

9.0 

0.00808161 

9.1 

00816417 

9J 

00844799 

9J 

0OS61176 

9.4 

0Mni60 

9.S 

0.00901149 

9.8 

00910144 

9.7 

00919746 

9.8 

00969354 

9J 

00979168 

10.0 

0.00999190 

10.1 

01019418 

lOJ 

01019853 

lOJ 

01060496 

10.4 

01081146 

10.5 

0.01101404 

Log.l' 


Loff.1« 


+11077 
13378 
13480 
13683 

13886 

+14088 
14191 
14491 
14696 
14899 

+  15101 
15106 
15609 
15713 
15916 

+  16111 
16314 
16518 
16711 
169n 

+17141 
17346 
17551 
17756 
17961 

+  18166 
18371 
18577 
18784 
18989 

+19195 
19401 
19608 
19814 
10011 

+  10118 
10415 
10643 
10850 
11068 


+M1 

101 
101 
103 
101 

+  101 
103 
Ml 
103 
101 

+104 
101 
104 
104 
103 

+105 
103 
104 
105 
104 

+104 
105 
105 
105 
106 

+104 
M6 

205 
207 
105 

+106 
107 
106 
106 

108 

+  t0« 
107 
MS 
207 
108 

+107 


0.178«0in 
17877737 
17895416 
17911161 
n931577 

0.17960061 
17968814 
17987816 
18007116 
18026685 

0.18046514 
18066611 
18086980 
18107618 
18118515 

0.28149702 
28171149 
28192866 
28214854 
28237112 

0.28259641 
28282441 
28305511 
28338851 

18352466 

0.18176350 
18400606 
28424933 
28449633 
28474604 

0.28499847 
28525361 

18551151 
18677111 
28603646 

0.18630153 
1S667034 
1MS4187 
18711614 
28719316 

0.18767190 


+  17410 
17679 
17946 
18116 
18484 

+  18753 
19011 
19191 
19569 
19829 

+  10098 
10368 
10638 
10907 
11177 

+  21447 
21717 
11988 
12258 

22529 

+22800 
23070 
13341 
11613 
23884 

+24156 
24427 
24700 
24971 
25243 

+26516 
16789 
16061 
16333 
16607 

+  26881 
27153 
274n 
27701 
27975 


+M9 
869 

167 
269 
269 

+269 
268 

ro 

268 

270 

+  269 
270 
270 
269 
270 

+270 
270 
271 
270 
271 

+  271 
270 
272 
271 

ni 

+  272 
271 
273 
271 

ni 

+  273 
171 
171 

172 
174 

+274 
272 
274 

rti 
+n 


o.immhi 

18168809 
18178689 

18198871 
18319354 

0.18340140 
18361227 
18382616 
18404307 
18426301 

0.18448697 
18471196 
18494098 
18617302 
18640809 

0.18664620 
18588734 
18613161 
18637872 
18662897 

0.18688225 
18713858 
18739794 
18766035 
18792581 

0.18819431 
18846586 
18874046 
18901811 
18929881 

0.18958257 
18986938 
19015925 
19045218 
19074818 

0.19104724 
19134936 
19165466 
19196280 
19817411 

O.llMSSU 


+  19678 
19880 
10181 

10481 
10786 

+11087 
11189 
11691 
11994 
12296 

+22599 
21901 

11104 

23507 
33811 

+  24114 
24417 
24721 
25025 
15118 

+  15611 
25916 

16141 
16546 
16850 

+  m56 
27460 
27765 
28070 
28876 

+18681 
1S987 

29293 
29600 
29906 

+  30212 
MCU 
M«» 
11118 
11440 


+101 
Ml 
Ml 

Ml 
Ml 

+Mt 
Ml 
Ml 

101 
Ml 

+101 
Ml 
Ml 
103 
304 

+303 
303 
304 
304 
M3 

+106 
Ml 
106 
M& 
304 

+  305 
306 
305 
305 
306 

+306 
M« 

106 
307 
106 

+106 
107 
M6 


M7 
+I0« 
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*       Log-* 


Log.  X' 


Log.  H 


o 

10.5 

0.01102404 

+21265 

+207 

0.28767290 

+28248 

+273 

0.19258863 

+  31748 

+308 

10.6 

01123669 

21474 

209 

28795538 

28524 

276 

19290601 

32055 

307 

10.7 

01145143 

21682 

208 

28824062 

28797 

273 

19322656 

32363 

308 

10.8 

01166825 

21890 

208 

28852859 

29072 

275 

19355019 

32671 

308 

10.9 

01188715 

22099 

209 

28881931 

29348 

276 

19387690 

32979 

308 

11.0 

0.01210814 

+22307 

+  208 

0.28911279 

+  29622 

+274 

0.19420669 

+33287 

+308 

11.1 

01233121 

22517 

210 

28940901 

29897 

275 

19453956 

33596 

309 

11.2 

01255638 

22725 

208 

28970798 

30173 

276 

19487552 

33905 

309 

11.3 

01278363 

22935 

210 

29000971 

30449 

276 

19521457 

34214 

309 

11.4 

01301298 

210 

29031420 

275 

19555671 

310 

23145 

30724 

34624 

11.5 

0.01324443 

+23354 

+209 

0.29062144 

+31000 

+276 

0.19590196 

+  34832 

+308 

11.6 

01347797 

23564 

210 

29093144 

31277 

277 

19626027 

35143 

311 

11.7 

01371361 

23775 

211 

29124421 

31553 

276 

19660170 

35452 

309 

11.8 

01395136 

23985 

210 

29155974 

31830 

277 

19695622 

35762 

310 

11.9 

01419121 

24195 

210 

29187804 

32107 

277 

19731384 

36073 

311 

12.0 

0.01443316 

+24406 

+211 

0.29219911 

+32384 

+277 

0.19767457 

+36383 

+310 

12.1 

01467722 

24617 

211 

29252295 

32661 

277 

19803840 

36693 

310 

12.2 

01492339 

24829 

212 

29284956 

32939 

278 

19840533 

37006 

312 

12.3 

01517168 

25040 

211 

29317895 

33216 

277 

19877538 

37316 

311 

12.4 

01642208 

211 

29351111 

278 

19914854 

311 

25251 

33494 

37627 

12.5 

0.01567459 

+25463 

+212 

0.29384605 

+33773 

+279 

0.19952481 

+37939 

+312 

12.6 

01592922 

25676 

213 

29418378 

34051 

278 

19990420 

38251 

312 

12.7 

01618598 

25888 

212 

29452429 

34330 

279 

20028671 

38563 

312 

12.8 

01644486 

26100 

212 

29486759 

34609 

279 

20067234 

38875 

312 

12.9 

01670586 

26313 

213 

29521368 

34887 

278 

20106109 

39188 

313 

13.0 

0.01696899 

+26526 

+213 

0.29556255 

+  35167 

+  280 

0.20145297 

+39500 

+312 

13.1 

01723426 

26740 

214 

29591422 

35447 

280 

20184797 

39814 

314 

13.2 

01750165 

26963 

213 

29626869 

35727 

280 

20224611 

40127 

313 

13.3 

01777118 

27166 

213 

29662596 

36006 

279 

20264738 

40440 

313 

13.4 

01804284 

27381 

215 

29698602 

36287 

281 

20305178 

40754 

314 

13.5 

0.01831665 

+27596 

+214 

0.29734889 

+36568 

+281 

0.20345932 

+41069 

+315 

13.6 

01869260 

27809 

214 

29771457 

36848 

280 

20387001 

41382 

313 

13.7 

01887069 

28024 

216 

29808305 

37129 

281 

20428383 

41697 

315 

13.8 

01916093 

28239 

216 

29846434 

37411 

282 

20470080 

42012 

315 

13.9 

01943332 

28454 

216 

29882845 

37692 

281 

20612092 

42327 

315 

14.0 

0.01971786 

+28670 

+216 

0.29920537 

+37974 

+282 

0.20654419 

+42642 

+315 

14.1 

02000466 

28885 

215 

29968511 

38256 

282 

20597061 

42958 

316 

14.2 

02029341 

29101 

216 

29996767 

38539 

283 

20640019 

43274 

316 

14.3 

02068442 

216 

30035306 

282 

20683293 

316 

29317 

38821 

43590 

14.4 

02087759 

29534 

217 

30074127 

39104 

283 

20726883 

43906 

316 

14.6 

0.02117293 

+217 

0.30113231 

+283 

0.20770789 

+316 
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Log-H 


Log.X' 


Lof-fl 
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0.021 172«S 

14.t 
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14.7 
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HI 
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14.» 
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IS.O 
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17.1 
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17.1 

03033262 
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17J 

0.03105368 

17.6 

03141744 

17.7 
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17.8 
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17.» 

WMSMO 

18.0 

0.03289662 

18.1 

03327072 

18.2 

•3364820 

18.S 

03402796 

18.4 

0S440999 

18.6 

0.0S4794SS 

^29761 
29968 

30184 
20403 
30630 


31066 

31276 
31494 
31714 

^31933 
32162 
32373 
32693 
32814 

+33036 
23286 

33478 
33699 
33922 

-f  34144 
34367 
34690 
84814 
35037 

436261 
36486 
35711 
35935 

36161 

+36386 
36612 
36839 
n066 
nS92 

+27620 
37748 
37975 
38204 
3S4U 


+217 

0.30113231 

217 

30161618 

216 

30192288 

219 

30232242 

217 

30272480 

+219 

0.30318003 

217 

30363809 

220 

30394900 

218 

30436277 

220 

30477938 

+219 

0.30519886 

219 

30562119 

221 

20604629 

220 

20647445 

221 

30690537 

+221 

0.30723917 

221 

20777584 

222 

30821529 

221 

30866782 

223 

30910313 

+  222 

0.30956133 

223 

31000242 

223 

31045640 

224 

31091337 

223 

31137304 

+224 

0.31183672 

224 

31230139 

226 

81276978 

224 

31324118 

226 

31371549 

+225 

0.81419273 

226 

31467288 

227 

21615696 

226 

31664196 

227 

31613090 

+228 

0.31662277 

828 

31711758 

227 

31761633 

229 

21811603 

229 

21861968 

+229 

0.81912628 

+39387 

39670 
39964 

40238 
40622 

+40807 
41091 
41377 
41661 
41948 

+42233 

42620 

42806 
43092 
43380 

+43667 
43965 
44243 
44531 
44820 

+45109 
45398 
45687 
45977 
46268 

+  46567 
46849 
47140 
47431 
4n24 

+48015 
48308 
48600 
48894 
49187 

+49481 
49775 
60070 
60366 
60660 


+  288 
SS3 

284 
284 

184 

+  286 
284 
286 

284 
287 

+  286 
287 
286 
286 

288 

+  287 
288 
288 
288 
289 

f289 
289 
289 
290 
291 

+289 
292 
291 
291 
293 

+  291 
893 
Ml 
294 
293 

+  294 
294 
296 
296 
296 

+2N 


0.20770789 
10616011 
10t69661 
10904408 
10949682 

020996076 
21040885 
21087013 
21133460 
21180226 

0.21227312 
21274716 
21322441 
21270485 
21418850 

0.21467535 
21516542 
21565870 
21615519 
21665491 

0.21715784 
21766400 
21817339 
21868601 
21920187 

0.21972096 
22024330 
220768M 
22129771 
22182979 

0.22236612 
22290371 
22344667 


22462908 
0.22609074 

tuufn 


126766U 

11711017 

9jmnu 


+44222 

44640 
44857 
46174 
46493 

+46810 
46128 
46447 
46766 
47086 

+  47404 
47725 
48044 
48365 
48686 

+49007 
49328 
49649 
49972 
60292 

+  50616 
60989 
61262 

61686 
51909 

+  52234 
62668 
61881 
61108 

63633 

+  63859 

64186 
64612 
64829 
66166 

+66492 
65822 
66149 
66479 

66807 


+316 

218 
317 
317 
319 

+817 
318 
319 
319 
320 

+318 
221 
319 
321 
220 

+  322 
321 
821 
311 
321 

+222 
223 
333 
324 
223 

+325 
224 
226 
336 
386 

+  326 

2n 

226 

227 
227 

+3n 

329 

in 

230 
228 

+330 
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0        Log.* 


Log.X' 


Log.  "fl 


18.5 

0.03479432 

18.6 

03518094 

18.7 

03556985 

18.8 

03596106 

18.9 

03635457 

19.0 

0.03675039 

19.1 

03714852 

19.2 

03754897 

19.3 

03795172 

19.4 

03835680 

19.5 

0.03876421 

19.6 

03917394 

19.7 

03958601 

19.8 

04000041 

19.9 

04041715 

20.0 

0.04083623 

20.1 

04125767 

20.2 

04168145 

20.3 

04210759 

20.4 

04253609 

20.5 

0.04296695 

20.6 

04340018 

20.7 

04383579 

20.8 

04427377 

20.9 

04471413 

21.0 

0.04515687 

21.1 

04560201 

21.2 

04604953 

21.3 

04649946 

21.4 

04695178 

21.5 

0.04740652 

21.6 

04786366 

21.7 

04832321 

21.8 

04878519 

21.9 

04924959 

22.0 

0.04971642 

22.1 

05018568 

22.2 

05065738 

22.3 

05113152 

22.4 

05160810 

22.5 

0.05208714 

+38662 
38891 
39121 
39351 
39582 

+39813 
40045 
40275 
40508 
40741 

+40973 
41207 
41440 
41674 
41908 

+42144 
42378 
42614 
42850 
43086 

+43323 
43561 
43798 
44036 
44274 

+44514 
44752 
44993 
45232 
45474 

+45714 
45955 
46198 
46440 
46683 

+46926 
47170 
47414 
47658 
47904 


+229 
229 
230 
230 
231 

+231 
232 
230 
233 
233 

+232 
234 
233 
234 
234 

+236 
234 
236 
236 
236 

+237 
238 
237 
238 
238 

+240 
238 
241 
239 
242 


+240 
241 
243 
242 
243 

+243 
244 
244 
244 
246 

+245 


0.31912628 
31963584 
32014835 
32066383 
32118228 

0.32170369 
32222809 
32275546 
32328581 
32381914 

0.32435547 
32489479 
32543711 
32598243 
32653075 

0.32708209 
32763643 
32819380 
32875418 
32931759 

0.32988403 
33045350 
33102601 
33160157 
33218016 

0.33276181 
33334651 
33393427 
33452510 
33511899 

0.33571595 
33631599 
33691911 
33752531 
33813460 

0.33874699 
33936247 
33998106 
34060276 
34122757 

0.34185549 


+50956 
51251 
51548 
51845 
52141 

+52440 
52737 
53035 
53333 
53633 

+53932 
54232 
54532 
54832 
55134 

+55434 
55737 
66038 
56341 
56644 

+56947 
57251 
57556 
57859 
58165 

+  58470 
58776 
59083 
59389 
69696 

+60004 
60312 
60620 
60929 
61239 

+61548 
61859 
62170 
62481 
62792 


+296 
295 
297 
297 
296 

+299 
297 
298 
298 
300 

+299 
300 
300 
300 
302 

+300 
303 
301 
303 
303 

+303 
304 
305 
303 
306 

+305 
306 
307 
306 
307 

+308 
308 
308 
309 
310 

+309 
311 
311 
311 
311 

+313 


0.22789824 
22846961 
22904427 
22962223 
23020350 

0.23078808 
23137597 
23196717 
23256170 
23315955 

0.23376072 
23436523 
23497307 
23558425 
23619878 

0.23681665 
23743787 
23806244 
23869038 
23932168 

0.23995635 
24059439 
24123580 
24188059 
24252877 

0.24318034 
24383530 
24449365 
24515541 
24582057 

0.24648915 
24716113 
24783654 
24851537 
24919763 

0.24988332 
26057245 
26126501 
26196103 
25266050 

0.25336342 


+57137 
57466 
57796 
58127 
58458 

+  58789 
59120 
59453 
59785 
60117 

+60451 
60784 
61118 
61453 
61787 

+62122 
62457 
62794 
63130 
63467 

+63804 
64141 
64479 
64818 
65157 

+65496 
65835 
66176 
66516 
66858 

+67198 
67541 
67883 
68226 
68569 

+68913 
69256 
69602 
69947 
70292 


+  330 
329 
330 
331 
331 

+331 
331 
333 
332 
332 

+334 
333 
334 
335 
334 

+335 
335 
337 
336 
337 

+337 
337 
338 
339 
339 

+339 
339 
341 
340 
342 

+340 
343 
342 
343 
343 

+344 
343 
346 
345 
345 

+346 
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Log.X' 
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M4 
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+49886 
49632 
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+  60631 
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62663 
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6M76 
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68124 
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M7 
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260 
259 
261 

+  260 
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261 
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24876801 
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36072266 
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+68106 
68417 
63730 
64044 
64368 
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66808 
66619 

66936 

+66262 

66570 
66888 
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+69450 
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70744 
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74680 
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330 
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+330 
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71679 
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361 
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+  75887 
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26738195 
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77306 
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Log.  U 


Log.X' 


Log,  la 


26.5 

0.07331562 

26.6 
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26.7 
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26.8 

07607528 

26.9 

07666724 
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0.07626188 

27.1 
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27.2 
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27.6 
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27.7 
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27.8 
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08173593 

28.0 
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28.1 
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28.2 
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28.8 
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29.4 
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29.6 
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30.2 
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+62469 
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+267 
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+271 
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272 
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+273 
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+  276 
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279 
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+280 
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+66696 
66983 
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67561 
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+68140 
68432 
68724 
69017 
69310 
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+282 
285 
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287 

+286 
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289 
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+289 
292 
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+296 


0.36958561 
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37110906 
37187586 
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0.37341951 
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37576026 
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38296595 
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0.38542958 
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39473099 
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76345 
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77015 
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+77688 
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79040 
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80745 
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82467 
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+339 
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342 
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87023 
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67867637 

154482 

644 

51585987 

169424 

573 

46.3 

23917287 

125027 

484 

58022119 

155029 

547 

51755411 

170000 

576 

45.4 

24042314 

125512 

486 

68177148 

155578 

549 

51925411 

170577 

577 

45.6 

0.24167826 

+125999 

+487 

0.58332726 

+156129 

+551 

0.52095988 

+171157 

+580 

45.6 

24293825 

126488 

489 

58488855 

156681 

552 

52267145 

171737 

580 

45.7 

24420313 

126979 

491 

68646636 

157237 

556 

52438882 

172321 

584 

46.8 

24547292 

127473 

494 

58802773 

157793 

566 

52611203 

172906 

586 

45.9 

24674765 

127967 

494 

58960566 

158353 

660 

52784109 

173492 

586 

46.0 

0.24802732 

+128366 

+499 

0.69118919 

+168913 

+560 

0.52957601 

+174082 

+590 

46.1 

24931198 

128966 

499 

59277832 

159476 

563 

63131683 

174673 

591 

46.2 

25060163 

129466 

501 

69437308 

160041 

565 

63306356 

175265 

592 

46.3 

25189629 

129971 

505 

59597349 

160609 

568 

53481621 

175861 

596 

46.4 

25319600 

130476 

506 

69757958 

161177 

568 

53657482 

176467 

596 

46.5 

0.25450076 

+  508 

0.69919136 

+572 

0.53833939 

+600 
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Log.  * 


Lo(.l' 


Log.-!* 


• 

9JS4M978 

♦130984 

♦608 

0.6N19186 

♦  161749 

♦678 

0.68888989 

♦  177067 

♦•N 

46.« 

t&S810«0 

131495 

511 

60080884 

163333 

574 

64010996 

177657 

600 

46.7 

86718885 

138008 

518 

60843807 

163899 

576 

54188668 

178861 

604 

46.1 

86844568 

188688 

514 

60406106 

163476 

677 

64866914 

178866 

60« 

M.* 

88977086 

188039 

617 

60S69688 

164066 

580 

64546780 

179473 

607 

«T.O 

0.96110184 

> 188668 

♦  519 

0.60733688 

♦164689 

♦688 

0.54725253 

♦  180083 

♦  610 

47.1 

8tt4S688 

1840M 

688 

60898877 

165823 

584 

64906886 

180694 

611 

47J 

86877768 

184604 

184 

61063600 

165809 

586 

66086080 

181308 

614 

47.S 

86618866 

185130 

tM 

61889309 

166399 

590 

5S267338 

181984 

616 

47.4 

866474N 

135658 

588 

61395708 

166990 

591 

65449262 

182541 

617 

47.B 

0.86788154 

4^186189 

♦  531 

0.61668698 

♦  167583 

♦  593 

0.56631803 

♦183168 

♦681 

47.« 

86919848 

186783 

534 

61730381 

168179 

696 

66814965 

183785 

688 

47.7 

n066066 

187857 

634 

61898460 

168777 

598 

66998750 

184409 

684 

47.S 

87193883 

137796 

539 

63067337 

169378 

601 

66183159 

185035 

626 

47.9 

87331119 

188836 

540 

68836615 

169981 

603 

56868194 

185665 

630 

4«.0 

0.r4694U 

4^138878 

+648 

0.62406596 

♦170585 

♦  604 

0.56553859 

♦186297 

♦  638 

48.1 

97608388 

189484 

646 

68677181 

171193 

608 

56740166 

186930 

638 

4S.S 

87747787 

139978 

648 

68748374 

171803 

610 

56927086 

187665 

635 

4(.S 

87887789 

140581 

649 

68980177 

172415 

612 

57114651 

188205 

640 

4S.4 

88088860 

141074 

668 

6S092S92 

173030 

615 

57302856 

188844 

639 

48.5 

048169384 

♦141629 

♦  6S5 

0.63866688 

♦  173648 

♦  618 

0.57491700 

♦189488 

4  644 

48.8 

88810958 

148187 

568 

68439270 

174267 

619 

57681188 

190133 

645 

48.7 

88453140 

148747 

560 

63613537 

174889 

622 

57871321 

190781 

648 

48J 

88S95887 

148810 

668 

68788486 

176613 

624 

58068103 

191431 

6C9 

48.9 

88739197 

143875 

666 

63963939 

176141 

628 

58263533 

192083 

668 

48.0 

0.88883078 

-•-144443 

♦  568 

0.64140080 

♦176771 

♦630 

0.58445616 

♦  198788 

♦  665 

48.1 

89087515 

146013 

570 

64316861 

177403 

632 

58638354 

1988M 

668 

49.8 

89178688 

145587 

574 

64494254 

178038 

635 

58831760 

194066 

660 

494 

89318115 

146163 

576 

64672298 

178675 

637 

69025806 

194718 

668 

4M 

89464878 

146741 

678 

64850967 

179316 

641 

59220524 

195888 

666 

49.S 

0.89611019 

-♦147833 

♦  688 

0.65030288 

♦179958 

♦  648 

0.59415907 

♦196060 

♦  667 

49.8 

89768848 

147907 

584 

65810241 

180603 

645 

69611967 

196780 

670 

49.7 

89906849 

148493 

586 

65890844 

181853 

649 

59808677 

197393 

673 

494 

30054743 

149084 

691 

65572096 

181908 

651 

60006070 

198068 

676 

MJ 

MmtM 

+149676 

♦  591 

66758999 

♦  188556 

♦668 

60804138 

♦  198746 

♦677 

M.9 

Mtmsn 

0.65936666 

0.60408888 

40 
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ADDENDUM. 


Since  the  preceding  portion  of  this  memoir  was  in  type  it  has  occurred 
to  me  that  some  of  the  processes  might  be  modified  with  advantage. 
First,  the  roots  of  the  equation 

x[{x  —  A}(x  +  C)  +  B*]  +  ff  C  Bia'  e  =  0 

can  be  obtained  by  the  well-known  trigonometric  method.     If  we  put 

p  =  i(A-C) 

r  =ip(p'  —  3q*)  +  iB'CBva'i 
Bin  e  =  T  =  -^ 

and  if  6  is  taken  between  the  limits  ±  90°,  the  three  quantities  (?,  G',  and  G" 
are  given  by  the  equations 

0   =2g8in(60'' ^)+P 

G'  =2qBin±+p 

G"  =  2?8in(60°  +  -|)-j». 

From  these  equations  we  derive  the  following: 

G  +0"  =  2  ifSqcoB-^ 


G'  +  G"  =  2<,/3q cos (bO"  - -^j 
G—G'  =  2  V"3?co8f60°+-^V 


If  these  values  are  substituted  in  the  equations 


p,         F+JG'+fG"  j,„_-F+JG"-fG"' 

^   -((?'  +  &')  iff-  &)  -iG+G")(G'+G") 


we  obtain 


r'  = 


F+Jp-\-f(p'  +  2q')  +  2(J+2fp)gem-^-2fg'coa-^0 
12  q'  cos  Uo"  —  -^'\  cos  (60°  +  ^\ 
-[F+Jp+/ip'  +  2^*)]  +  2(/+  2fp}  <?8in(60°  +  ~)  +  2/j' 008^120°  +  ^0^ 

12q*coB-^oo6Uo''  —  -jj 
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Or,  since  we  have 

o«»  =  4oot-J-oo«(60"»-^)ooi  (eo"  +  -i  \ 

' ft9>oo«« */ 

-jF+Jp  +/{f  ■»  g*)]  o<n  (60«  +  ^^  +  (J+  t/p)qnn  (m'+*0\ 

From  these  equations  we  derive 


[F  +  Jp  +/(p^  +  f)],in  -^  +  (J  +  i/p)q oo,-l  t 
^iq'oote 


/8  ?•  cos  9  • 

The  values  of  R^,  So,  and  W,  are  given  by  the  integral 


provided  we  attribute  to  F,  J,  and /the  values  they  severally  have  in  each 
case.     Let  us  put 

m'  =  c<M^  «•  =  OCX  ^60"  + -t) 

,^F+Jp  +  np'^f)  i^J+A/P. 

Then  the  integral,  just  given,  takes  the  form 

Jt  00s  #  [m*  ooi*  t+n*  iin*  fj 


dT. 


In  the  second  place  Gauss's  processes  for  approximating  to  the  values 
of  the  integrals  may  be  employed  instead  of  those  of  Legendre.  The  equa- 
tion between  definite  integrals 
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may  be  easily  transformed  into 

A ^ =  r\ ^ 

J,     [m'  cos'  T  +  m'  sin'  T]  J     /,    [w"  cos'  T  +  w"  sin'  T]  } 

where 

jn'  =  }  (m  +  «)  n'  =  V^m 

when  we  remember  that 

wi'  —  n'  »     wi  —  n 


c':^"'  ~"  c°  = 


jn'  TO  +  n 


If  this  mode  of  transformation  is  continued,  and  we  compute 


to"  =  i  (to'  +  n' )  m"  =  >[Wli 


to'"  =  J  (to"  +  «")  n'"  =  V  »i"^ 

the  series  of  quantities,  «i,  w',  m",  etc.,  and  n,  n',  n",  etc.,  converge  very 
rapidly  toward  a  common  limit /a,  which  Gauss  has  called  the  arithmetico- 
geometrical  mean  between  m  and  n.     Then, 

2  r\ dT^ _l 

Vo    [«•  cos*  r  +  «'  sin'  T]  J      II  ' 

.   The  equation 


on  putting 


m  TO 


is  readily  transformed  into 

2    /*;         sin' r— cos' r        ■J7._ir"'~^    -1-     w>  — «     w' -  n'  ~] 

»r  J,    [TO'cos'T+M'sin'r]*'^-'  —  /^  L2(ff»  +  n)  ■*"  2  (TO  +  w)2(w'+n')   ■•" J  " 

The  series  within  the  brackets  may  be  denoted  by  v.     It  can  be  trans- 
formed as  follows  : 

_  TO'-n'      ot'-«'     to"  — w"      to'j-  n'     to"  — n"  ot'^'-w"" 

'  -    8  to"    "^    8  m"         8  to'"     "•"    8  to'*"     Tto''^       8  to""     "^ 

_  TO'  — »'      w'  —  n*      (to'  -  n')'       to'  — «'     (to'  —  w')'      (to"  —  «")• 

—    8  to"  8  to"       128  to"  to"'  ■•"    8  to"       128  to"  to"'  128  to"*^""  "'"  * ' ' 
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As  this  mode  of  transformation  may  b«  continued  indefinitely,  it  it 
plain,  that  if  we  compute  the  aeries  of  quantities 

i  =  k^(m^^i^)     i'=^     i"=±n     "'"'ir 


we  shall  have 

»  i"  +  4  i"»  +  8  i""  +  . . 


» • 


The  equation 

:  1  —  2  •Id*  T  +  c*  lin*  T 


P^^^niViV^-^-^ 


is  ruadily  transformed  into 

/**    m' ooi*  T—  n* sin*  T 

Whence  we  conclude  that 


oo«'  T .-      l  +  » 

[rn'oosTT-'sin'TT*"^"  SSi^ 

oos*  7"  j„       1— » 


VX'  [»»'  ooi*  rl  »•  sin*  fit  '^^  =  2»',.- 

Substituting    these    values    in    the   general    integral   expression   for 
R^  Sn,  and  Wo.  we  get 

«..4,«  IF.  -a^,[lit-''"l  ^  TX '•»('»°  *  4)] 


■'"ooscl 


This  expression  presents  the  inconvenience  of  taking  the  indeterminate  form 

—  whei 
0 

potting 


—  when  the  modulus  c  vanishes  and  when  6^  —  90°.    This  is  avoided  by 
0  ' 


'  -HP 

where  we  recall  that 

^  =  Tfl-(«>--|) 
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and  transforming  the  expression  into  the  shape 

sin  (  60°  —  |-]  -  >-'  i  +  cos  -|  cos  [  60°  +  -|  ]  —  v'  sin  8 

4/1  cos'  g  cos'  (  60°  +  j\  4/1  cos'  |-  cos'  (  60°  +  -|^  ) 

This  may  be  written,  if  we  choose,  in  the  briefer  manner 
"■  W'H'iii  "•"  *  4TO'nV 


The  factors  of  a  and  h  in  this  expression  are  functions  of  t,  and  their 
common  logarithms  might  be  tabulated  with  r  as  the  argument. 
We  will  now  put 

sin(60°-|)-/  ^^,.'n^/sin. 

'*■''"       24'C/TamV/i  24'C^12mV/i 

as  also 

Then,  if 

'^•~     3a"cos'y'.g 

/*,  =  —  tan  y  cos  /.  — - — 

j;  =  —  tan  ¥>'  sin  /.  —  cos  (y  +  U).  — - — 

Or  f£ 

J.  =  1  -  sin'  /sin'  (V  +  W)-  ^/r^ry 


J,  =  i„  t^E-^-^  sin  (t»  +  iT)  -i  sin'  /sin  2  (t»  +  /7) 
'  cos  f  o 

J,  =  Bin  /cos  /. -  sin  {v  +  Il)-a  *-^ sin  /sin  //'. -^ 

£1  COS  Y 

where  a  denotes  -^  we  shall  have  the  following  equations 
a 

£  5.  =  a'a"  cos'  ?'.  ry-l  [^.  z  (r)  +  /.  F] 

■5L  5.  =  a'a"  cos'  ?'.  rj  "  I  [/',  ;^  (r)  +  J",  F] 
r 

^W,  =  a'a"  cos'  y'.  rq-ilF,x  W  +  /.  F]  . 
Why  we  multiply  the  members  of  these  equations  by  —  will  presently  appear. 
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A  third  modificatioD,  which  seems  advantageous,  is  to  apply  the  prooeM 
or  mechaDical  quadratures  to  the  quantities      R^,      iS«.  and       IFg  instead  of 

applying  it  to  the  variations  of  the  elements.     If  we  multiply  the  factors  of 
R^  S^  and  W^.  in  the  expressions  for  the  variations  of  the  elements,  by  the 

factor  ^  ,  they  become  integral  functions  of  sin  E  and  cos  E.    And  thus  we 

have 

[  Jjl   -j^ir,[(  — tanf  oos.  +  iecf  oos«oosir-«n-«nir)^  If.l 
•in  I  ^^§  ]^-  ^^  ir«[(  -  tan  f  tin  •  +  sec  ^  lin  -  COS  ^  +  cos-  fin  E}^  IF,] 

The  quantities  —  R^,  —  S,,  and  —  IT,  by  the  application  of  mechanical 

quadratures,  must  now  be  developed  in  periodic  series  with  the  argument  S, 
so  that  we  have 

yJ?,  --<<,<«»+  AtC^oot  B+A,c^ tin  B  +  A,('^oot2B+ 

^8,  -^,w  +  ^,Wcos^+  ^.(•iiini?+  Bt(*^co»2B+  £,<»)«n2^  +  ... 
£  IT.  =  C,<«)  +  C.Woos  B+C^WnQB+  .... 

where  we  have  written  only  the  terms  whose  coefficients  are  needed. 

If  the  circumference,  with  reference  to  E,  is  divided  into^  parts,  and 

the  corresponding  values  of  -  -Ro  are  i?**,  JB'".  /2<«  .  .  .  R^-^\  then 

.4,«"  - -I  [/?«»+ /?'«+A'«)+ + /2«-»>] 

|J.w-i[^(«+ j?(i)oos  *:L  +  ^»oos  i^+  ....+  i?u-i)  cos ?^^-^^*] 
|^,w-y[  ^rt)riii^+ /?«  sin  i!- +  ....  + «o-»  sin  ^^^^^^'] 

^AJ^i  -  -l[^«  +  J?(i)oos-^  +  JJCB  COS -^  +  ....  +  i2"-')  cos  Ifcili'] 
JJ^-i[  JJWdn i^  +  i2»  sin  i^ +  ....  +  /?"-'»  Bin  ili^^]. 

Similar  equations  give  the  coefficients  of  —  Sq  and  —  Wf 
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In  fine  the  following  equations  result 

"[■§■]..  =  rr^  [  *^-^°' ««« '^  -  *^' '"  cos  ?.  +  (1  -  i 6')  5,c> - 1 5,(»)  ] 

sin  i  r^l    =  j^^  r  (i  C.W  —  eC.C) )  sec  ?>  sin  o.  +  ^  C.w  cos  «» 1 
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MBMOIB  No.  88 

On  Certain  Possible  Abbreviations  in  the  Computation  of  the  Long- 

Period  Inequalities  of  the  Moon's  Motion  due  to  the 

Direct  Action  of  the  Planeta. 

(iMMteM  JoarBAl  ot  MfttbamaUe*,  Vol.  VI,  pp.  11»-1M,  IB8S.) 

Hansen  has  characterized  the  calculation  of  the  coefficients  of  these 
inequalities  as  extremely  difficult.  However,  it  seems  to  me  that,  if  the 
shortest  methods  are  followed,  there  is  no  ground  for  such  an  assertion. 
The  work  may  be  divided  into  two  portions,  independent  of  each  other.  In 
one  the  object  is  to  develop,  in  periodic  series,  certain  functions  of  the 
moon's  coordinatee,  which  in  number  do  not  exceed  five.  This  portion 
is  the  same  whatever  planet  may  be  considered  to  act,  and  hence  may 
be  done  once  for  all.  In  the  other  portion  we  seek  the  coefficients  of 
certain  terms  in  the  periodic  development  of  certain  functions,  five  also 
in  number,  which  involve  the  coordinates  of  the  earth  and  planet  only. 
And  this  part  of  the  work  is  very  similar  to  that  in  which  the  pertur- 
bations of  the  earth  by  the  planet  in  question  are  the  things  sought.  And 
as  the  multiples  of  the  mean  motions  of  these  two  bodies,  which  enter 
into  the  expression  of  the  argument  of  the  inequalities  under  connidera- 
tion,  are  necessarily  quite  large,  approximative  values  of  the  coefficients 
may  be  obtained  by  semi-convergent  series  similar  to  the  well-known 
theorem  of  Stirling.  This  matter  was  first  elaborated  by  Cauchy,*  but, 
in  the  method  as  left  by  him,  we  are  directed  to  compute  special  values 
of  the  successive  derivatives  of  the  functions  to  be  developed.  Now  it 
unfortunately  happens  that  these  functions  are  enormously  complicated 
by  successive  differentiation,  so  that  it  is  almost  impossible  to  write  at 
length  their  second  derivatives.  Manifestly  then  it  would  be  a  great  saving 
of  labor  to  substitute  for  the  computation  of  special  values  of  these 
derivatives  a  computation  of  a  certain  number  of  special  values   of  the 


•  MfmHn  nr  tm  frimtmnttmt  4m  fimetiamt  i*  tri»-gmd*  nomiru;  tad  Kipp nrt  nr  m  Mlmtkn 
*i  M.  U  TtrrUr,  fwt  a  paur  a^  ta  Marmimlitn  f»»*  gnmdt  ImtgalM  4*  mmpm  «i«»i— wt  4*  la 
pUmiu  /Mta*.-   OMyta  am>im  4t  VAcmUmtt  4m  trtrntm  4»  Arte,   IWk  XX.  pp.  a»l-TM,  TtT-TSe, 
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original  function,  distributed  in  such  away  that  the  maximum  advantage  may 
be  obtained.  This  modification  has  given  rise  to  an  elegant  piece  of  analysis. 
It  will  be  noticed  that,  in  this  method,  it  is  necessary  to  substitute  in  the 
formulae,  from  the  outset,  the  numerical  values  of  the  elements  of  the  orbits 
of  the  earth  and  planet.  There  seems  to  be  no  objection  to  this  on  the 
practical  side,  as,  for  the  computation  of  the  inequalities  sought,  no 
partial  derivatives  of  jB,  with  respect  to  these  elements,  are  required. 


If  the  masses  of  the  moon,  earth  and  the  planet  considered  are  denoted 
severally  by  m,  if  and  m",  and  the  geocentric  rectangular  coordinates  of  the 
moon  by  x,  y,  and  z,  the  similar  coordinates  of  the  sun  hy  x' ,  j/  and  s/,  and 
the  heliocentric  coordinates  of  the  planet  by  x",  y"  and  z",  the  perturbative 
function,  for  the  direct  action  of  the  planet  on  the  moon,  is 


B  =  m"[ 


1 

l(x"  +  7^-xy+  (y"  +  y'  -  yy  +  (/'  +  z' -  «)']» 


(a:"  +  a^)a:  +  (y"  +  y')y  +  (^'  +  ^')^1 
■  t(x"  +  x'y  +  iy"  +  y')'  +  (^'  +  mu  • 


But,  by  a  slight  substitution  in  and  modification  of  this  expression,  we  take 
account  of  the  lunar  perturbations  of  the  solar  coordinates.  Let  X,  Y  and  Z 
denote  the  coordinates  of  the  sun  referred  to  the  centre  of  gravity  of  the  earth 
and  moon,  we  shall  then  have 


And  A  may  denote  the  distance  of  the  planet  from  the  centre  of  gravity  of 
the  earth  and  moon,  so  that 

J'  =  (a/'  +  X)' + (y"  +  ry  +  (z"  +  zy, 

also  r  the  radius  vector  of  the  moon,  so  that 

r'  =  x'  +  y'  +  «'; 

moreover,  for  brevity,  put 

P  =  (ic"  +  X)x+{s"  +  r)y  +  (^'  +  Z)z. 


Then  R 
B  =  m" 

takes  the  form 
1 

P  +  'W+IT'' 

- 

^.       n       ^       P   1         ^'       r'    * 

[''  +  ^-Tgf^^  +  lMT^^] 

1 

[^'-2y-+m^  1  (M+my'^j 
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But  it  is  evident  that  this  ezpreBsion,  difTerentiated  witJi  respect  to  the 
variables  x.  y  and  e,  will  not  furnish  difTerential  coefficients  identical  in  value 
with  those  the  expression  gives  before  the  transformation.  Mx',t/  and  «*  have 
now  been  made  to  involve  x,  y  and  z.  But  a  little  consideration  shows  the 
modification  which  will  remedy  this.     It  is  plain  we  ought  to  multiply  the 

first  term  by  *    1^  "* ,  and,  multiplying  the  last  term  by  —  ■"  +  »"  ^  gyb- 

stitute  unity  for  the  numerator  and  reduce  the  exponent  of  the  denominator 

3  1 

from  -„  to  -s- . 
3         2 

Thus  the  proper  form  of  R  is 


When  this  expression  is  expanded  in  a  series  proceeding  according  to  ascen- 
ding powers  of  the  lunar  coordinntes,  and  the  terms  independent  of  the  latter 
omitted,  we  get 


S.  4   J'        1     i.A  J* 


.    JT-m' 

.  ir  +  m' 

^  (M  +  my 


8^6J  /»_  3     4.8.aPf'"l 
2.4.6  J'        1  '2.4.6  J'J 
8.7.6. 5  /*  _  i    6. 5^4^3  PV 
2.4.6;^'J^       1  •574.6.8"J^ 


4^3   4J.2.lr^l 
1. 22. 4. 6. 8  J»J 

} 


The  terms  of  this  series  follow  a  quite  evident  law,  and  it  is  easy  to  write  as 
many  as  there  may  be  occaj<ion  for.  But,  hitherto,  no  pensiblc  inequalities 
have  been  found  arising  from  the  terms  beyond  the  first  line.  This  line  fur- 
nishes all  the  inequalities  which  are  not  factored  by  the  small  ratio  -^  ,  whose 

value  is  about  — -  .     And  the  following  two  lines  of  terms  can  add  to  the 

coefficients  of  these  only  parts  which  have  the  very  small  factor  — ^  •     For 

these  reasons  we  can  restrict  ourselves  to  the  first  line  of  terms,  and  write 
very  simply 


*-*"    L~2  J»       Fj'J 
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Restoring  the  equivalent  of  P, 

This  expression  has  the  advantage  of  exhibiting  the  value  of  i2  as  a  sum  of 
terms  of  which  each  is  the  product  of  two  fVictors,  one  of  which  depends  solely 
on  the  coordinates  of  the  moon  and  the  other  is  independent  of  them. 

If  we  denote  the  factors  of  a?,  if  and  ^  in  R  severally  by  ^,  5  and  C, 
we  shall  have  the  relation         A  +  B  ■{•  C  =^  0. 

Hence  it  is  plane  that  the  number  of  terms  can  be  reduced  from  six  to  five. 
As  we  shall  take  the  ecliptic  for  the  plane  of  xy,  we  will  have  Z  =  0.  We 
can  then  write 


II. 

We  will  now  express  the  five  factors  of  the  terms  of  R,  viz.  r^ —  3z^, 
3?  —  y",  xy,  xz  and  yz,  as  functions  of  ^,  the  time,  when  elliptic  values  are 
attributed  to  the  coordinates,  leaving,  however,  the  longitudes  of  the  perigee 
and  node  indeterminate,  so  that  the  latter  may  have  their  motions  propor- 
tional to  t . 

Using  Delaunay's  notation,  and,  in  addition,  putting  t;  for  the  true 
anomaly,  we  have 

a!  =  r  cos  (r  +  g)  cos  A  —  (1  —  2/*)  r  sin  (v  +  g)  sin  A, 
y  =  r  cos  («  +  g)  sin  A  +  (1  —  2;-')  r  sin  (v  +  g)  cos  A, 

or,  in  a  slightly  diflferent  form, 

a;  =  (1  —  ?-')  r  cos  (v  +  5'  +  A)  +  fr  cos  {y  +  g  —  K), 
y  =  (1  —  r')r  sin  (v  +  ^+  A)  —  j^r  sin  {v  +g  —  K), 
z  =  2^yi  — ^'r  sin  (v  +  g). 
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From  these  equatioDS  we  derive 

r'-8f'=  (1  -6/*  +  e/Jr*  +  6r*  (1  -  r*)  '^  oot  2  (r  +  g), 

I'-y  =(l-rOVooia(r  <-y  +  A)+r'r'co«2(r  +  ^- A)  +  V(l— rO ''cm  2A, 
«»y  =  (1  -  r'Yr'  tina  (»+  ^  +  A)  -  r*r'  tin  2(r  +  ^  -  A)  +  2r*(l  -  r*)  r*  "in  «*, 
gt  =  r  (I  -  r*)*r*  na  (iv  -^  ig  +  A)  +  r'(l  -  r')»r*  sin  (2p  +  2j  — A) 

-r(i-ar')(i-r')«r'«inA. 

yi  =  -  r  (1  _  yO«  r*  coi  (2»  +  ay  +  A)  +  r*  (1  -  r*)*  r*  oot  (2»  +  a^  -  A) 

+  r(l  — ar')(i-r')»r'coiA. 

It  is  then  plain  that  the  development  of  these  five  Tactora  depends  on 
that  of  the  quantities  H,  ;^  cos  2v  and  r  sin  2v.  Denoting  the  eccentric 
anomaljr  by  u,  we  have 

^=(l-«COiW)', 

-p-  tin  2r  =  \/l  -  «*  («iti  2m  —  2«  sin  u). 

The  constant  terms  of  these  functions,  in  their  development  in  periodic  series 
involving  multiples  of  the  mean  anomaly,  are  the  same  as  the  constant  terms 
of  the  right  members  of  the  last  equations  after  they  have  been  multiplied 

by  1  — e  cos  u.     That  is,  these  terms  are  severally  1  +  -5-  **•  t  ^  ^^^   ^' 

To  obtain  the  remaining  coefficients,  we  put  «  =  «"»'"',  and  a  =  »'»'"',  and 
recall  the  theorem  that  the  coefficient  of/,  in  the  development  of  any  func- 
tion S  according  to  powers  of  z,  is  the  same  as  that  of  «*  in  the  develop- 
ment of 

t   as 


•ooording  to  powers  of«.    Moreover,  adopting  Hansen's  notation  for  the 
Beaselian  function,  we  put         ,*(•-  \)  —  r.j"^^ 
80  that,  for  positive  values  of  i,  we  have 

and,  for  negative  values,  /i~"  =  /!!*. 
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These  functions  satisfy  the  following  equation, 
Whence  rii-n—  i    r«)_  rcfn 

and,  by  writing  i  —  1  for  t  in  the  first  of  these  and  i+  1  for  i  in  the  second, 

•J  X.  — J —  '■'A  "^  A    , 

jv+v  —  *  +  1 .7i'+») rci 

"A T^      *  '^  ' 

Consequently 

J.-..  _  /.+.,  ^  ^ [-(,•_  1)  j,<-.  _ (i  +  1)  j(.+..]. 

The  coefficient  of  z*  in  the  expansion  of  —^  being  equal  to  that  of  s'  in 
-|['-i(-T)](°- ])-'-■>. 

i.  _.[4-_.r»_|(4--.r")],   , 

which,  by  means  of  the  relations  between  the  /functions  just  given,  reduces  to 
Hence  we  have 


2    j^'J 


4=i  +  |.e._v4^1co8t7. 

a'  2  ^^    ^      i 

This  result  may  also  be  obtained  from  the  equation 


^'4 


=  2-?L_2. 


In  like  manner  we  get 

-^  Bin  2i;  =  vl  —  e*  >  .  -?-    Jf.      +  /'^     —  e  f  /ji      +  /jl     )     sin  il . 

Consequently,  if  we  put 

H''=^[[co,-^-l.f]4-'-..«,'S^..4-" 
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where  sin  ^  =  <>,  and  we  agree  that 

F"' = 4  **' 

we  thall  have,  a  denoting  any  arbitrary  angle, 

f*  ooi  (•  +  2r)  =  a*  2  ,  H"  «»•(«  +  i7). 

«"  +  • 

f*  ain  (a  +  2p)  =  o"  2  •  ^''  •'»  (»  +  'O- 
<»-  . 

We  can  now  write  the  expansions  of  the  five  factors  of  the  terms  of  i2 
which  depend  solely  on  the  moon's  coordinates: 

+  \j*{l  -f)S.  //'"  coa  (2j  +  tf), 

-  Sr-Cl  -  r*)  J^.^  -^^  «» (2*  +  '^ 
+  -i  yT.  iy"  cot  {-  2A  +  2^  +  »7). 

|-^-  =       i-  (1  -  rO'^.  iSr'"  sin  (2A  +  2^  +  i7) 
- Sr* (1  - r')i-.-J  Ju   .in  (8A  +  tf) 

-  -1  r*-.  H"^  «in  (-  2A  +  2^  +  O), 
y?=       |-r(i-r0'^.//"'"n(*  +  ay  +  i7) 

+  3r(i -2rO(i-rO»J^.  ^V^  «n  (*  +  <0 
+ -|- r' (1  - rO*  - .  ^"' «n  (- *  +  2y  +  •'0. 
y  ^  =  -  ^r  (1  -  rO«  ^. -^'"coi  (A  +  2y  +  lO 

-3r  {x-%f)(\-f)\s.  :^jl  cot  (A  +  0) 

+  2  y'a  — rO*^-^'"  <»•(-* +  2y  +  «0- 

The  summation  must  be  extended  to  all  integral  values  positive  and  negative, 
tero  included,  for  t.     When  t  ^  0  we  must  suppose  that  -ifJi'    takes  the 

value-J-(n.|*«). 
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It  will  be  perceived  that  the  three  first  terms  of  R  furnish  inequalities 
whose  arguments  do  not  involve  the  longitude  of  the  moon's  node  or  involve  it 
iu  an  even  multiple.  The  two  remaining  terms  furnish  inequalities  having  an 
odd  multiple  of  this  longitude  in  their  arguments.  And  it  is  evident  that  these 
statements  remain  true  even  when  the  solar  perturbations  of  the  lunar  coordi- 
nates are  taken  into  consideration.  Hence,  in  deriving  any  particular  inequal- 
ity, we  never  have  to  consider  more  than  three  out  of  the  five  terms  of  R. 
When  we  propose  to  neglect  the  solar  perturbations,  it  can  be  seen  at  a  glance 
what  terms  of  the  expressions  above  ought  to  be  retained.  Thus,  in  the  case 
of  Hansen's  inequality  of  273  years,  the  argument  involving  only  I  without 

either  h  or  g,  it  is  plain  tha  the  first  term  of  — —^ —  can  alone  furnish  it; 

and  consequently,  we  may  put,  very  simply, 

(1)  r  1  ,"Jn 

R=-  m"a'  (1  —  6f  +  Qf) <^-f  Mi  —  3 ^.l  cos  I. 

And  the  whole  diflBculty  is  reduced  to  finding,  in  the  development  of 

A'  J" 

the  terms  A"^  cob  (181"— Ul')  +  A"'  sin  (iSl"  - 162'). 

III. 

We  pass  now  to  the  consideration  of  the  development,  in  periodic  series, 
of  the  factors  of  the  terms  of  R  which  depend  on  the  coordinates  of  the  earth 
and  planet.  Let  it  be  required  to  discover  the  coefficient  C,  ,,  of  z'z"'  in  the 
development  of  any  periodic  function  of  the  eccentric  anomalies  u  and  u'  of 
two  planets,  in  the  case  where  i  is  quite  large.     We  shall  suppose  that  the 

function  has  -r^  for  a  factor.     It  is  known  that 

-i;  =  JV'-ci — 2a  cos  («  -  G)  +  a']  -  [i — 2b  cos  («  +  Q)  +  b']-", 

where  N,  a,b  and  Q  are  functions  of  u'  or  I'  only,  and  a  and  b  are  always 
less  than  unity.     Substituting  the  imaginary  exponential  s  =:  e"*'~',  and,  to 
abbreviate,  putting         i  =  a~'«w-»,    *,  =  b"'£-<2t'-', 
this  equation  becomes 

i=^('-i)-('-f)"(-i)-('-'?)'"- 
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Rendering  evident  the  factor  M  —  ,-j     ,  we  can  then  suppoae   that  the 
function  to  be  developed  is 

The  coefiBcient  of  s*  in  the  development  of  this  ia  equivalent  to 

Let  U8  put  /(•)  =  «'^^*"-^[l-|(.  +  4)]  FC); 

then  ^•=i/*''"0-Tr><'>''«- 

Since  the  absolute  term  of  a  series  of  integral  powers  of  a  variable  is  not 
changed  by  substituting  fur  the  latter  a  constant  multiple  of  it,  in  the  expres- 
sion for  Q  we  can  write  ka  for  a.     Thus 

C.  =  4r jf ' '-'(!-»)- •/(*»)  du . 

The  diflSculty  here  that  the  factor  (1  —  «)~"  becomes  infinite  at  the  limits  of 
the  definite  integral,  is  only  apparent.  PW  the  multiple  of «  instead  of  ka 
may  be  pa,  in  which  the  modulus  of  p  is  less  than  that  of  it  by  a  very  small 
quantity.  In  this  case  we  get  a  tangible  result,  which  is  seen  to  have,  as  its 
limit,  when;)  is  made  to  approach  A:  indefinitely,  the  value  which  will  be 
presently  given. 

We  now  assume  that  it  is  possible  to  expand /(^«)  in  an  infinite  series 
prooeeding  according  to  positive  integral  powers  of  «.*    Let 

/(ib)  =  c,  +  (\u  +  CfU'  +  .  .  .  =  r.  C| I**. 
Then  c,  =  ^'i:.  /^t-**'-'  (i-c'f-'r'c, «*</«. 

The  definite  integral        izf"'~*'^~'  (1 —.••'-•)-  du 

is  a  function  of  n  and  i:  with  Cauchy  we  will  denote  it  by  [«],.  Then  by 
taking  the  derivative  of  the  quantity,   under  the  integral  sign,  y  times  with 

respect  to  t,  we  get     i: jf  *""""  d  —'•'-)-«'«'«  =  C*''^)'^-  C-l- 

*  Thli  I*  the  aMnmpUoD  which  leadi  to  tb«  (cmi-conTer^nl  Mrtes  reprrtcnltiiK  Uie  t*Ib*  of  C,. 
lU  •llowkbleotu  U  thowD  by  the  fact  of  the  reUtire  tmallneM  of  the  deflnlU  loUrml  wbleb  oogbt  to 
b«  added  to  eonplete  the  tinncated  eerie*,  when  i  U  tnlersbly  Urge  ud  the  oDmber  of  Um*  taken 
Into  aecoBDt  I*  not  too  great.  At  Caachy  bat  treated  tbit  point  at  leaftb,  in  bit  menolr  Irtt  meaUoB«d 
aboTe,  I  bare  thoacbt  II  ■nnecetaary  to  ta;  more  aboot  It  here. 
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Whence  we  have  the  symbolic  expression  for  O,, 

But  we  have  £«<  =  i  +  J ,  e-"«  =  j-L_ 

A  here  denoting  the  characteristic  of  finite  differences  with  respect  to  the 
variable  i,  and  not  the  distance  between  the  two  planets.     Let 

r  =  Y^ '  ^^^^  £-"'  =  1  -  r • 

Making  these  substitutions,  we  have 

By  successive  integrations  by  parts,  making  the  integration  always  bear 
on  the  first  factor,  we  find  the  value  of  the  definite  integral, 

1  r%-'->'-'(i-e->--)-rf«= M.= »("  + 1)  •  •  •  ("  t  ^  -  ^\ 

it^  J>  l.ie  .   .   •  t 

When  the  function /(i  —  Te^')  is  developed  in  ascending  powers  of  v>  the 
general  term  of  Gi  will  be  proportional  to 

^* '  t"^'  =  (1  +  jy  •  C"^'  =  ^  •  M'-'  =  ["  -J^'  • 

And,  developing  the  last  expression  for  Ci,  and  employing  accents,  attached 
to  /,  to  denote  differentiation  of  the  form  of/,  we  have 

C,  =  Jr'  |/(*)  [n],  -  */'  ik)  [n  - 1],  +  ^  *»/'  (i)  [n  _  2] 

This  may  also  be  written 

C,  =  ir' [«],  {  f{k)  -/'  ik) .  k  -j^^i 

+     ^    /-"fA^   M        («  — l)(n  — 2) 

1_  ,r,„  ,^x  p  (w-lXn-2)(w-3) 

1.2.3-'     ^  ''•       (t  +  w-l)(i+»  — 2)(t  +  «  — 3) 

* }• 


We  may  employ  the  F  function  to  express  [nli,  and  then 

r«i  -  —LittJtL- 
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In  practice,  n  will  have  some  one  of  the  following  series  of  valotl, 

and  it  is  well  known  that 

r(4)=V.,r(4)=-J-V.r(|)=»V...^ 

When  I  is  a  tolerably  large  integer,  we  may  use  the  semi-convergent  series 
log  r  (I  -m)  =  -J  log  (St)  +  ^ -m—  ^J  log  (I  +  »  — 1) 

lOf  r(l  +  1)  =^  log  (2.r)  +  (i  +  ^)  log  I 

where  M  is  the  modulus  of  common  logarithms,  and  Bt,  B,,  etc.,  are  the 
numbers  of  Bernoulli.    Thence  is  derived 

"^  ri  L"^  ~  (rrw^iyj  ~  •  •  • } 

=  (.•  +  -^)  log  'l+JJni  +(«-!)  log  (.•  +  «  -  1) 

-Ml(m-l)il+   ^  1  1    t^  +  i(i  +  n-l)  +  {i  +  n-iy 

■     1    f  +  t'o-nt— i)  +  «'(i  +  »-  !)•  +  i(i  +  w— ly-Ki-m-iy 
"^  Ti60  i»  (t  +  » — 1/ 

- }■ 

The  first  term  of  the  last  expression  for  C  affords  a  first  approximation 
to  ita  value,  correct,  so  to  speak,  to  quantities  of  the  order  of  — .-  .    Then 

In  like  manner,  the  two  terms  at  the  beginning  afford  an  approximation 
correct  to  quantities  of  the  order  of -ij- .     Here  we  can  effect  a  remarkable 
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reduction;  for  on  comparing  the  two  terms  in  question  with  the  two  first  terms 
of  Taylor's  theorem,  we  see  that,  to  the  same  degree  of  approximation,  we 
may  write 

No  more  labor  is  involved  in  employing  this  expression  than  in  the  preceding. 

IV. 

In  this  condition  Cauchy  leaves  the  subject,  but  we  may  go  a  step  farther. 
In  the  cases  which  come  up  in  practice /(A;)  is  always  such  a  function  that 
successive  differentiation  immensely  complicates  it ;  so  that  it  is  scarcely 
possible  to  go  beyond  f  [k).  Hence  a  great  deal  of  labor  is  saved,  if,  instead 
of  attempting  to  calculate  f{k),f'{h),  etc.,  we  substitute  the  calculation  of 
f{k)  for  several  values  of  the  argument  k.  It  is  easy  to  perceive  that,  in 
general,  all  the  derivatives /'(A), /"(A;),  etc.,  may  be  eliminated  from  the 
expression  for  (7j.  For,  cutting  the  series  off  at  the  term  which  contains 
/■'*'''(&)  as  a  factor,  we  may  suppose  that,  to  the  same  degree  of  approximation, 
C,  =  k-'[n].  \x,f(k  -  hy.)  +  xj(k  -ky,)+  ...+  x^fQc-ky^)  ] , 

where  x^,  x^,.  . .  Xp  andyj.yi, .  .  .  i/p  are  unknowns  to  be  suitably  determined. 
By  developing  this  expression  for  (7j  in  powers  of  k  and  comparing  it 
with  the  previous  expression,  we  get  the  following  system  of  simultaneous 
equations  for  determining  the  unknowns  Xq,  ajj,  .  .  .  Xp,  y^,  yi,  .  .  .  i/p'. 

Xt  +  Xi  +  X,+   .   .   .  +  X,  =  1 , 

!e,y,  +  a;,y,  +  x^t  +  ■  ■  •  +  x,y,  =      ^"  ~ 

«.y;  +  xiy\  -{-x,y\+  .  .  .  +  x,yl         = 


«.yr+'  +  a^y?  + '  +  a;^?  +  '  +  .  .  .  +  x,yy 


i+n-1 ' 
(„_!)(« -2) 

-  (i+n-  l){i  +  n  -  2)  ' 

_         (w  -  1)  .  . .  (n  -  2;?  - 

-1) 

{i  +  n  —  l)...(i  +  n  —  2j)  —  iy 


For  the  sake  of  brevity  we  will  denote  the  right-hand  members  of  these 
equations  as  Co,  «!,  Og .  .  .  ajp  +  j.  The  solution  of  these  equations  is  very 
elegant.  According  to  the  theorem  of  Bezout,  the  degree  of  the  final  equation, 
obtained  by  elimination,  would  be  =  {2p  +  2)!  But  as  we  shall  see,  the  solu- 
tion depends  on  that  of  an  equation  of  the  (p  +  l)***  degree,  whose  roots  are 
the  values  of  the  several  unknowns  i/g,  yi  .  •  •  ^p',  and  there  is  practically  but 
one  solution. 
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Let  US  suppocie  that  the  values  of  the  y's,  in  any  particular  solution,  are 
the  roots  of  the  equation 

so  that  «i  =  -(jr, +  y, +  y.  +  ..•  +  y,), 

»i  =  yjfi  +  ytyt  +  y  jTi  +  .... 


^♦»  =  (-i)'*'y.yiy.  •••y». 

Hence,  y,  denoting  any  one  of  the  ^'s,  we  must  have 

jf:*'  +  «jr +  «df:~'  +  ...  +  « +,=o. 

Now,  in  the  group  of  equations  to  be  solved,  multiply  the  equation, 
whose  second  member  is  a,  +  , ,  by  1 .  the  one,  whose  second  member  is  Op, 
by  «,,  and  so  on  until  the  first  equation  is  multiplied  by  «p  ^  ,.  Then,  by 
adding  all  the  equations  thus  obtained,  the  first  member  of  the  resulting  equa- 
tion vanishes,  and  we  have  a,^,  +  <Mi  +  «»-i».  +  . . .  +  o,«,  +  ,  =  0, 
By  cutting  off  the  first  equation  and  adding  to  the  group  the  equation  whose 
second  member  is  Op^.,,  and  writing  ar,  for  x^yo.  -Ci  for  ^r^yi-  *Dd  so  on,  we 
obtain  a  group  which  differs  from  the  former  only  in  the  second  members. 
Henoe  we  have,  from  this  group,  the  equation 

«,+, +  «t+,«,+tf^,  +  ...  +o,«,  +  ,  =  0. 
And,  in  a  similar  manner, 

«%ti  +  «*»!  +«*-•»•+  ...  +  <«,*»  + 1  =  0. 

These  p  +  I  linear  equations  suffice  to  determine  the  values  of  «,, 

«f *^  +  i»  the  coeflBcients  of  the  equation  of  the  {p  +  1)*''  degree,  which 

has,  as  its  roots,  the  values  of  the  unknowns  y.  Thene  values,  being  obtained 
and  substituted  in  the  first  {p  +  1)  equations  of  the  original  group,  we 
have  a   group  of  {p+  1)  linear  equations  for  determining  the  {p-\-  1) 

unknowns  x^,  Xi Xp.     It  is  plain  that  all  possible  solutions  of  the  group 

of  equations  are  obtained  by  permuting  between  themselves  the  roots  of  the 
equution  which  gives  the  values  of  the  ^'s ;  and,  as  thus,  to  each  root,  cor- 
responds its  special  value  of  the  x's,  and  the  order  in  which  the  several 
terms  of  C,  stand,  is  of  no  import,  it  is  clear  that,  practically  at  least,  but 
one  solution  existfl. 
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In  practice,  p  never  need  exceed  2.     For  ^  =  0,  the  solution  has  already 
been  given.     For  ^  =  1 ,  we  have 

(t  +  n-  \)(i  +  n-2)  ^  t  +  n-  1  *'  +  ^'  -  "' 
^n-lXn-Z){n-Z)  (n-l)(n-2)  n-\         ^q 

(J  +  n  — 1)(  t  +  w  —  2)(i  +  M  —  3)      (i  4-  w  -  1X«  +  m  — 2)    'i  +  w— 1    ' 

The  solution  of  these  gives 

,  _      9     ^-g        ,  _        (n-l)(H-2) 
'~         i  +  n-3'      '~(f+w  — 2X»  +  M-3)" 

Thus  the  equation  which  contains  the  values  of  the  ya  is 

^         t-l- M-3^^(t-|-n— 2)(i  +  n-3) 

Whence  the  two  values  of  y  are 

n-2±,/(^-")(^"-j} 
V      t  +  w  — 2 


y  = 


i  +  w  — 3 


and  the  corresponding  values  of  x  are 

,r^,i  — n+l    /     i+n  —  2    ~| 
'^-  *  |_  1  ±  t  +  n-lV(2-w)(t-l)j  • 

In  many  cases  these  values  will  be  imaginary,  which,  however,  does  not 
hinder  their  use,  as  Jc  is  imaginary. 
For  p  =  2,  we  have 

(^n-lXn-2){n-3)  (w-l)(w-2)  ,       n-1     ,    ,._q 

(i  +  n-  1)(/  +  n-  2)(i  +  n -  3)  +  (i  +  »- l)(i  +  n-2)  *'  +  i  +  n -  l  *»  +  *'-  "' 

(w_2)(n-3XM-4)  (ra-2X«-3)  w-2      .    ,  ,  _  n 

(»■  +  n  -  2)(i  +  n  -  3)(i  +  n  -  4)  ^  (i  +  n  -  2)(t  +  n  -  3)  *'  ^  j  +  n  -  2    '  ^   '  ""    ' 

(n-3)(ti-4Xn-5)  (n-3Xn-4)  w-3      .    ,   „  ._  n 

(t  +  n  — 3)(»  +  n  -  4)(t  +  «  -  5)  ^  (t  +  n-3)(t  +  n-4)  *'^  t  +  n-3    '^   '~ 

The  solution  of  these  equations  gives 

■  -_3     «-3  o        (w-2)(ra  — 3)  (w  -  IXw  -  2Xn  -  3) 

^^        t  +n  — 5'  •"    (t  +  n  -  4)(i  +  n  —  5)'  '~      (i  +  w - 3)(t  -f  n  - 4)(t  +  w - 5) ' 

The  equation,  which  has,  for  its  roots,  the  values  of  the  y'a,  is 

t^_3    «-3     t/'f3..    ("-g)("-3)        „_  («-lXw-2X«-3)  _Q 

*         t  +  n— 5*         (t  +  n  — 4Xi  +  n  —  5y      (t  4-  n  —  3)(i  +  n  -  4)(t  +  »—  5) 
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By  comparing  this  with  the  equation  for  the  case  where  p=  1,  we  readily 
see  what  the  equation  would  be  for  higher  values  of  p. 

As  an  example,  suppose  it  were  required  to  find  the  coeflBcient  of  s**  in 
the  expansion  of  [1  —  8a  cos  («  -  C)  +  a']  - «. 

Here  the  form  of/(«)  is 

/,,=(.-^*)-[.-.(..i)].-(-f). 

In  the  first  place  let  two  terms  in  the  final  expression  for  Cf  be  regarded  as 
sufficient,  that  is,  put  p=  1.     Theni=18,n=  -,  and  the  two  values  of  y  are 

* 33 

and  the  corresponding  value  of  x  is 

Thus  the  expression  for  G,  is 

C,=  i-"[|-"|  {1.17866/(0.988064?*) -0.17866/(1.0726413*)}. 

The  error  of  thb  ie  of  the  order  of   .^  ,  while,  in  case  p  =  0,  which  gives  the 
formula  ^-  =  *-"[t]/(3-?*)' 

jrbich  Cauchy  employed,  the  error  is  of  the  order  of  -.,  . 

In  case  we  make  p=  2,  and  thus  have  three  terms  in  the  formula  for  C\, 
the  roots  of  the  cubic 

*•  +  ^  y*  +  Si^g  y  -  33.31.29  ~  ° 

must  be  found.    They  are 

y,=  + 0.00804343,    y,  = —0.04617994,    y,  =  — 0.373306t8. 

The  linear  equations  for  determining  the  z's  are 

*i  +  z,  +  *t  =  1 , 

0.0804843x^  -  0. 4617994  x,  —  2. 722083  x^  =  0.  S70S708 , 
0.0094097^  +  0.ai32686x,  +  7. 409786  x,  =  -0.077»«01 . 
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The  solution  of  which  gives 

a;,=  +  1.3426685,     x.  =  — 0.3408857,    a;,^  -  0.0017828. 

Thua,  in  this  case,  we  should  have 

C,3=  ^-''T-i]  {1.3426685/(0.9919566^)-  0.3408857/(1.04617994*) 
-0.0017828/(1.2722083*)}. 


The  error  of  this  formula  is  only  of  the  order  of   ^-  . 

In  further  illustration  of  this  method,  let  us  find  the  value  b*"'  the 
coefficient  of  cos  180  in  the  periodic  development  of 

(I  —  2a  COS  0  +  a')-i, 

where  a  =  0.  723332  the  ratio  of  the  mean  distances  of  Venus  and  the  earth 
from  the  sun.     Here  the  form  of/(s)  is  simply 

Let  us  take  the  formula  where  p  =  1.     We  have 

br  =  2C.,  =  2  [4]_^a"  {  1. 17865  (l  -  57^10647)'  -'• '''''  {'  "  TrdMr^  }  ' 

The  value  of    —      will  be  found  in  the  table  at  the  end  of  this  memoir. 

L  2  J,8 

And  on  the  substitution  of  the  numerical  values,  we  get  bj"'  =  0.090880. 
Delaunay,  in  his  memoir,*  has  0.090876. 

In  the  case  where  the  function  to  be  developed  contains  the  anomalies 
of  two  planets,  after  the  value  of  Cj  has  been  obtained  corresponding  to  j 
points  evenly  distributed  on  the  circumference  with  reference  to  the  variable 
V  or  the  variable  u',  the  value  of  Cj,  j,  results  by  employing  the  method  of 
mechanical  quadratures:  the  formula  in  the  first  case  being 

and,  in  the  second,  _         1  ^  ri  r'   ,^,. 

In  the  annexed  table  are  given  the  common  logarithms  of  the  function 

[n]< ,  for  n  as  far  as  n  =  -—  ,  and  for  i,  as  far  as  i  =  30.     As  they  have  been 

computed  with  the  ten-figure  logarithms  of  Vega's  TTiesaurus  Lugarithmorum, 
it  is  to  be  presumed  that  they  are  correct,  in  nearly  every  case,  to  half  a 
unit  in  the  last  place. 


*  ConTMitaano  det  Tempt,  18tt2. 
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•s 


Ta«u  or  THB  VALrn  or  Loo  {■•),. 


L 

«  =  1. 

«  =  |. 

»  =  |. 

»=J. 

•1  =  1. 

9.MM700 

0.1760013 

0.8979400 

0.6440680 

0.6682116 

9.6740111 

0.1710011 

0.6409781 

0.8961606 

1.0915462 

•.4M1500 

0.180^481 

0.8170693 

1.1694910 

1.4283373 

•.4M1M1 

0.391I0O6 

0.9663720 

1.3703464 

1.7013386 

t.MllOOt 

0.4324933 

1.0693164 

1.6464366 

1.9317875 

t.UUllO 

0.4671664 

1.1662264 

1.6977043 

1.1313599 

•Jiimi 

0.4071 186 

1.1606463 

1.8303199 

1.3074511 

9.W100M 

0.6116476 

1.1161799 

1.9484191 

1.4650690 

•.tM17M 

0.6470186 

1.3911167 

1.0648846 

1.6077166 

10 

•.14SMM 

0.6681179 

1.4618146 

1.1517946 

2.7380602 

•.1167953 

0.6876181 

1.6083418 

1.1407166 

2.8580356 

•  1073118 

0.6061619 

1.6694944 

2.1119114 

1.9691860 

1.1M17S6 

0.6116411 

1.6069190 

1.3993107 

3.07ri66 

•  1744141 

0.6168881 

1.6611127 

3.4706666 

1.1696366 

•.1BS7610 

0.661U17 

1.6926164 

2.5376134 

3.1607171 

•.14597S7 

0.6644866 

1.7114334 

2.6006661 

1.8466117 

•.1130077 

0.6770768 

1.7681662 

2.6602608 

3.4279367 

•.1107733 

0.6889760 

1.8029183 

2.7167322 

3.5061026 

•.1091S14 

0.7001660 

1.8369186 

2.7704171 

3.5785315 

10 

•  O^Sl^OO 

0.7109799 

1.8673271 

2.8215696 

3.6485694 

It 

».087730< 

0.7111990 

1.8972903 

2.8704181 

3.7155161 

» 

•.0777464 

0.7109689 

1.9269368 

2.9171616 

3.7796337 

13 

•.0«81010 

0.7401989 

1.9633737 

2.9619739 

3.8411517 

U 

•.06M»77 

0.7498637 

1.9797027 

3.0050086 

8.9002732 

» 

•.060ni7 

0.7678639 

2.0060086 

3.0464011 

3.9571780 

H 

•.0411S06 

0.7661264 

1.0198679 

3.0862727 

4.0120267 

n 

•.01173n 

0.7740964 

1.0618490 

3.1247310 

4.0649628 

» 

•.0150073 

0.7817811 

1.0765129 

3.1618728 

4.1161163 

» 

•  0183641 

0.7891061 

2.0974148 

3.1977853 

4.1656007 

M  , 

9.0110660 

0.7963868 

2.1186061 

3.2325484 

4.2135252 
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MEMOIR  No.  39. 
On  the  Lunar  Inequalities  Produced  by  the  Motion  of  the  Ecliptic. 

(Annals  of  Mathematics,  Vol.  I,  pp.  6-10,  25-31,  53-58,  1884.) 

This  subject  has  been  treated  by  Hansen*  and  more  recently  by  Sir 
G.  B.  Airy  and  Prof.  J.  C.  Adams. f  Hansen's  discussion  is  accommodated 
to  the  peculiar  system  of  coordinates  he  employs,  and  the  two  later  writers 
do  not  consider  the  inequalities  in  longitude.  Hence  an  investigation,  giving 
the  inequalities  of  the  latitude  and  longitude,  at  first,  in  the  literal  form, 
may  be  of  value.  The  procedures  employed  are  very  similar  to  those  of 
Pontecoulant,  and  doubtless  are  not  as  direct  as  might  be  imagined.  The 
paper  was  written  as  long  ago  as  1867. 

I. 

Expressed  in  the  ordinary  notation,  when  the  coordinates  are  referred 
to  fixed  planes,  the  differential  equations  of  motion  are 

d'Z  ,    II    y_dR 

Since  the  directions  of  the  axes  are  arbitrary,  let  the  axis  of  X  be 
directed  towards  the  ascending  node  of  the  moving  ecliptic  on  the  ecliptic  of 
1850;  and  let  the  axis  of  Z  be  perpendicular  to  the  latter  plane.  Taking 
now  another  system  of  coordinates,  x,  y  and  z,  such  that  the  axis  of  x  has 
the  same  direction  as  that  of  X,  but  the  axis  of  z  is  perpendicular  to  the 
moving  ecliptic,  let  n{t  —  1850)  be  the  inclination  of  the  moving  ecliptic  to 
that  of  1850;  then,  neglecting  quantities  of  the  order  of  ti*,  these  equations 

exist 

X=x, 

r  =  y— 7r(<  — 1850)«, 

Z  =  z  +  w(<  — 1850)y. 

•Darlegnng,  etc.,  Art.  176-178.  f  Monthly  Notices,  Vol.  XLI,  pp.  264,  376  and  385. 
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The  differential  equations  of  motion,  ezpreaaed  in  terma  of  the  second 
systtim  of  coordinates,  are 

Denoting  the  true  longitude  of  the  moon  by  %,  from  these  may  be 
derived  the  two 

a =  ^  ^^''af- 

In  this  discussion  all  terms  involving  the  solar  eccentricity  and  parallax  will 
he  neglected.  Let  ^  denote  the  moon's  mean  angular  distance  from  a  point 
90°  behind  the  ascending  node  of  the  moving  ecliptic  on  that  of  ISfiO,  or 
^  =  e  +  tti  —  n  +  SO".  For  simplicity,  the  semi-axis  major  of  the  lunar 
orbit  will  be  made  equal  to  unity,  and,  as  usual  in  the  lunar  theory,  m  will 

be  written  for  — .     Also  let  ^  and  r  denote,  respectively,  the  true  and  mean 

angular  distance  of  the  moon  from  the  sun. 
With  these  restrictions  and  notation 

J?  =  ^[3  (r*  -  f*)  COS  2^  +  r»  -  8j»  1 , 

If  the  symbol  i  prefixed  to  any  quantity  denote  that  part  of  it,  in  its  devel- 
opment in  series,  which  is  multiplied  by  the  first  power  of  n,  the  equations 
for  determining  ir,  iX  and  iz  are 


I 
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In  these  equations  terms  multiplied  by  the  square  and  higher  powers  of  the 
inclination  of  the  moon's  orbit  are  neglected;  and,  since  Sr  and  ^/l  are  mul- 
tiplied by  the  first  power  of  this  quantity,  this  involves  the  neglect  of  terms 
such  as  z8r  and  zhX.  For  the  same  reason  all  higher  powers  of  z  than  the 
second  have  been  omitted  in  E. 

These  equations  suffice  to  determine  the  inequalities  we  seek ;  but,  for 
a  term  of  long  period  in  5/1,  it  will  be  more  commodious  to  employ  another 
equation.     We  have 


d'r      ,.       ,.  d'/?      Idz      2  dr^  , 


n'r 


dr 


^      n        3;       ' 


or 


r'  -  2'  dk' 


dk' _  1^^      /  \_dz  _  z^  dr\' 
3?       r  </f"      i  r  Sf      r'dcl 


.=  -2 


R 


2  JT  ydt  —  zdy 
n       7dC~' 


Taking  the  variation  with  respect  to  n,  and  then  multiplying  by  r*. 


^^dkd_^_^^  rd^^r-Jr.^r 

d{    di  dV  df 

dz      z  dr\ld .  Sz      drSz\  .    SurSr 


,  9  fdz      z  dryd.Sz      drdz\ 


n'r' 


-2^J^Sk-2^Sz 
ok  9z 

—  2  -!L  -y^*  —  ^^ 
¥       5f 


But 


■6^P  +3'^=mR  +  &m    Cs.\^di^%^y^'-"^y; 
di'  n'r'  J        dk    ^         n        Sf       ' 

subtracting  this 

' d [2d (rSr)  —  drSr]      dk'  dzd.Sz      dJzSz)  dr 

f^dJ.(Lik_\  dC  '^  dC  <tC~3c"^     dC     f3i 

.     \r3c)  dr  J       dk    ^         n        Tc 


In  determining  hz  we  shall  stop  at  terms  of  the  order  of  m  — ,  and  shall 

neglect  all  terms  multiplied  by  powers  of  the  lunar  eccentricity  e  higher  than 
the  first.  In  6/1  we  shall  neglect  e  altogether;  and,  since  the  inequalities  in 
the  lunar  parallax  resulting  from  hr  are  insensible,  hr  will  be  determined 
only  so  far  as  it  is  necessary  to  the  determination  of  6/1.  Let  ^  denote  the 
moon's  mean  anomaly,  and  vi  its  mean  argument  of  latitude,  or  j;  =  e  +  n<  —  Q . 
In  applying  the  last  equation  to  determining  the  coefficient  of  sin  (^  —  ri)  in 

h'k  to  terms  of  the  order  of  y  —  (where  y  denotes  the  same  function  of  the 
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inclinatioD  as  it  does  in  Pont^cculant's  Thforie  Analytique)  it  will  be  neeea> 
Mry  to  compute  each  member  to  terms  of  the  order  of  m'y  —  .     But  rir  is 

of  the  order  of  y  — ,  oonBequently      \y^  ' ,  in  the  term  which  has  f  —  »j  for 

its  argument,  is  of  the  order  of  fn*y  —  and  thus  may  be  neglected;  moreover, 

^  is  of  the  order  of  tn*,  aad  hence      ^m — -  w  of  the  order  of  m*y  **  in  the 


term  having  the  same  argument ;  this  may  then  also  be  omitted. 

With  these  simpliScatioiui  the  last  equation  becomes 

.  dkdtk      dk*   .        dtd.H  ^   dr  rf(t^t)      I  dr\* 


-  8m' (1  +  8  00*  2f)  rdr  -  7  ^J  ai  —  3m   r  i.  1^  rff . 


If,  for  brevity,  we  write 

B   =  -^  —  2wi'  —  6m'  ooe  2f , 

O  =  em'r*  tin  if , 
D  =  Sm'r' cos  2f , 
^  =  3m'  sin  2f  , 

V  =2-  y«^«-"<y_gCT«(i  +  cos  2f )  i»t  +  em*  Ctxnif.titdi, 
n        d{  J 

U"  =  i—  f  xdM  +  %i^u»»  +  3m'  /"sin  2^.  *»«/<, 

the  term  2m  C  Erhrdl^  in  the  equation  for  rhr  being  omitted  as  not  giving 
any  terms  which  we  wish  to  preserve,  and  it  being  suflBcient  to  put  B  ^\, 
and  -j^  =  1 ,  where  the  latter  multiplies  rir  in  the  equation  for  hX,  the  three 
equations  become 

^'  +  J«.  =V  , 


^)  +  rir  +  cm  +  2m  J*  DSJid{     =  J7 
f»l^  +  »r*r  +    TC^-I  +  Srir}  di    =  V. 


\  # 
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To  the  degree  of  approximation  we  desire, 

—  =l  +  im'+{in'  +  Y'^')  cos  2r, 
r 

Xz=  e  +  ni  +  (-V-ffi*  +  ^wi')  sin  2t. 

Also  (Pontecoulant,  Theorie  Analytique,  Tom.  IV,  pp.  216,  226) 

A  =  l  +  f  WJ'  -  -i^m'  +  fl  w'  +  (3m'  +  Y'"'  +  H^'^')  cos  3r  +  (3  +  f  »i')e  cos  e 
+  (V- '"  +  ^y'- '"')  ^  cos  (2r  —  ?)  +  W  "''^  cos  (2t  +  J) . 

From  y  =  r  sin  (^  —  n)  we  derive 

y  =  —  (l  -^')  cos  f  +  II  Wl'  cos  (f-  2r)  _  ^fi  COS  (f  +  f), 

U=-i^2-  'J')  r  sin  f-o^m'^sin  (f-2r)-2e^  sin  (f  +  c) . 

Let 

iz  =  —  i  Ai  Bin  i  +  A,  sin  ( f—  2r)  +  ^j  sin  ((  +  2r)  +  A^  sin  (f  —  4r) 
n   I 

+  A,e  sin  (f  —  c)  +  A^e  sin  (C  +  ?)  +  ^,«  sin  (f— 2t  +  f) 

+  A,e  sin  ff  +  2t  -  ?)  +  ^^  sin  (f  -  2t  —  ?)  +  ^„e  sin  (f  +  2t  +  f) 

+  J„eBin(f— 4t  +  f)  |  . 

On  substituting  tiiis  expression  in  the  6r8t  of  the  three  differential  equations, 
the  following  equations  result  for  determining  A^,  A^,  etc., 

(!»»'  — /,w*  +  fjm')  A,  +  (f  m'  +  J^wi'  +  W»'X^i  +  ^•)     =  -  2  +  4"*', 

(4ot  — |TO')J, +  (!'«"  + J^m'  +  W"*)^!  =         -V»*'. 

—  (8- 12ot)^,  +  (|m'  +  J^fn')^,  =      0, 

—  SAt  +  im'A,  =  0, 
il  +  im')A,  +  ii  +  lm)A,  +  \imA^  =  0, 
-(3  — fm')A  +  (f +  |m)^  =-2, 
A,  +  }m'^.  +  I  ^,  +  (^s  m  +  J^y-  »*')  -4i  =0, 
-(3  — 8»i)A  +  fm'A  +  !^.+ (H"'  + V^'»')^i  =  0, 
-(3  — Sot)  J,  +  fmM. +  1^, +  i^fn'J,  =  0, 
— 15^1,  +  fffj'^. +^^,  +  Viz^wiM,  •■=  0, 
-3A^  +  {imA,  =      0. 


■  i 


■  ( 
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Bjr  the  solution  of  thwe,  this  expreseion  of  &  U  obtained 

+  (i-r*  +  H  +  if^m)^,in  (f-»r) 
-a  +  W«»)^»ia(f+tr) 

+  A »"  -^  "n  (f  -  *«•) 

+  (»m- +  I  m-*  +  J^)  , -J  ,in  (f  _  () 

n 

-(*'«-'  +  W)»;«n(f+ar-.> 

+  (*"•"'- A)  •;«n((-»r- 5) 

-*«^«in  (f  +  »r  +  e)  +  H«v«n  (f-4r  +  .). 

The  value  of  z  (niorie  Analytique,  Tona.  IV,  pp.  237.  244)  is 
t  =  y  I  (1  -  _  +  ^  m*)  iin  ,  +  (I ,»  +  JJ  m-  +  f {||  m*)  ua  (Jr  -  ,) 
+  (A'»*+l»>«')"n(2r  +  ,)l  , 

whence,  bj  multiplication  is  obtained 

•»«  =  -  (I «- +  i  "•-"  +  Hi)  r  ^  OM  (f-,) 
+  (i"-  +  H  +  H"»)r-^oos(f-  ,_»r) 
+  (i"-*  +  H  +  H««)r-^oos(f-,  +  tr) 
+  (f  m- +  i  m- +  fl)  y  l-oos  Cf  +  ,) 
-(*"•-  +  W  +  ViW"')r^oos  (f  +  ,-8r) 
+  ly-^  oos  (C  +  ?  +  »r)  +  ^y ^  ooi  (f  +  ,  -  4t). 


<9 


70 


COLLECTED  MATHEMATICAL  WORKS  OF  G.  W.  HILL 


Also  we  get 

2^^^^^=^=  -  (2  +  TV'»'))'^C08a-,)-*  J«r  ^  cos  (f  +  , -2r)  , 

—  6in'(l  +  C08  2T)«i2  =  4>-— cos(f— )))  +  {2  —  \m)r—cos{i  —  -n  —  2r) 

n  71 

—  ir^coa  (f  +  >?)  +  (2  -  i»n)  r^  cos  (f  —  >?  +  2r) 

-  (2  -  |m)r  -cos  (f  +  i;  —  2r)  —  2;-—  cos  (f  +  ij  +  2r), 

n  n 

6m'  I  zSz  sin  2t  .  dC  =  my  —  cos  (f  —  ij  —  2t)  +  ?»>'  —  cos  (f—  ij  +  2r) 

+  ?■— cos  (f+ )j  — 2t), 
n 

and,  by  the  addition  of  these  three  equations, 

Z7'  =  /-—  J2co8(f-ij)  +  (2  +  iwj)cos(f-'?  — 2t)  +  (2  +  im)cos(f— i^  +  2r) 

-  4  cos  (X+rf)  —  (1  _|to)  cos  (f  +  )?  — 2t)  — 2  cos  (f  +  'J  +  2t)  I  . 

In  the  next  place 

2  ^x^  =  ry^  iimamii-ri  +  2t)  +  sin  (f  +  >?)  +  (J  m  —  |^  »»')  sin  (f  +  ,  -  2r)  I 
3mV«  sin  2t-  =  ;<  —  {  (1  +  i  m)  sin  (f  -  ,  —2t)  -  (1  +  |  wi)  sin  (f  —  jj  +  2t) 
-{1  +  im)eixi{C+  V  —  ^^)  +  sin  (f  +  ,  +  2t)  |  , 

2^«3«  =  r-^  }(*»«-'  — H"»)  cos  (f-^-2r)  +  (im-'-^j-55/jffi)C08  (f->?  +  2r) 

+  a  m~'  +  i »«"'  +  ¥) cos  (f  +  >?)  —  (»i~'  +  -%*  +  ffjf  m)  cos  U+V-  2'-) 

+  i  cos  (f  +  )?  +2t)  +  ^COS  (f  +  ij  —  4r)   I  . 

In  these  expressions  the  terms  depending  on  the  argument  ^  —  r;  are  omitted 
because  the  coeflBcient  belonging  to  this  argument  in  SX  will  be  determined 
from  the  differential  equation  given  specially  for  this  purpose. 
Remembering  that 

the  following  expression  for  U"  is  readily  obtained : 

U"  =  r  -I  (im-'  +  J  +  hn')  cos  iC  —  Tj  -  Or) 

+  (i '«"'  +  A  +  iH  f")  cos  U—V  +  2t) 
+  (4  m-*  +  i  TO-'  +  f  I)  cos  (f  +  ,) 
—  (iTO-*  +  4  +  Uim)  cos  (f  +  )?— 2t) 

+  H  008  (f  +  7  +  2t)  +  VV  cos  (f  +  ij  -  4r)  I  . 


! 


LUNAR  INBQUALITIES   FROM  MOTION  OF  THB  BCUPTIO  71 

Let  US  now  put 

•^  =  r -^  {  5,  oot  (f — ,)  +  ^,  coi  (f  -  ,  -  »T) 

+  B,  OOi  (f-,  +  8r)  +  2?,  COi  ((  +  ,) 

+  5,oot(f  +  ,-2T)  +  5,o<»(f +  ,  +  3t)  J, 

«  =  r -J  {  <7,  "in  (f  -  1)  +  <7.  ••!>  (f  -  l-2r) 

+  C,  lin  (f-  ,  J.  20  +  C,  tin  (f  +  i»)  +  C.iln  (Z  +  1  -  2t) 
+  (7,nn  (f  +  1)  +  2r)  +  C,  tin  (f  +  ?  —  4t)  I  . 

To  a  sufficient  degree  of  approximation 
C=      6m'8in2r, 

i)  =  —  V  «*  -  V  "*  +  (Sw*  -  »»•*)  CO*  2' . 
B=     8m'ain2r. 

Substituting  the  expressions  for  rh  and  iX  in  the  differential  equations 
which  serve  to  determine  them,  the  following  equations  of  condition  between 
the  coefficients  are  obtained: 

5.  =  2. 

—  (8  - Sm)  5,  +  (8*  +  m\')mC,  =  2  +  J  w, 

—  (8  — 8w)  B,  -  (3m'  +  |  m^  C,  =  2  +  J  m , 

-2?,-(|wi«  +  A»i')C7.*=  1  -  |m, 
l6B,  +  3m'C,=  2, 
(2_2m  +  TJ,m*)C,-(tm'  +  f»»')C,  — 2fl,=  _  Jm"*  — »-iw, 
(i-2m  —  \im')0,  —  (iw^  +  itie)  U,  +  2fi.  =  »  m"'  +  A  +  HI "«. 
(2  +  ^m')  C,  +  2fi.=  I  m^  +  J  TO-"  +  fl . 

4(7.  — 2ot'(7, +  25.=  H. 
2C,=  -A. 

To  obtain  an  equation  for  determining  C,  we  employ  the  special  difler- 
ential  equation  we  have  given  for  this  purpose.     Here  we  have 

-(4)"— -• 

Vw'O  +00t2^)  =  Vw»'  — W»*  + V"''co«2r, 
^  -  (^Y  +  V  "•' (1  +  cos  «f)  =  1  +  V  "•' -  W  "•' +  0«"' +  V  •»')  cos  2r . 
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Retaiaing  only  the  term  whose  argument  is  ^  —  j;, 


In  addition, 


=  —  (7  — -V-m—  iM^m')y  —cos  (f  —  ij). 

n 


%  =  (2w'  +  Y  "»')  sin  2r , 


Let  us  write  the  series  for  z 

«  =  >'{S'i  sin  -n  +  y.sin  (2t  —  ij)  +  g-,  sin  (2t  +  ij)} , 

then 

«to  =  i  (^,^,  —  ^.g,  +  A^q^)  r  J  cos  (f — ij) , 
^=  ;-  {  (1  +  f  m'-^m»  -fH»»*)  ?i  cos, 

+  (1— 2ot  — iOT')5',C08(2r  — );)  +  Sj'a  COS  (2t  +  >))  |  , 

^  =  -^  I  ^,  COS f  —  (1  —  2m)  J.cos  (f  —  2r)  +  3^,  cos  (f  +  2r) 

'*'  -|^  =  -  i  {  (i  "»'  -  A  »«•  -  M  »»*)  ^1?. 

+  (4>»  —  J^  m')  ^,g,  +  8^35-,  |  ;« ^  cos  (C  -  ij) . 


Substituting  in  the  last  equation  the  values  of -4i,  g-j  . .  .  . ,  it  becomes 
«^'-|^  =  a-f»»-W'«')r^co8(f-,). 

Also  we  have 

—  3m'  (1  +  3  cos  2r)  rir  =  l3m'B.  +  * m' (B,  +  5,)]  ^  —  cos  (C—v); 

n 


but,  from  the  previous  equations  of  condition,  3^  =  2,  and  Bi+  5g  =  —  f , 

hence 

—  3»»'(1  +  3co8  2r)r«r  =  0. 


mr 
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In  addition 

_7|f«  =  -Vm'((7,-CJr;oot(c-,). 
r*^  =  1  -  4  w' +  (I  m*  +  I  m*)  oo«  2r , 
-9mji.^d{=3m  C [Dil  +  S{r»r—t»t)]di, 

3mJ"md(    ^  _  {(V„'  +  i||l«.)C,_(6m  +  |«'X6'.+  C.)  }  r  ^oot(f-,). 
8*1  JSrirdc  =  (6«i  +  }  m'X^,  -  5.)  r  ^  <»•  (f-  ,) , 

Thus  is  obtained  the  equation  which  determines  C7,: 

But  the  previous  equations  of  condition  furnish 

B,-B,+  C,  +  C,  =  (Vm*  +  Vm")  C,  -  A  +  AV", 

consequently 

(f  w' -  A»»»*  -  HI »»♦)  C,  =  I  -  f  m  —  iffi  m* , 

and 

Solving  the  remaining  equations  of  condition  we  get 
W  =  (Vm-  -  im-  -  W)r  ^lin  (f-  ,) 
-(Jm--H)r^«n(f-,-2r) 
+  (♦"•- +  W)rJ(f-^  +  Sr) 

+  (!»»"•  +  i»»-'  +  0);-^  lin  (f  +  ,) 

+  «"•-- W)r  f  tin  (f  +  ^ - »r) 

+  Hr^  on  (f  +  T  +  »r)  _  Ar  ^nn  (f  +  ,-4r). 
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The  expression  for  the  inequalities  in  latitude  is 


Sz 


5;9  =  ^  =  -  (t  m-'  +  i  W-'  +  V-  + 


iri)  —  sin  t 
n 


+  (i  m-'  +  H  +  ¥/f  w)^  sin  (f-  2^) 

-(H  +  Wj^*")  :J-8'n  (f  +  20  +  Hwi^sin  a-40 


+  (I  m-  +  i  m-'  +  H)  «^  sin  (f-  0 


-  (t »»-'  +  i  m-'  +  J,?)  e^sin  (f  +  f) 

Tfr 

+  (2wi-'  +  2)ei  — Bin(f-2T+f)-(|»i-'  +  W)e—  8in(f +2t  — f) 


II. 

The  direct  action  of  the  planets  produces  in  the  motion  of  the  moon 
terms  which  have  nearly  the  same  periods  as  those  we  have  been  considering. 
To  complete  the  subject  it  is  necessary  to  derive  these  and  add  them  to  those 
just  obtained.  If  h'R  denote  the  part  of  R  which  is  due  to  the  action  of  the 
planet  m",  and  A  the  distance  of  the  latter  from  the  earth,  two  accents  being 
used  to  denote  quantities  which  belong  to  the  planet, 

Or  with  sufiScient  approximation, 

The  only  part  of  h'R  which  can  produce  terms  we  are  in  search  of  is  that 
which  has  z"  for  a  factor;  thus  we  may  take 

J" 


But,  with  BuflScient  approximation 

a"  =  a"  cos  (e"  +  n"  t)  +  a'  cos  (e'  +  n'  t), 
y"  =  a"  sin  (e"  +  n"  t)  +  a!  sin  («'  +  n'  t), 
«"  =a"r"8in(c"  +  n"  t-  Q,"), 
J-  =  i  ^,  +  ^,cos  [£"  — e'  +  (n"-n')  q  +  ..., 
x"  a;  +  y"  y  =o"  r  cos  (/i  —  e"  —  n"  t)  +  a'  r  cos  (-1  —  e'  —  n'  t) . 
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Preserving  only  terms  which  are  Deeded. 

(x"  *  +  y  y)  ."  =  io"  /'  r  J  a"  «n  (i  -  Q") 

+  a'  tin  [i  —  Q"  +  ."  —  .'  +  (»"  _»')/]  | , 

Consequently 

a**  =  J  m"  a"  r"  («"  i<,  +  a' A,)  r  i  fin  (i  —  Q") 
=  f  ~)'  m«  «"  a"  y"  (fl»J.  +  o'J.)  r  i  tin  (i  -  Q") 
=  -8  Tri  iinC-l-  Q"). 

For  an  inferior  planet 

and  Tor  a  superior  one 

J,  =  «"-•  *.'•' ,  A  =  -  «""*  ^i"'  • 

But 

•»    -^         (T— Jy^  "^  (i_V)i 

Consequently,  for  an  inferior  planet, 

ir=  i^'mv  j^.(«*r  +  i  V'J. 
and,  for  a  superior, 

To  determine  jz  we  shall  have  the  equation 

^  +  A»t=-%Krna(i-a"). 

Makings +  n<  —  G"  =  f', 

AV  on  (X  -  Q")  =  (  1  —  ^' )  Z  lin  f  —  H  »»'  ^  iin  (f  —  ar) . 

Since  K  is  much  smaller  than  ^  ,we  shall  content  ourselves  with  one  order 

n 

of  approximation  less  in  the  factors  which  multiply  it  than  in  those  which 
multiply  — .     With  this  restriction  it  will  be  readily  seen  that  the  value  of 

it  is  obtained  simply  by  writing  K  and  ^  for  —  and  (  in  the  formula  pre- 
viously obtained.     Thus 

»t  =  -  (I  m-*  +  J  m-'  +  V)  ^nn  <^ 

+  (*  nr*  +  H)  ^  •'"»  (^  — 2-)  -  *  A'sin  (T  +  »t)  . 
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As  regards  the  differential  equations  which  determine  rSr  and  SX,  it  is 
evident  that  they  remain  the  same  as  before,  with  the  exceptions  that  K 

and  f'  everywhere  take  the  place  of —  and  ^;  and  in  V,  in  place  of  2  — 

-^ — jy—       >  must  be  put  4^'B  ^  0,  and  that,  consequently,  V  in  this  case 
becomes 

W  =  rS{2  cos  (f-  i?  -  2t)  +  2  008  (f*  — >;  +  2r)  —  cos  ({'  +  r;  -2t)}  ; 
and  in  U"  in  place  of  2  —  f  xdz,  must  be  put 

-  ZKfrz  cos  {X—gi")dC=—^  r-S"  cos  (f'  +  >;  —  2r) , 

whence  LP'  in  this  case  becomes 

U"  =  ri^  {(J  »r'  +  i)  cos  (f  _  ,  _  2t)  +  (i  m-'  +  tI^)  cos  (f  -  ^j  +  2r) 

+  (I  w»-'  +  i  m-')  cos  (f  +  ,)  —  (J  TO-'  +  i)  cos  (C  +  v  —  2t)}  ; 

and,  in  the  differential  equation  determining  the  coefficient  of  sin  (^ — y;)  in 
5X,  in  place  of —  4  — ^  ^  ,^ — ^  ,  must  be  put 

-7^R  =  7r^coB(i'  —  ri). 

Making  use  of  similar  expressions  for  r^r  and  5X  as  were  used  in  the 
former  case,  we  obtain  the  equations  of  condition 

—  8B,-3m'0^  =  2, 


\-s^m'C,  +  em(B,-B.  +  C,+C,)i  " 


m. 


(2  -  2m)  C,  -  i  »n'  C,  -  2  ^,  =  —  im-'  -  i, 
(2  -  2m)  C7,  -  i  m»  C,  +  2  .B,  =  J  nr'  +  W, 

2C,  r=  I  m-'  +  J  m-' , 

2  m  (7.- (im  +  M  "iV  <7,  +  ^A  =  -  *»»"'  — i- 

These  equations  are  the  same  as  those  we  obtained  in  the  case  of  the 
inequalities  produced  by  the  motion  of  the  ecliptic,  with  the  single  exception 
of  that  which  determines  (7, ;  and,  being  solved,  they  give 

8X  =  —{i  TO-'  +  ^m-^)r£'s\n({'  —  7,)  —  i  m-'rK  sin  (i'-v-  20 
+  J  m-'rE:  sin  (f'  —  ij  +  2r)  +  (J  m"'  +  i  m"')  j-^  sin  (i'  +  7) 
+  f  m-ViTsin  (?  +  ^j  -  2t)  . 
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The  expression  for  the  ioequalities  in  latitude  is 

III. 

It  remains  only  to  transform  the  foregoing  formulas  into  numerical  re- 
sults.    According  to  Hansen  and  Olufsen  ( Tablea  du  SoUH,  Introduction), 

*  tin  77= -fO". 058916,         *  ooa  ff=  -  0".  467839. 

whence 

«  =  0" .  470903 ,        //  =  173»26'84". 

Also 

i»=  17323226",     m  =  0.074801,    r  =  0.089673,    #  =  0.054731. 

Substituting  these  values,  the  inequalities  produced  by  the  motion  of  the 
ecliptic  are 

Ms  +  0".2952  sin  (f  —  ,)  +  0".  0000  sin  (f-,_2r)  +  0".  0045  sin  (f  -  ,  +  2r) 
+  0" .  0616  sin  (C  +  ^)  +  0".  0089  siu  (f  +  ,  -  2r)  +  0".  0004  sin  (f  +  »/  +  2t) 
+  0".  0000  sin  (f  +  7  -  4t)  , 

V  =- 1" .  4001  sin  f  +  0" .  0469  sin  (f  -  2r)  —  0" .  0064  sin  (C  +  2t) 

+  0".0o01sin(f— 4r)  +0".  0757  sin  (C— f) -0".  0768  sin  (f  +  f ) 

+  0". 0088  sin  (f-2T  +  f)  -  0". 0137 siu  (f  +  2r  —  e)  +  0" . 0022 sin  (f -  2t  —  *) 

-  0". 0007  sin  (f  +  2r  +  f)  +  0"  .0003  sin  (f  -  4r  +  f). 

To  compute  the  terms  due  to  the  direct  action  of  the  planets,  we  take 
for  Venus, 


for  Mars, 
for  Jupiter, 


S^=408i84'      r"  =  Un(3'2S'Zn,      Q"  =  76-21'. 


^  =  fimm'         r"  =  t.n(l'>61').  a"  =  48-24'. 


^=1^.  /'  =  tana*18'85"),      Q"  =  98'6r, 

for  Saturn, 

^'  =  5^,  r"  =  t«i(2»29'),  0"  =  iia»2i'. 
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The  quantities  depending  on  the  ratio  of  the  mean  distances  are  taken  from 
Runkle's  Tables  of  the  Coefficients  of  the  Perfurbafive  Function.  Thus  we 
obtain  for  the  several  planets,  in  their  order  the  values  of  log  K  expressed 
in  seconds  of  arc; 

log  Z^=  96.9867,     log  ^  =  95.2450/1 ,     log  ^=  96.1878w,     log  ^=  95.1081m. 

Then  the  action  of  Venus  produces  the  following  terms: 

SX  =  —  0".0121  sin  (f'  -  ij)  +  0".0106  sin  {d  ^i), 
dfi=—  0".2412  sin  i'  +  0".0078  sin  (f  -  2t)  . 

The  action  of  Mars  produces  the  terms 

dX=  +  0".0003  sin  (f "  -  r,)  -  0".0002  sin  (f"  +  rj) , 
dfi=  +  0".0044  sin  f" . 

The  action  of  Jupiter  produces  the  terms 

3X=  +  0".0019  sin  (f"  -  ,)  —  0".0016  sin  (('"  +  v), 
8^=  +  0".0383  sin  f "'  — 0".0012  sin  (i"'  -  2t)  . 

The  action  of  Saturn  produces  the  terms 

SX=  +  0".0002  sin  (f ""  -  r,)  —  0".0001  sin  (('"  +  ij) , 
dfi=+  0".0031  sin  C"". 

The  terms  having  the  same  period  in  the  indirect  and  direct  actions  of 
the  planets  may  be  united  in  a  single  term,  and  we  have 

f_,=  SJ— 77+90°,  f+,  =  2([  — Q  — 77+ 90°, 

f_,=  Q_^",  f  +  '7=2C-S-S"- 

Thus,  preserving  only  the  terms  whose  coefficients  exceed  0".01,  the  value 
of  6/1  due  to  both  the  indirect  and  direct  action  of  the  planets,  is 

dX=:  +  O".0305  sin  Q,  -  0"  .2838  cos  Q, 

+  C'.OIOO  sin  (2^—  Q)  — 0".0697  cos  (2^  -  SI) 
=      0".2854  sin  (^  +  276°8')  +  0".0704  sin  (2C  -  Q  +  278°). 

In  the  case  of  the  latitude  we  may  write  the  true  orbit  longitude  L  of 
the  moon  in  place  of  the  mean,  in  the  principal  term,  and  neglect  the  remain- 
ing terms.     Thus  the  value  of  8(3,  due  to  both  actions  of  the  planets,  is 

i^=  -  0" .  2256  sin  L  +  1".  5802  cos  L 
=      1"  .6963  sin  (Z  +  98°8' .  6) . 
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The  terms  in  ftX  and  i^  which  involve  sin  Q  and  sin  L  coalesce  with 
the  principal  inequalities  which  are  due  to  the  figure  of  the  earth  and  have 
the  mime  arguments.  Hansen  {Thbles  oUlaLnne,  pp.  8,16)  has,  respectively, 
in  the  perturbed  mean  anomaly  and  latitude,  the  terms  -\-  T'.IQQ  sin 
(184''42'  —  G)  and  -f  8".764  sin  (Z  +  IBD'Sl').  The  parts  of  these  which 
depend  on  cos  fi  and  cos  L  are  —  0"  636  cos  Q,  and  +  1".644  cos  L.  In  the 
Daritgung  he  gives  coefficients  somewhat  different.  As  to  ^^,  Hansen's 
value  nearly  coincides  with  mine,  but  his  coefficient  in  hX  is  more  than  double 
mine.  This  discrepancy  is  probably  to  he  attributed  to  the  diflference  of  the 
systems  of  coordinates  employed.* 

The  values  of  these  terms  which  Sir  O.  B.  Airy  has  determined  from 
observation,  in  his  first  memoir  on  the  correction  of  the  lunar  elements  (i/l^m. 
AMtr.  Soc.,  Vol.  XVII)  are 

li  =  - 0". 97  COS  Q,        ifi=  +  V'.n  cot  L. 

Theee  he  has  changed  to 

«  =  -l".06oo«a.        tft= +  l".93coiL, 

in  his  second  memoir  (Mem.  Attr.  Soc.,  Vol.  XXIX). 

*  It  Mao*  thU  ••gfMtion  U  imf  oaadmL 
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MEMOIR  No.  40. 
Elements  and  Perturbations  of  Jupiter  and  Saturn. 

(Aatronomische  NachricMen,  Vol.  CXIII,  pp.  273-303,  1886.) 

For  several  years  an  investigation  of  the  motions  of  Jupiter  and  Saturn 
has  been  in  progress  in  the  Office  of  the  American  Ephemeris  and  Nautical 
Almanac,  with  the  view  of  constructing  tables  for  these  two  planets.  The 
method  followed  is  that  of  Hansen  in  his  "  Auseinandersetzung",  except  that 
one  modification  was  made.  In  this  method,  as  Hansen  has  given  it,  all  the 
expressions  appertaining  to  each  planet  would  appear  as  functions  of  its 
excentric  anomaly.  Thus,  whenever  two  expressions,  the  one  belonging  to 
Jupiter,  the  other  to  Saturn,  are  to  be  multiplied  together,  we  should  fall 
upon  a  product  involving  two  independent  variables,  unless  one  of  the 
factors  was  previously  transformed  so  as  to  involve  the  independent  variable 
of  the  other.  Hence,  in  order  to  escape  these  troublesome  and  frequent 
transformations,  the  mean  anomalies,  or  what  amounts  to  the  same  thing, 
the  time  has  been  adopted  as  the  independent  variable. 

Thus  the  shape,  in  which  the  final  results  appear,  does  not  differ  from 
that  of  Hansen's  "  Gegenseitige  Storungen  des  Jupiter  und  Saturn  ",  but  the 
method  of  elaborating  them  is  the  more  refined  one  of  the  "Auseinander- 
setzung  ". 

The  approximation,  in  this  work,  has  been  pushed  to  a  much  greater 
extent  than  in  any  previous  treatment  of  the  subject.  And,  on  account  of 
the  smallness  of  the  limit  set  as  to  terms  which  might  be  neglected,  more 
time  was  consumed  in  computing  the  terms  of  three  dimensions  with  respect 
to  disturbing  forces  than  in  computing  those  of  two  dimensions. 

A  detailed  exposition  of  this  investigation  will  appear  in  a  future  volume 
of  the  Astronomical  Papers  of  the  American  Ephemeris.  But  the  formulae 
for  the  coordinates  of  the  two  planets  having  now  been  obtained,  and  a 
preliminary  comparison  of  them  with  observation  made  for  the  purpose  of 
ascertaining  what  corrections  the  perturbations  might  need  on  account  of 
errors  in  the  provisionally  assumed  elements,  the  results  are  so  satisfactory 
that  I  have  thought  the  details  of  this  comparison  together  with  the  final 
expressions  for  the  coordinates  might  interest  astronomers. 

The  elements  of  the  two  planets  which  were  employed  for  the  compu- 
tation of  the  perturbations  and  which  are  to  be  corrected  by  comparison 
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with  observation,  together  with  the  adopted  values  of  the  disturbing  masses, 
are  the  following: 

Ipoob  18M  Ju.  0.0  OrMaw.  U.  T. 

Lz=lSf  M'  MrtO  L'=   14*  4r  S4r04 

«=    11     5<      B.SS  r'=   M       6    H.U 

n=   98     S<    19.79  Q'  =  1U     20   49.08 

<=      1     18    41.10  i'=     t    n    40.19 

«  =  0.048S4r77  «'  =  O.OS<06<88 

ii  =  109SS6rS56<S  ii'  =  489Nr07844 

Memirr  1:  BOOOOOO  Japlter  1:  1047.879 

Venoa  1:  4SS000  Saturn  I:  3601. < 

Barth  1 :  ItSSOO  Urmnua  1  :  21000 

Man  1 :  S09S600  Neptune  1  :  19700 

As  it  was  known  that  the  adopted  planes  of  the  orbits  represented  the 
observed  latitudes  of  the  planets  quite  closely,  comparison  was  made  only 
with  normals  in  heliocentric  longitude,  formed  about  the  time  of  opposition. 
The  labor  of  comparison  without  the  assistance  of  tables  is  very  great,  and 
I  have  been  obliged  to  be  content  with  a  very  small  number  of  normals. 
There  are  only  as  many  as  are  absolutely  necessary  for  our  purpose.  This 
is  to  be  regretted,  as  if  the  number  could  have  been  doubled  the  results 
would  have  been  more  satisfactory. 

In  forming  the  normals  Greenwich  observations,  taken  precisely  as  they 
stand  in  the  published  volumes,  without  the  application  of  any  corrections, 
have  been  exclusively  employed.  Before  1830  the  data  have  been  derived 
from  the  Reduction  of  the  Greenwich  Observations  of  the  Planets  from  1760 
to  1830.  After  1830  the  tabular  longitude  is  from  the  English  Nautical 
Almanac  Equal  weights  have  been  assigned  to  all  the  observations,  and 
afterwards,  in  the  discussion,  all  the  normals  have  received  equal  weight. 

We  take  up  Saturn  first  as  the  discussion  of  this  planet  will  give  us 
some  information  as  to  the  mass  of  Uranus  which  will  be  of  service  after- 
wards in  treating  Jupiter.    The  normals  follow: 


Greenw.  M.  T. 

Obs. 

Tab.  Long. 

Corr. 

Hel.  Lonr  fr.  Oba. 

1753  June 

24.0 

6 

272* 

64'  10:69 

— 18r36 

272* 

63'  62r33 

1767  Aus. 

11.0 

7 

318 

47    10.89 

—  17.82 

318 

46    63.07 

1781  Oct. 

2.6 

7 

8 

7    58.71 

+    0.30 

8 

7    69.01 

1811  June 

16.0 

6 

262 

22   22. 6< 

—   6.31 

2<2 

22    16.25 

1822  Oct 

80.0 

6 

28 

40   22.66 

+  13.86 

88 

40    28.42 

1827  Mar 

4.0 

10 

222 

60   29.0 

_    1.74 

223 

60  n.2« 

1844  Julr 

28.0 

11 

302 

67    62.1 

+  11.99 

303 

68     4.09 

1861  Oct. 

24.0 

12 

20 

49    42.9 

+  10.48 

30 

49    64.28 

1868  Jan. 

16.0 

13 

114 

64    24.4 

_   9.29 

114 

64    15.11 

18<«  Apr. 

29.0 

12 

219 

1      6.2 

—   4.81 

219 

1      0.39 

1874  Aac 

3.0 

12 

310 

67    63.6 

+    8.17 

310 

58      1.77 

1882  Not. 

6 

16.0 

9 

62 

42     8.9 

—   7.36 

62 

4*      1.65 
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Next  I  give  some  details  as  to  the  calculated  longitude. 


Perturbations  of  nV  by 
Jupiter        Uranus  jup.xTJr.  Neptune 

Sum 

n'f 

„                    »'                Red. 
•'            +prec.+nut.  to  KcUp. 

Calculat. 
Long:. 

/     n 

ft 

n 

It 

'     // 

0    1    It 

0   /    •/ 

0    1   It 

/    tt 

0    '    '■ 

—88  27.246 

-66.249 

+29.860 

-0.730 

-33  64.36 

184  36  43.98 

184    6  62.44 

88  46    6.35 

+0  68.31 

272  63  67.10 

-36  28.3U 

-42.067 

+28.483 

+1.188 

-36  88.70 

236    2  26.79 

229  59    9.61 

88  49  11.56 

-1  18.83 

318  47    \M 

— 43M.803 

—  7.428 

+26.439 

+2.278 

-48  38.61 

286  33  64.17 

278  16  16.31 

88  62  37.27 

-0  44.30 

8    8    8.31 

-34  64.382 

-46.461 

+26.617 

-0.218 

-36  14.66 

173    2  61.68 

173  46  28.18 

88  34  26.88 

+1  22.38 

263  22  16.56 

-43  10.712 

-42.490 

+20.803 

-8.267 

—43  88.81 

311  66  69.68 

806  56  36.95 

89  44  11.86 

+0  47.62 

36  40  35.42 

-52  49.437 

-2.190 

+22.848 

+2.479 

—62  26.30 

128    7  18.00 

133  53  19.06 

89  66    0.00 

+1    6.86 

223  60  26.01 

-40  24.661 

-41.397 

+20.980 

+0.666 

-40  44.61 

217  39    1.19 

213  66    8.67 

90    i  30.74 

-0  38.74 

303  58    0.67 

—46  12.602 

-10.227 

+  17.60* 

-0.288 

-46    6.61 

306    6  43.32 

300  41  23.28 

90    7  60.86 

+0  28.48 

3D  49  61.61 

-63  66.680 

+27.624 

+17.478 

-3.087 

-63  13.66 

22    6  49.61 

24  40  47.77 

90  13  34.17 

-0    8.48 

114  64  13.46 

-43  37.181 

-6.234 

+19.661 

+0.348 

-43  23.61 

123  30  36.67 

128  39  33.20 

90  20  28.99 

+0  63.28 

219    0  66.47 

-22  31.183 

-20.116 

+17.024 

+0.864 

-22  33.3J 

224  60  18.14 

220  31  40.13 

90  27  14.83 

-0  68.67 

310  67  66.39 

-33  16.246 

+17.727 

+13.680 

+0.618 

-32  43M 

326  66    4.16 

322    6  59.24 

90  34  30.96 

+1  24.68 

62  41  54.88 

The  equations  of  condition,  under  three  different  suppositions,  are 


Supp.  I. 


Supp.  II.        Supp.  III. 


0.896AL 

'  —  0.8644  ( 100 An')  — 

0.140Ae 

'  + 

1.864e 

^71^=—   4777 

or 

— 

6'.'52   or   —    6:'89 

0.934 

—  0.8626 

— 

1.509 

+ 

1.184 

=  —   8.27 

" 

— 

9.21    ' 

—   9.38 

1.023 

—  0.9026 

— 

1.989 



0.410 

=  —10.30 

" 

— 

8.86     ' 

'    —   8.67 

0.896 

—  0.3453 

+ 

0.211 

+ 

1.857 

=  —   0.20 

" 

— 

1.52     ' 

'    —   1.55 

1.073 

—  0.2917 

— 

1.631 

— 

1.312 

=  +    1.00 

" 

— 

0.74     ' 

'    —   0.42 

0.928 

—  0.1175 

+ 

1.418 

+ 

1.281 

=  +    1.25 

" 

+ 

2.67    ' 

'     +    3.09 

0.913 

—  0.0496 

— 

1.094 

+ 

1.544 

=  +    3.42 

tt 

+ 

2.04     ' 

'    +    2.23 

1.063 

+  0.0193 

— 

1.750 

— 

1.125 

=  +    2.77 

tt 

+ 

3.34    ' 

•     +    3.94 

1.110 

+  0.0892 

+ 

0.859 

— 

1.957 

=  +    1.65 

" 

+ 

5.36    ' 

'     +    6.39 

0.936 

+  0.1528 

+ 

1.539 

+ 

1.149 

=  +    4.92 

•' 

+ 

5.84    ■ 

*    +    6.33 

0.921 

+  0.2265 

— 

1.276 

+ 

1.411 

=  +    6.38 

" 

+ 

5.17    ' 

'    +    4.93 

1.095 

+  0.3602 

— 

1.260 

— 

1.705 

=  +    6.67 

tt 

+ 

9.22    ' 

+    9.19 

Supposition  I  is  obtained  by  subtracting  the  calculated  from  the  observed 
longitudes.  The  remaining  suppositions  will  be  explained  shortly.  The 
normal  equations  resulting  from  these  equations  are 


11. 6654Z,'  — 2.414  dOOAn')   -   6.836Ac'  + 

—  2.414        +2.739  +    3.043       —    3.064 

—  6.836        +3.043  +21.554       +    3.830 


Supp.  I. 
2.350  C'An^=:+    4727 


+2.350        —.3.064 


+    3.830       +25.555 


=  +  24.58 
=  +18.87 
=  —13.73 


Supp.  II.        Supp.  III. 

+    8750  or    +11728 

+  27.83  "    +28.07 

+  24.41  "     +25.44 


The  solution  of  these  equations  gives 


I. 


II. 


in. 

or  +  47087 


-30.67 


II. 


■33.43 


III. 


AL'  =  +  27692   or  +  37692 

A  n'=  + 0.12285  "  +0.12727  "  +0.12750 


Ae'  =  —  07131  or  +07523  or  +07723 
e'A7r'  =  +  0.708  "  —0.093  "  —0.266 


■UniKNTS  AhTD  PERTURBATIONS  OF  JUPtTSR  AND  SATURN  83 

The  residuals  (Obs. — Calc),  severally  in  the  three  suppositions,  are 

I.  II.  ni. 


1753  JvM  14.0 

+  irio 

+  ir41 

+  iro« 

1757  Anc   11.0 

—  1.11 

—  0.78 

—  0.79 

1761  Oct.      S.6 

—  l.»S 

—  0.16 

—  0.01 

1(11  Jnne  15.0 

+  O.SS 

—  0.1« 

—  0.46 

ISSS  Oct    SO.O 

+  1.41 

—  0.16 

-0.16 

ltt7  May     4.0 

-0.61 

+  0.11 

+  0.10 

1S44  Jnir   MO 

+  0.14 

+  0.01 

+  0.14 

1«51  Oct    14.0 

+  0.14 

—  0.01 

+  0.11 

IMS  Jan.    15.0 

—  0.»4 

-0.61 

-0.41 

ItM  Apr.  19.0 

—  0.0» 

-OH 

—  0.17 

U74  Aas.     3.0 

—  1.06 

—  0.11 

—  0.44 

ISSS  Not.  15.0 

+  0.16 

+  1.09 

+  0.69 

The  residuals  of  Supposition  I  are  not  altogether  satiRfactorj,  and  on 
comparing  them  with  the  portions  of  the  perturbations  which  are  propor- 
tional to  the  mass  of  Uranus  it  is  suggested  that  a  better  agreement  would 
be  obtained  by  diminishing  this  mass.  Hence  I  concluded  to  put  the  value 
at  1:22640.  which  is  about  the  average  of  all  the  results  which  have  been 
obtained  from  the  observations  of  the  satellites  at  the  Washington  Observa- 
tory. This  has  given  rise  to  the  numbers  of  the  column  headed  Supposition 
n.  It  will  be  seen  that  the  residuals  of  II  are  fairly  satisfactory,  and  it 
does  not  seem  worth  while  in  this  preliminary  investigation  to  inquire 
whether  we  should  do  better  with  another  value  of  the  mass  of  Uranus. 

The  perturbations  being  now  corrected  for  the  changes  in  the  elements 
shown  by  II  and  for  the  similar  ones  to  be  given  hereafter  for  Jupiter,  the 
resulting  numbers  appear  under  Supposition  111,  to  which  we  hold  as  being 
the  best  which  can  be  done  at  present.  The  residuals  of  III  are,  to  some 
extent,  better  than  those  of  II. 

We  pass  now  to  Jupiter.    The  normals  are  formed  as  follows: 

Oraraw.  U.  T.         Oba.  Tab.  Lons.  Corr.  Hel.  Look.  fr.  Oba. 

1767  Mar  1.6  7  lis*  44'  36r85  +    6r69  123*  44'  43r44 

1759  Jttlr  9.5  8  287  33  42.20  +  10.70  287  33  52.90 

1819  Ans.  5.6  12  312  16  64.91  +    6.78  812  17  1.69 

USi  Anc  HO  18  317  44  57.70  —   6.46  327  44  52.24 

1SS8  Dm.  16.0  9                 77  11  8.30  +    6.87                 77  11  14.17 

IMl  Feb.  16.0  11  142  29  48.10  +    8.31  142  29  56.41 

ItM  Mar  18-9  9  232  58  30.70  +  17.36  232  68  48.06 

1M7  Ans.  23.0  •  331  18  32.80  +    0.77  133  18  33.67 

UTO  Dm.  19.0  •                 81  63  64.70  +    7.63                 81  64  1.11 

1874  Mar.  18.0  13  176  66  16.60  +    7.27  176  58  23.87 

18n  Jnne  19.0  11  168  41  48.00  +15.16  168  41  1.26 

1878  Jttlr  20.0  7  301  49  21.10  —   0.17  301  49  20.93 

mo  Oct  7.0  11                 14  30  48.20  +    0.18                 14  10  48.38 
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In  getting  the  calculated  longitude  the  mass  of  Uranus  has  been  made 
1:22640.     The  details  are  as  follows: 


Perturbations  of  n  »  I 
Saturn        Uranus  8at.xUr. 

Neptune 

Sum 

nt 

/ 

IT                 Red. 
4-prec.+uut.  toRclip. 

Calculat. 
Long. 

/    ti 

„ 

// 

n 

t      n 

O     /       /f 

o     /      /' 

0     /      '/ 

/' 

0     /      " 

+18  36.678 

-0.140 

-8.244 

-0.389 

+18  27.80 

216  13    1.63 

213    6  14.83 

10  88  20.17 

+26.86 

223  45    0.86 

+14    0.878 

+0.206 

-8.206 

—0.104 

+13  62.77 

«82  SI  61.73 

276  54    7.47 

10  40    6.18 

-8.92 

287  34    4.68 

+12  31.8M 

-0.164 

-6.681 

-0.031 

+12  25.07 

306  26  34.70 

800  46  63.00 

11  30  38.19 

-25.01 

312  17    6.18 

+19  M.e34 

+0.618 

-6.380 

+0.067 

+19  46.82 

319  30    7.07 

315  44  32.43 

12    0  43.60 

-26.78 

327  44  49.26 

+18    3.316 

+0.047 

-4.846 

-0.060 

+17  68.46 

60  10  43.03 

65    7    0.28 

12    3  47.01 

+  18.66 

77  11    6.90 

+19  69.079 

-0.164 

-6.161 

-0.184 

+19  53.57 

126    6    6.76 

180  24  39.61 

12    6  45.95 

-26.96 

142  29  58.60 

+19    8.801 

+0.06S 

—6.609 

+0.172 

+19    3.4! 

i24  33    3.46 

220  60    7.14 

12    8  23.81 

+26.97 

232  68  67.92 

+  8  16.384 

+1.695 

-4.967 

-0.029 

+  8  11.99 

323  34  51.04 

320    8    1.98 

12  10  62.62 

-26.89 

332  18  28.61 

+14  13.009 

-0.098 

-4.496 

-0.004 

+14    8.41 

64  33    9.03 

69  40  12.63 

12  13  26.06 

+15.28 

81  63  63.96 

+23  64.849 

-fl.l33 

-6.07'4 

-0.091 

+22  49.66 

163    9  37.02 

164  40  26.56 

12  16  16.14 

-11.17 

176  66  31.62 

+  13  19.366 

-1.185 

-B.089 

+0.239 

+13  13.38 

261  47  44.17 

266  %%  43.46 

12  19  17.02 

+  9.68 

268  42  10.16 

+  9  33.806 

-0.684 

—4.830 

+0.148 

+  9  28.54 

294  38  14.13 

289  29  23.34 

12  20  17.59 

-19.13 

301  49  tl.80 

+  9  27.888 

+1.446 

-4.266 

-0.094 

+  9  J4.4S 

1  66  23.81 

2    8  20.61 

12  !J  12.40 

+  4.92 

14  30  37.93 

The  equations  of  condition,  under  three  different  suppositions,  are: 

Supp.  I.  Supp.  II.        Supp.  III. 

0.924AL  — 0.8562  (lOOAn)  —  1.073Ae+    l.STSeAn-    =— 17'.'41  or  — 23:'12  or  — 17:'41 

1.015  —0.9184  —  1.996  —   0.315  =—11.78  "  —16.49  "  —11.76 

1.054  —0.3204  —  1.744  —    1.113  =—   4.49  "  —   8.86  "  —   4.55 

1.074  +0.0606  —  1.422  —   1,537  =+    2.99  "  —   4.11  "  +    2.97 

1.045  +0.0936  +  1.837  —   0.926  =+    8.27  "  +    1.99  "  +    8.14 

0.942  +0.1048  +  1.502  +    1.209  =—   2.19  "  —   8.45  "  —   2.37 

0.932  +0.1339  —  1.286  +    1.419  =—   9.87  "  —15.80  "  —   9.97 

1.079  +0.1904  —  1.309  —    1.641  =+    4.96  "  +    2.01  "  +    4.96 

1.038  +0.2175  +  1.896  —   0.776  =+    8.37  "  +    3.47  "  +    8.27 

0.912  +0.2208  +  0.517  +    1.818  =—   7.65  "  —14.61  "  —   7.80 

0.981  +0.2694  —  1.936  +    0.397  =—    6.90  "  —11.24  "  —    6.93 

1.036  +0.2958  —  1.905  —   0.747  =—   0.87  "  —   4.15  "  —   0.85 

1.103  +0.3392  +  0.077  —   2.125  =+10.45  "  +    6.99  "  +10.47 

The  normal  equations,  resulting  from  these  equations,  are 

Supp.  I.  Supp.  II.  Supp.  III. 

13.318AI,  — 0.097  (lOOAn)—   7.008Ae—   3.836eAjr  =  —   21728 
-0.097       +2.128  +    2.599      —   1.481         =+    29.07 

-7.008       +2.599  +30.443      +    3.462        =+    91.62 

-3.836       —1.481  +    3.462      +22.344         =—100.44 

And  their  solution  gives 

I.  II.  in. 

AI,  =  — 17540  or- 67923  or  —  i:'615 

An  =  + 0.07188  "  +0.07655  "    +0.07153 

Ae  =  + 2.574  "  +2.210  "    +2.546 

eA;r  =  — 4.683  "  —5.424  "    —4.711 


87762 

or   —   2l:'97 

30.74 

"    +    28.97 

116.90 

"    +    91.12 

98.30 

"    —100.84 
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The  residuals  (Oba. — Cal.),  severally  in  the  three  suppoiitions,  are 


II.  III. 


17S7  May 

s.s 

+  0r80 

+  0r78 

+  ors6 

17U  Jnir 

•  .6 

+  0.06 

+  0.J7 

+  0.06 

181»  Aus. 

B.B 

—  1.19 

—  1.11 

-1.86 

ISU  Auc. 

u.o 

+  0.66 

—  l.U 

+  0.6J 

18U  Dm. 

16.0 

+  0.15 

—  o.u 

+  0.12 

1861  Feb. 

16.0 

+  0.S1 

+  0.51 

+  0.28 

1864  Mar 

16.0 

+  0.S5 

+  0.16 

+  0.53 

1867  Aug. 

S3.0 

+  0.98 

+  1.01 

+  0.94 

1870  Dec 

1».0 

—  0.10 

+  0.58 

—  0.10 

1874  Mar. 

18.0 

—  0.66 

—  1.26 

—  0.87 

1877  JuM 

18.0 

—  0.49 

—  0.08 

—  0.48 

1878  Juir 

20.0 

0.00 

+  0.92 

+  0.05 

1880  Oct 

7.0 

—  0.44 

+  0.88 

-0.89 

Suppoeition  I  corresponds  to  Bessel's  value  1:3501.6  of  the  mass  of 
Saturn,  while  II  resultfl  from  using  the  value  1:3482.2  recently  derived  by 
Prof.  A.  Hall  from  observations  of  Japetus.  The  residuals  of  II  are  gener- 
ally larger  than  those  of  I,  and,  in  consequence,  I  shall  hold  to  Bessel's 
value,  although  it  is  poasible  that  when  the  observations  are  more  properly 
reduced  a  better  showing  may  result  for  the  larger  mass.  In  fine  Suppo- 
sition III  results  from  I  by  applying  to  the  perturbations  the  corrections 
due  to  the  adopted  changes  in  the  elements. 

Thus  we  have,  as  the  result  of  this  investigation,  the  following  elements 
of  Jupiter  and  Saturn  suited  to  Hansen's  form  for  the  perturbations: 

Ipoeb  1850  Jul  0.0  OrMQW.  U.  T. 

I.  =  159*  56'  84r98  L'=    14*  49'  38:11 

r=   11     54    31.67  r'=   90      6   41.50 

Q=   98     56    17.79  ir  =  112     20   49. OS 

<=     1     18   42.10  i'=     2     29    40.19 

•  =  0.04816611  •'  =  0.06606038 

)i  =  109156r62716  n  '  =  43996r20694 

loc  •  =  0 .  7161174048  log  a'  =  0 .  97949569M 

As  it  may  be  desired  to  compare  these  elements  with  other  determina- 
tions derived  on  the  supposition  that  the  perturbations  are  to  be  added 
directly  to  the  true  longitude,  it  may  be  well  to  note  that  before  this  compar- 
ison is  made,  certain  corrections  need  to  be  applied  to  them.  To  derive 
these  we  compute  some  of  the  terms  of  the  expression 


'/=f'^'  +  »^(-'')'. 
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For  Jupiter  it  will  be  suflBcient  to  take 

nSz     =  -  0".193  sin  2g  +  0".136  cos  2g  -  0".U152t  cos  ^r  —  0".00890<  cos  2g, 
(nSzy  =  +  3".761  —  0".205  cos  g  +  0".824  sin  g, 

and  for  Saturn 

n'dif  =  -  1".361  sin  2/  +  2".229  cos  2g'  —  0".019  sin  3^'  +  0".648  cos  ^g" 
—  2".282y  cos  ^'  —  0".0317<  cos  2g' , 

(n'dz'y  =  +  22".30  +  8".356  cos^r'  +  4".894  sin  ^'  — 0".187  cos  2g'  -  0".462  sin  2g' 
+  0".010  cos  3/  —  0".460  sin  3g'  +  0".00120<  sin  g'. 

With  these  values  it  is  found  that  S/  and  8/'  contain  severally  the  terms, 

Sf  =  —  0".020  —  0".03580<  —  0".189  sin  g  +  0".005  cos  g 
Sf  =  —  0".125  -  0".12804;  —  1".364  sin  /  +  0".121  cos  g". 

As  in  the  second  method  of  perturbations  these  terms  would  be  included 
in  the  elliptic  portions  of  the  coordinates,  we  must  apply  to  the  preceding 
values  of  the  elements  the  corrections 

JZ  =  —  0".02  AL'  =  -  0".125 

Jff   =— 0".05  Jjt'   =— •1".08 

Je  =  —  0.00000046  Je'    =  -  0.00000331 

Jn  =  —  0".03580  An'  =  -  0."12804. 

Then  the  elements,  changed  to  suit  the  second  form  of  the  perturbations, 

L  =  159°  56'  24".96  L'  =  14°  49'  38".00 

TT  =    1154  31.62  x'  =  90      6  40.43 

e  =  0.04825465  e'  =  0.05605707 

n  =  109256".59136  n'  =  43996".07790 

log  a  =  0.7162374992  log  a'  =  0.9794965411 

We  now  proceed  to  explain  the  formulae  for  the  heliocentric  coordinates 
of  Jupiter  and  Saturn.     As  the  mass  of  Uranus  has  been  modified,  it  seemed 
well  to  make  some  further  changes.     Thus  we  have  put 
Mercury  1:7500000,  "Venus  1:408134,  Earth  1:327000, 

These  give  for  the  motion  of  the  plane  of  the  ecliptic  the  formulae 

Bin  t,  sin  Q.  =  +    5".27237'  +  0".195017"  — 0".0002407" 
sin  t,  cos  Q,  =  —  46 .  7608  y  +  0 .  05666  7"  4-  0 .  000506 T' 

where  the  unit  of  7  is  a  century  of  Julian  years  and  it  is  counted  from 
1850.0.     The  value  of  the  general  precession  employed  is 

<«/  =  5026".78707'  +  1".107397"  +  0".000174r'  -  0".00004887'*  —  0".000000237". 
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The  values  of  the  constituenta  of  the  arguments,  oocurriDg  in  the 
formulsB,  are 

J    =  148»  1'  60".60  +  10M6e".«B716l 

/    =88449  66.63+    43996.  M6M< 

/'  =  820 10  10 .  35  ^■    16425  .  752    t    (Newoomb,  Orbit  of  Unnni,  p.  181) 

/"  =  291 48     8 .  61  +      7864 .  935    /    (Newcomb,  Orbit  of  Neptune,  p.  76) 
V«nni-Jnpit«r=   84'  1'  +  1997384".73  / 
Earth  -Jupiter  =  299  62  +  1186720.79  / 
Vranf  -  Satnm  »  229    8  +  2062645 .  16  < 
Birth  —  Saturn  =    84  69  +  1251981 .  21  t 

It  will  be  perceived  that  the  value  of  g  does  not  agree  with  that 
derived  from  the  element«  previously  given.  This  results  from  the  fact  that 
the  value  n  =  11°  64'  34".38  was  used  in  getting  the  quantities  K.  Hence 
in  order  to  employ  g  as  derived  from  the  given  elements,  it  would  be 
oeceaaary  to  correct  ^  by  —  2".7 1 »,  if  the  argument  contains  ig.  To  avoid 
this,  for  the  perturbations,  we  simply  count  g  from  the  old  place  of  the 
perihelion. 

The  values  of  nhz  and  ^  are  given  the  form 

*,«in  (/  +  JTJ  +  k^Ttin  Cr  +  .ff^J  +  i,Piiii  (/  +  JT.)  +  k^rnn  (j  +  Kd, 
and  that  of  com.  log  (-j  =  1  -f-  v  )  ,  the  form 

ijoosOr  +  .ff"^  +*,rcosCr  + JT.)  +  4,7' cos  Cr  +  ^,)  +  *i7'  co«  Or +  £",). 

iT  is  so  taken  that  k  may  be  positive,  except  in  the  absolute  terms,  where 
JTis  supposed  to  vanish  and  k  receives  its  proper  sign.  It  will  be  noticed 
that,  in  some  places,  the  arguments  6^' — 2g  and  10^ — Ag  have  their 
motions  equated.  A  greater  degree  of  exactitude  is  thus  obtained  without 
augmenting  the  usual  number  of  terms.  The  t,  in  these  places,  must  be 
counted  from  the  epoch  of  the  elements. 

The  formula,  for  the  latitude  referred  to  the  ecliptic  of  date,  is 
/3  =  |3«  +  A/^;  and  /  denotes  the  orbit  longitude  =/+  n.  It  will  be 
noticed  that  the  reduction  to  the  ecliptic  has  no  terms  involving  both  g  and  ^. 

This  is  because  all  these  terms,  after  having  been  multiplied  by    «  y    _  j  i 

have  been  added  to  niz.  And  care  has  been  taken  to  rectify  log  ^  and  A/3 
on  this  account. 
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Pertnrbations  of  Joplter:  nSz. 


a'  a 

—0.27766 

+07016021 

—  1 

10076354 

227 

27'  47'.'17 

60266 

302°  34'.5 

364 

—  2 

07236 

35°  8' 

1.2132 

227 

10.6 

2171 

284  38 

4 

—  8 

0.047 

137 

312 

228 

2 

74 

281 

—  4 

0.002 

103 

9 

227 

1  +  3 

0.005 

147 

1  +  2 

0.128 

123  20 

57 

21 

16 

1  +  1 

1.237 

215  14.1 

332 

115 

58 

11.156 

150  56 

7' 

1755 

49 

46 

68 

321  43 

1  —  1 

79.843 

79  12 

4 

45 

244 

58 

1  —  2 

1.508 

90  37.5 

237 

131 

4 

1  —  3 

0.108 

108  27 

26 

197 

47 

1  —  4 

0.018 

212  27 

2  +  2 

0.013 

205  33 

7 

123 

2  +  1 

0.487 

184  19 

211 

86 

4 

2 

6.813 

123  49.3 

1753 

13 

43 

42 

228 

2  —  1 

123.012 

1  24 

42.0 

1.2671 

301 

24.2 

700 

216  42 

2  —  2 

194.634 

336  53 

36.8 

222 

354 

34 

17 

31 

2  —  3 

2.811 

331  31.5 

652 

22 

47 

2  —  4 

0.054 

305  46 

28 

13 

20 

2  —  5 

0.002 

300 

3  +  1 

0.062 

275  52 

29 

185 

11 

3 

3.685 

270  58.7 

1418 

174 

10 

3  —  1 

14.038 

312  11 

28 

2316 

210 

12.5 

171 

161  53 

3  —  2 

82.649 

127  22 

45 

1.1498 

30 

0.9 

609 

299  34 

3  —  3 

16.228 

57  42 

35 

147 

150 

34 

6 

297 

3  —  4 

0.405 

38  13 

78 

101 

47 

3  —  5 
4 

0.014 
0.015 

327  36 
177  16 

4 

50 

4  —  1 

0.684 

191  30 

S04 

84 

0 

4  —  2 

16.838 

98  27 

55 

4607 

0 

32.8 

313 

260  45 

4  —  3 

14.978 

26  2 

27 

2044 

288 

17.1 

121 

197  39 

4  —  4 

3.611 

129  27.3 

39 

36 

49 

4  —  5 

0.152 

104  21 

24 

168 

36 

4  —  6 

0.009 

33 

5 

0.004 

45 

78 

17 

23 

5  —  1 

0.776 

1  46.6 

2666 

11 

51.6 

1295 

283  55 

5  —  2    1 
-8ir97009t  , 

1196.138 

67  9 

4.42 

5.5814 

247 

9.1 

15560 

48  49 

6  —  3 

160.938 

176  27 

37.4 

4.7607 

80 

53.6 

5921 

349  22 

6  —  4 

3.666 

133  33.3 

310 

75 

27 

89 

108  25 

5  —  6 

1.121 

206  52.0 

16 

144 

22 

5  —  6 

0.068 

178  43 

9 

245 

6  —  7 

0.004 

120 

6  —  1 

0.004 

320 

6  —  2 

0.150 

29  31 

88 

290 

27 

6  —  3 

1.181 

150  52.7 

944 

289 

28 

12 

315 

8  —  4 

1.522 

74  35.7 

398 

336 

28 

e— 6 

0.803 

179  12 

114 

82 

54 

6  —  6 

0.373 

285  43 

8 

158 

6  —  7 

0.032 

254  31 

4 

310 

6  —  8 

0.002 

226 

7  —  2 

0.008 

213 

15 

88 

4 

7  —  3 

1.916 

214  9.7 

775 

116 

9.9 

31 

0 

7  —  4 

2.897 

223  47.4 

nil 

125 

23.6 

46 
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X 

*. 

*• 

». 

X, 

* 

K 

1^                        ».                 '. 

f    0 

f    9 

T-J 

orm 

1<1< 

w 

orooN 

64*  S4' 

11  —  11 

oroo5 

184' 

-« 

0.S05 

lU 

47 

41 

159   35 

11  —  11 

0.001 

IS 

-T 

0.118 

1 

16 

1 

170 

r  0 

-1 

0.015 

US 

45 

1 

341 

1  +  1 

0.010 

183 

;-» 

0.001 

101 

1 

0.173 

174    41' 

1-1 

0.010 

340 

19 

1  —  1 

0.910 

156    57 

l-S 

o.rs 

198 
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Reduction  of  orbit  longitudes  to  the  mean  equinox  and  ecliptic  of  date 

=  +  27".029  sin  (2^  +  342°7'  20")  +  0".002  sin  (4?  -f-  324°) 
+  [5026".3064  +  0".4211  sin  {21  +  104°  37'.9)]  T 
+  [1".10640  +  0".00351  sin  (21  +  223°  9')]  T' 
+  [0".000169  +  0".000020  sin  {21  +  340°)]  T' 
—  0".0000488  T'  -  0" .00000023  T\ 
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1        10  —  4 
\— 148ri46/ 

26.795 

133 

36   60.8 

UJi 

313 

36 

.8 

6217 

123    44 

11- 

4 

0.002 

197 

199 

18 

64 

40 

876 

< 

*. 

— 

J^ 

». 

'. 

* 

K 

'. 

». 

'. 

f     0 

0'       0 

1-6 

orooi 

0* 

12  —  9 

oroo2 

57* 

oroooi 

346* 

:-6 

0.004 

116 

0r0O02 

219' 

9  —  10 

0.003 

302 

3-5 

0.010 

10< 

S 

194 

10—10 

0.007 

60 

4  —  6 

0.069 

280    56' 

S 

363 

11  —  10 

0.009 

29 

5  —  6 

0.661 

29   43 

3 

132 

12  —  10 

0.006 

2 

6-6 

0.479 

0     6 

73 

263 

42- 

10  —  11 

0.001 

20 

7-6 

0.119 

332    11 

63 

237 

18 

11  —  11 

0.003 

125 

8-6 

0.120 

121    32 

64 

22 

5 

12  —  11 

0.004 

106 

»  — 6 

0.145 

90     6 

68 

365 

15 

11  —  12 

0.001 

97 

10  —  6 

0.129 

59    46 

70 

326 

14 

12—12 

0.002 

195 

11-6 

0.211 

39    34 

166 

300 

19 

a'    9' 

IJ  — 6 

0.241 

213     4 

181 

108 

0 

1  +  1 

0.021 

179 

15' 

11 

20 

J-6 

0.001 

73 

0.926 

145 

45 

111 

322    61' 

S-6 

0.003 

194 

1 

333 

1  —  1 

8.036 

79 

2. 

I 

80 

280    47 

4  —  6 

0.006 

200 

2 

286 

1  — s 

0.153 

99 

26 

68 

201    39 

6— e 

0.038 

366    16 

3 

86 

1— s 

0.004 

97 

3 

218 

«— « 

0.251 

106    44 

3 

216 

S  +  1 

0.002 

153 

1 

no 

7  —  6 

0.200 

78    29 

30 

346 

0.113 

139 

36 

44 

246    39 

8-6 

0.092 

60   66 

24 

312 

S  — 1 

7.682 

354 

17. 

1 

979 

216    34 

»-6 

0.047 

199    40 

19 

106 

8  — S 

12.380 

336 

43. 

3 

54 

113      4 

10  —  6 

0.052 

169    12 

12 

66 

8  —  3 

0.235 

330 

22 

110 

98    45 

11  —  6 

0.026 

136     9 

7 

S» 

8  —  4 

0.007 

330 

6 

90 

12  —  6 

0.013 

103   13 

4 

24 

8  +  1 

0.001 

305 

6  —  7 

0.003 

298 

2 

343 

0.040 

306 

36 

189 

200    8 

6  —  7 

0.021 

72    38 

3 

166 

8  —  1 

28.520 

321 

46 

31- 

3917 

182    56.8 

7  —  7 

0.099 

183    16 

' 

S  — 8 

23.356 

119 

19 

46 

1437 

307    48 

8  —  7 

0.086 

i6«  n 

IS 

60 

8  —  3 

1.372 

66 

36 

192 

246      8 

»  — 7 

0.045 

ISO     8 

IS 

S4 

S  — 4 

0.044 

50 

6 

17 

208   SS 

10  —  7 

0.017 

276     7 

11 

m 

8  —  6 

0.002 

45 

U  — 7 

0.023 

242    23 

11 

163 

0.001 

284 

IJ  — 7 

0.010 

219 

6 

114 

4  —  1 

0.054 

288 

22 

3 

123 

6  —  8 

0.002 

36 

4  —  2 

0.912 

83 

39 

128 

267      4 

7  —  8 

O.OU 

162 

4  —  3 

0.703 

18 

8 

62 

203    20 

8  —  8 

0.041 

260    19 

1 

186 

4  —  4 

0.267 

129 

39 

9 

148 

9-8 

0.040 

233    62 

5 

138 

4  —  6 

0.014 

111 

4 

866 

10  —  8 

0.023 

205   38 

6 

109 

4  —  6 

0.001 

106 

11  —  8 

0.007 

352 

5 

S66 

6  —  1 

0.003 

242 

12  —  8 

0.011 

326 

1 

MS 

6  —  2 

0.297 

48 

8 

64 

231    28 

8  — » 

0.006 

227 

6  —  3 

0.429 

341 

4 

60 

164    40 

»  — » 

0.017 

SS« 

6  —  4 

0.140 

92 

67 

6 

270 

10  —  9 

0.019 

SIS 

1 

tlT 

6  —  6 

0.078 

807 

S» 

2 

207 

11—9 

0.011 

SM 

1 

IM 

6  —  4 

0.004 

187 

1 

315 

94 

COLLECTED  MATHEMATICAL  WORKS  OF  G.  W. 

HILL 

X 

*. 

^0 

*i 

^1 

X 

*o 

Jfo 

fc, 

^, 

9"    9' 

g"'   9' 

6  —  2 

oni9 

4° 

38' 

0:'0032 

191°  48' 

1  —  3 

0'.'001 

303° 

6  —  3 

0.244 

124 

25 

50 

309      0 

2 

0.012 

269    30' 

6  —  4 

0.055 

61 

29 

9 

245 

2  —  1 

0.904 

84    44 

6-0 

0.043 

172 

12 

2 

0 

2  —  2 

1.052 

86    17 

6  —  6 

0.023 

284 

39 

2  —  3 

0.026 

87    22 

6  —  7 

0.002 

263 

2  —  4 

0.001 

90 

7  —  3 

0.016 

89 

21 

5 

270 

3  —  1 

0.031 

166    12 

^  ■■ 

7  —  4 

0.019 

22 

15 

4 

207 

3  —  2 

0.103 

197    18 

7  —  5 

0.015 

135 

29 

1 

315 

3  —  3 

0.093 

39    58 

7  —  6 

0.016 

250 

29 

3  —  4 

0.004 

41    59 

■ 

7  —  7 

0.008 

1 

4  —  1 

0.001 

284 

' 

7  —  8 

0.001 

340 

4  —  2 

0.009 

308 

8  —  3 

0.007 

53 

4  —  3 

0.010 

151 

8  —  4 

0.011 

347 

4  —  4 

0.015 

353 

8  —  5 

0.005 

98 

4  —  5 

0.001 

354 

8  —  6 

0.006 

214 

5  —  2 

0.001 

67 

8  —  7 

0.006 

328 

5  —  3 

0.001 

262  , 

8  —  8 

0.003 

77 

5  —  4 

0.002 

102 

9  —  4 

0.003 

131 

5  —  5 

0.003 

308 

9  —  5 

0.001 

73 

6  —  6 

0.001 

261 

9  —  6 

0.002 

177 

9  —  7 

0.002 

290 

9-T? 

0.038 

0 

9  —  8 

0.002 

45 

4-T? 

0.066 

0 

9  —  9 

0.001 

153 

9'     9      9" 

10  —  7 

0.001 

256 

2  —  1  +  1 

0.022 

270 

10  —  8 

0.001 

9 

3  —  1  —  1 

0.168 

288    21 

10  —  9 

0.001 

124 

3  —  1  —  2 

0.207 

79    43 

9"'    9' 

4  —  2  +  3 

0.063 

213     2 

1  +  1 

0.002 

270 

4  —  1  —  4 

0.106 

37    11 

1 

0.101 

287 

29 

5  —  2  —  3 

1.884 

208    34 

0'.'0294 

80**  14' 

1  —  1 

1.717 

312 

59 

6  —  2  —  3 

28.917 

6    55.9 

7830 

242      4 

1  —  2 

0.027 

309 

1 

7  —  2  —  6 

0.153 

353    26 

■i 


Perturbations  at  Saturn :  Common  loe  -=-,.     (In  units  of  the  7'>>  decimal.) 
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X 

*0 

^0 

*. 

^i 

*, 

^, 

*, 

9'       9 

+  1825.0 

+     42.00 

.    +  0.673 

—0.0005 

1 

187.3 

295°  24'.7 

2831.85 

57° 

59'  22?6 

18.924 

319° 

16'.7 

196 

168«  2( 

2 

49.9 

293     9 

78.37 

58 

39.0 

1.870 

302 

37 

65 

197   21 

8 

14.2 

271    43 

3.11 

70 

28 

119 

300 

5 

4 

m 

I 

4 

0.6 

311 

17 

64 

25 

8 

299 

\ 

—  3  —  1 

0.2 

111 

" 

1 

—  2  —  1 

4.6 

165    26 

22 

263 

45 

■ 

•i 

1 

—  1  —  1 

10.4 

140    34 

36 

235 

18 

1 

180 

1 

—  1 

82.0 

110    49 

1.15 

219 

39 

20 

299 

1 

1  —  1 

3780.8 

79    45      7" 

3.19 

304 

46 

10 

30 

2  —  1 

2442.1 

176     2     33 

21.60 

121 

29.5 

204 

36 

17 

■  ■ 

3  —  1 

241.2 

305    54.3 

6.21 

207 

37 

68 

187 

32 

4  —  1 

36.1 

342    36 

45 

126 

52 

6 

184 

5  —  1 

0.7 

309 

8 

214 

6  —  1 

0.1 

294 

—  2  —  2 

0.1 

158 

—  1  —  2 

1.8 

241     3 

9 

341 

—  2 

8.7 

210    18 

11 

316 

AND  PERTURBATIONS  OP  JUPITER  AND  SATURN 


M 


'. 


l-»' 


9SS 


H.S 

643.  S 

4S0.9 

7001.9 

1141.0 


WW 
lU    S4.t 

141    57. 7 
m    IS    14" 

U  49  r 


CM 
31 

11.31 
170.43 

4.36 


MV  ir 

14      B 

46    69 
179    38.3 

24]    49 


0.003 

3 

60 

3.365 

76 


139* 
0 
338    15' 


86 
6 


4.7 
16 


u.s 

77 

17 

19 

.46 

306 

10 

60 

302  11 

o.c 

114 

1 

.06 

306 
307 

55 

6 

185 

•.1 

tt4 

303 

o.« 

318 

S3 

58 

1.0 

46 

9 

61 

5.3 

178 

39 

342 

147.1 

333 

55.8 

32 

1 

0 

103.0 

306 

33.6 

1 

.S6 

107 

1 

10 

11  30 

U.7 

177 

63 

1 

.SO 

78 

69 

23 

343  19 

IT.S 

178 

S 

S 

.86 

51 

41 

48 

314   0 

M.« 

33 

39 

S 

.39 

340 

43 

4 

254 

4.» 

310 

37 

39 

153 

48 

5 

61 

•.T 

nt 

S 

139 

•.t 

398 

0.4 

43 

1 

134 

•.S 

17 

t 

116 

i.t 

339 

44 

1 

8 

44.1 

SU 

SO 

1 

123 

U.S 

8S6 

s 

4S 

184 

23 

3 

98 

14.» 

369 

31 

U 

167 

31 

4 

67 

S.l 

37 

4 

U 

302 

47 

3 

37 

n.s 

16 

5S 

91 

284 

18 

5 

204 

M.l 

163 

39 

8 

.55 

67 

13 

116 

331  16 

11.0 

306 

S6 

1 

.81 

215 

3 

33 

118  27 

X 

». 

^ 

». 

', 

X 

*. 

^ 

». 

r, 

V    1 

Q'     0 

11  — < 

103' 

0.08 

17* 

12  —  6 

0.1 

120* 

0.02 

15* 

8  —  1 

113 

1 

814 

6  —  7 

0.1 

279 

S  — ( 

106 

1 

199 

6  —  7 

0.4 

83 

4  —  1 

396 

38' 

1 

0 

7  —  7 

2.4 

182   4' 

6  — ( 

i           15.6 

38 

46 

1 

184 

8  —  7 

2.2 

168  50 

3 

69 

6  —  1 

i           11.9 

3 

7 

16 

263 

9  —  7 

1.1 

135   6 

3 

35 

7  — J 

337 

29 

14 

240 

10  —  7 

0.4 

265 

2 

171 

S  —  1 

116 

6 

17 

24 

11  —  7 

0.6 

247 

3 

150 

9  —  1 

118 

33 

31 

864 

12  —  7 

0.3 

223 

2 

123 

10  — 1 

6S 

4S 

18 

SS6 

7  —  8 

0.2 

158 

11  — « 

36 

36 

36 

300 

8-8 

1.0 

258 

12— « 

263 

7 

lis 

9  —  8 

1.0 

236 

3 

140 

3  — ( 

191 

10-8 

0.6 

214 

2 

118 

4  — < 

191 

11  —  8 

0.1 

334 

1 

258 

6  — ( 

8 

39 

1 

69 

12  —  8 

0.2 

32S 

1 

ts* 

6  — ( 

106 

37 

8  —  9 

0.1 

231 

7  —  1 

80 

27 

7 

341 

9  —  9 

0.4 

833 

8  —  4 

56 

33 

6 

317 

10  —  9 

0.5 

313 

1 

316 

9  —  4 

191 

57 

6 

96 

11  —  9 

0.3 

393 

1 

191 

10-4 

171 

36 

6 

74 

9  —  10 

0.1 

304 

11— < 

144 

S 

47 

10  —  10 

0.3 

48 

96 


COLLECTED  MATHEMATICAL  WORKS  OP  G.  W.  HILL 


X 

*o 

Jfo 

*i 

JT, 

X 

*o 

^0 

*. 

K^ 

g'     g 

g"   g' 

11  —  10 

0.2 

29° 

6  —  6 

0.4 

283° 

12  —  10 

0.2 

8 

6  —  7 

0.1 

266 

11  —  11 

0.1 

122 

7  —  3 

0.1 

84 

12  —  11 

0.1 

105 

7  —  4 

0.3 

26 

0.01 

327° 

g"     0' 

7  —  5 

0.3 

139 

1  +  1 

0.3 

356 

0.01 

188° 

7  —  6 

0.3 

252 

1 

3.2 

345 

3' 

8 

140 

7  —  7 

0.2 

359 

1  —  1 

59.0 

79 

3 

1 

277 

8  —  4 

0.1 

348 

1  —  2 

2.5 

95 

57 

6 

202 

8  —  5 

0.1 

104 

1  —  3 

0.1 

95 

8  —  6 

0.1 

218 

2 

1.0 

328 

4 

6 

59 

8  —  7 

0.1 

329 

2  —  1 

35.5 

350 

35 

28 

217 

25' 

8  —  8 

0.1 

75 

2  —  2 

154.1 

336 

43.3 

5 

106 

g'"  g' 

2  —  3 

5.3 

332 

13 

10 

98 

1 

0.2 

337 

2  —  4 

0.2 

332 

1 

90 

1  —  1 

15.4 

312 

58' 

3 

0.6 

126 

18 

20 

33 

1  —  2 

0.5 

310 

3  —  1 

26.4 

137 

55 

16 

355 

1 

2 

0.2 

86 

3  —  2 

237.4 

119 

5.6 

1.43 

308 

4 

2  —  1 

7.6 

84 

55 

3  —  3 

22.1 

69 

58 

17 

252 

12 

2  —  2 

14.8 

86 

17 

3  —  4 

1.1 

57 

13 

2 

211 

2  —  3 

0.6 

87 

3  —  5 

0.1 

52 

3  —  1 

0.2 

173 

4  —  1 

0.4 

104 

3  —  2 

1.3 

195 

39 

4—2 

6.7 

80 

4 

9 

266 

3  —  3 

1.5 

40 

12 

4  —  3 

9.7 

19 

51 

7 

202 

3  —  4 

0.1 

42 

4  —  4 

4.4 

128 

12 

1 

158 

4  —  2 

0.1 

307 

4  —  5 

0.3 

115 

4  —  3 

0.1 

148 

5  —  2 

1.1 

38 

31 

2 

225 

4  —  4 

0.3 

353 

5  —  3 

5.2 

342 

27 

7 

166 

5  —  6 

0.1 

307 

5  —  4 

2.2 

93 

59 

1 

270 

5  —  5 

1.3 

206 

15 

?-T? 

0.8 

0 

5  —  6 

0.1 

190 

6-1? 

1.4 

0 

6  —  2 

0.2 

172 

g'    g    g" 

6  —  3 

2.4 

123 

27 

5 

307 

5  —  2  —  3 

19.8 

208 

34 

31 

80  14' 

6  —  4 

0.8 

65 

50 

2 

256 

6  —  2  —  3 

8.4 

2 

4 

6  —  5 

0.7 

173 

49 

2 

8 

4 

5 
-3  — 
-2  — 
-1  — 

1  — 

2  — 

3  — 

4  — 
6  — 
6  — 


Perturbations  of  Saturn:  A/3'. 


*. 


^x 


— 0'.'329 
0.204 
0.019 
0.005 
0.002 
0.003 
0.002 
0.026 
1.803 
0.841 
2.905 
0.721 
0.057 
0.037 
0.001 


287°  13' 
269 

61 
331 
209 

41 

37 
116  2 
210  40 
225  28.4 
186  4 
301  28 
310  15 
340 


— 0?0109 
19 


231° 
162 


20 

311 

245 

32  22 

138 

163  9 

482 

310  59 

18 

276 

2 

117 

2 

27 

g'    g 

-2  —  2 
•1  —  2 

—  2 

1  —  2 

2  —  2 

3  —  2 

4  —  2 

5  —  2 

6  —  2 

7  —  2 
■1  —  3 

—  3 

1  —  3 

2  —  3 

3  —  3 


0?001 
0.002 
0.063 
0.258 
0.116 
0.215 
8.679 
0.370 
0.245 
0.011 
0.001 
0.003 
0.007 
0.087 
0.041 


279° 

81 

91  47' 

11  58 
319  33 
207  35 
277  12.5 
111   9 

16  42 

19 
352 
114 

84 

89  53 

53  10 


JS", 


orooo2 

4 

29 

8 

54 

155 

56 

76 

9 


207° 

1 

237 

299 

18' 

90 

197 

9 

66 

57 

329 

47 

269 

18 

249 

■JDIENTS  AND  PERTURBATIONS  OP  JDPITBR  AND  SATURN 


•7 


I 


'. 


f: 


t          07077 

itt'tr 

I           0.117 

176     9 

t           O.OM 

lU   49 

a       0.04S 

aoo  a? 

a       o.ooa 

347 

a        0.001 

aas 

i        o.ooa 

139 

4        o.oaa 

167    31 

«            0.018 

134    36 

4            0.014 

a«6    a 

4           0.013 

344  aa 

4            0.011 

330 

4        o.ooa 

171 

4           0.087 

161    Bl 

4           0.009 

341 

4        O.ooa 

373 

1           0.001 

189 

1           0.013 

346 

S           0.009 

314 

6           0.004 

349 

S           0.003 

317 

6        O.ooa 

303 

i           0.003 

373 

6        o.ooa 

347 

s        o.ooa 

319 

oroois 


SBO* 


10 


'      0 


—  3 


orooi 
o.oos 

0.004 
0.001 
0.001 
0.001 
0.001 
0.002 
0.003 

0.019 
0.080 
0.036 
0.035 
0.003 
0.003 
0.040 
0.110 
0.031 
0.008 
0.002 
0.032 
0.046 
0.699 
0.037 


a87» 

aaa 

393 
63 

31 

8 

361 

38 

9 

369  31' 

320  17 
11  34 

398  43 
306 
164 

162  67 
301  20 
377  36 

3 
294 
389    10 

321  32 


20 
17 


—  4 

—  1 

—  3 

—  3 

—  4 

—  1 

—  2 

—  3 

—  4 

—  3 

—  3 

—  4 

—  B 

—  3 

—  4 

—  5 
■'  V 
+  1 

—  1 

—  2 

—  1 

2  —  2 

3  —  2 


0r003 
0.005 
0.025 
0.023 
0.001 
0.001 
0.003 
0.021 
0.005 
0.001 
0.012 
0.003 
0.001 
0.001 
0.001 
0.001 

0.002 
0.005 
0.001 
0.002 
0.003 
0.018 
0.001 
0.004 


64' 
208 
349   4' 

asi  40 

331 
166 
333 
244  64 

341 
232 

32 
333 

69 

0 

288 

45 

137 
146 
4 
120 
276 
98  27 
111 
232 


■in  A'  =  "in  *"  "in  (?  —  Q') 

+  82".2723  Ttia  (f  +  846<»  58' 28".66) 
+  0".42282  r  lin  (f  +  75"  31'.9) 
+  0".001422  T*  Bin  (f  +  163»3r). 


Reduction  of  orbit  longitudes  to  the  mean  equinox  and  ecliptic  of  date 

=  +  9r'.774  sin  (iT  +  815»18'2l".9)  +  0".023  sin  (4r  +  270*  37') 

+  [«)26".6850  +  l".792l  sin  (2?  +  Si"  88'.2)  +  0".0008  (in  (4r  +  7")]  T 
+  [1".10463  +  0".01737  sin  (2r  +  148»  11')  +  0".00002  sin  (if  +  90")]  T* 
+  [0".000166  +  0".000115  sin  (2?  +  239''38')]7^ 
+  [— 0".0O0O488  +  0".0000005  sin  {if  +  338°)]  T'  -  0".000O0O23  r . 
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MEMOIR  No.  41. 

ABeply  to  Mr.  Nelson's  Strictures  on  Delaunay's  Method  of  Determining 
the  Planetary  Perturbations  of  the  Moon. 

(Monthly  Notices  of  the  Royal  Astronomical  Society,  Vol.  XLVII,  pp.  1-8,  1886.) 

For  several  years  past  Mr.  Neison  has  been  maintaining  in  the  Monthly 
Notices  and  Memoirs  of  the  Society  that  Delaunay's  investigation  of  the  two 
long  period  inequalities  in  the  Moon's  motion  arising  from  the  action  of 
Venus  is  seriously  defective,  on  account  of  the  omission  by  him  of  a  certain 
class  of  terms.  In  the  Monthly  Notices  for  last  June  there  appears  a  long 
article  by  him  upholding  this  view;  to  this  1  wish  more  especially  to  direct 
attention. 

At  the  outset  I  may  be  allowed  to  say  that  all  this  criticism  is  without 
foundation.  It  appears  to  arise,  partly  from  the  very  confused  conception 
Mr.  Neison  seems  to  have  of  the  nature  of  Delaunay's  method,  and  partly 
because  he  fails  to  notice  that  Delaunay,  after  setting  the  degree  of  approx- 
imation he  wishes  to  attain,  always  rigorously  adheres  to  it.  If  we  were 
obliged  to  admit  the  validity  of  all  the  statements  in  this  article,  an  easy 
corollary  from  them  would  be  that  Lagrange's  general  method  of  the  varia- 
tion of  arbitrary  constants  in  the  problems  of  mechanics  was  a  blunder. 
Now,  I  think  that  no  one  acquainted  with  this  method  could,  for  a  moment 
even,  entertain  such  a  proposition.  Hence  we  may  conclude  there  is  some 
flaw  in  the  reasoning  of  this  Paper.  But  this  must  be  substantiated  by 
noticing  seriatim  the  objectionable  points. 

In  the  first  place,  why  bring  forward  Hansen's  published  values  of  the 
coeflBcients  of  these  inequalities  for  the  purpose  of  throwing  discredit  upon 
Delaunay's  values,  when  their  author,  himself,  virtually  confesses  he  has  no 
confidence  in  them,  by  saying  he  had  computed  them  in  two  difierent  ways, 
and  found  essentially  difierent  results  ?  And,  to  the  very  end  of  his  life,  he 
appears  never  to  have  been  able  to  find  out  whether  one  of  these  results 
was  right,  and  which  it  was,  or  whether  both  were  wrong.  It  would  be  an 
amusing  circumstance  should  it  turn  out  that  the  set  of  values,  withheld  from 
publication  by  Hansen,  were  identical  with  those  of  Delaunay. 

There  is  some  inexactitude  in  Mr.  Nelson's  statement,  regarding  the 
degree  of  approximation  adopted  by  Delaunay  in  calculating  the  coeflicient 
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whose  argument  is  if —  13f.  In  this  connection  we  note  that,  on  account 
of  the  close  proximity  of  the  Moon  to  the  Earth,  a  planet  cannot  produce  in 
her  motion  inequalities  of  the  same  order  with  those  it  produces  in  the  Earth, 
but  that  they  are  only  of  the  order  of  these  multiplied  by  the  solar  disturbing 
force;  and  this  is  as  true  of  the  indirect  action  as  of  the  direct.  Now,  on 
referring  to  Delaunay's  work,  we  see  that  he  has  considered,  not  only  the 
term  of  the  lowest  order  in  each  portion  of  the  coefficient,  but  also  multiples 
of  this  by  m*.  Hence,  it  is  correct  to  say  that  he  has  considered  terms  of 
the  order  of  the  mass  of  Venus  multiplied  by  the  square  of  the  solar  disturbing 
force,  but  not  those  multiplied  by  the  cube  of  the  latter. 

Mr.  Neison  regards  the  evidence  adduced  in  his  earliest  Paper,  as 
conclusively  establishing  the  omission  by  Delaunay  of  a  certain  class  of  terms. 
But  what  was  this  evidence?  Simply,  that  Hansen  was  at  variance  with 
Delaunay.  Now,  since  Hansen  was  as  much  at  variance  with  himself  as  he 
was  with  Delaunay,  what  weight  ought  to  be  attributed  to  this  evidence? 
Then,  Mr.  Neison  believes  that  certain  discrepancies  between  results, 
obtained  on  the  one  hand  by  himself,  and,  on  the  other,  by  M.  Oogou  and 
myself,  have  their  origin  in  the  same  cause.  Now,  if  Hansen's  investigation 
and  also  Mr.  Neison's  were  accessible,  this  point  could  be  immediately 
pronounced  upon ;  but  since  they  are  not,  it  appears  useless  to  speculate  on 
the  matter. 

Mr.  Neison  says  (p.  416),  "He  (Delaunay)  substitutes  the  preceding 
value  for  the  term  in  the  disturbing  function  with  the  argument  ^  in  the 
diflferential  equation  and  integrates."  This  does  not  correctly  represent 
what  Delaunay  does.  For  he  subetitutes  in  the  differential  equation  not 
only  the  term  factored  by  cos  ^,  but  also  the  non-periodic  portion  of  R- 
to  wit,  in  the  memoir  of  1862,  the  terms 

^  +  '»'^[i  +  l-'  +  W;--(H-WO",'r]. 
and,  in  the  memoir  of  1863,  the  terms 

The  terms  differ  in  the  two  cases,  because  the  degree  of  approximation 
aimed  at  requires  the  preservation  of  different  terms  with  allowable  neglect 
of  all  the  rest.  From  this  non-periodic  portion  of  R  results,  in  both  caaee, 
much  the  larger  part  of  the  two  inequalities  considered.  Mr.  Neison's 
failure  to  note  this  completely  invalidates  his  argument  on  the  two  following 
pages,  by   which  he  attempts  to  prove  the  incompleteness  of  Delaunay's 
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procedure.  And,  in  this  connection,  it  may  be  noted  that  it  is  not  necessary 
that  the  coefficient  in  (38)  should  vanish  identically  in  order  to  prove 
Delaunay  right;  it  is  necessary  only  that  it  should  turn  out  of  such  an  order 
of  smallness  as  to  prove  that  the  adopted  degree  of  approximation  had  been 
attained. 

On  p.  417  it  is  said  that  the  coefficients  B  and  B'  "only  differ  by  small 
quantities,  unimportant  for  the  present  purpose."  So  far  from  this  being 
the  case,  the  difference  B'  —  B  constitutes  one  portion  of  the  terms  which 
Mr.  Neison,  all  along,  has  been  asserting  were  neglected  by  Delaunay. 

That  Delaunay,  in  treating  the  two  Venus  inequalities,  discarded  his 
own  method,  and  employed  the  old  one  recommended  by  Poisson,  is  erro- 
neously stated  on  p.  423.  The  fact  is  that  the  method  followed  is  the  same 
as  that  he  had  used  in  deriving  the  solar  perturbations.  Next,  Delaupay  is 
found  fault  with  (p.  424)  because  he  confines  himself  to  calculating  in  R  the 
term  which  has  the  argument  of  the  particular  inequality  he  is  dealing  with ; 
while  it  is  plain  that  there  are  a  multitude  of  terms  in  R,  having  other 
arguments,  which  could  contribute  to  the  value  of  the  coefficient  sought. 
This  is  true,  but  Delaunay's  reasons  for  passing  by  these  terms  are  quite 
evident.  In  the  first  place,  it  must  be  remembered  that  his  final  expression 
for  the  inequality  is  a  formula  of  substitution,  which  must  be  made,  not  only 
in  the  mean  longitude  of  the  Moon,  but  also  in  the  equation  of  the  centre, 
in  the  evection,  variation  and  in  all  the  inequalities  arising  from  solar  action. 
Hence,  Delaunay's  method  of  treatment  enables  him  to  obtain,  with  very 
little  additional  labor,  all  the  terms  in  the  expression  for  the  true  longitude 
which  involve  the  very  small  divisor  arising  from  the  slow  motion  of  the 
argument  which  he  is  considering ;  and  that  whatever  may  be  their  arguments. 
And,  secondly,  while  the  terms  in  R,  having  other  arguments,  which  would 
be  treated  by  Delaunay  as  giving  rise  each  to  a  distinct  transformation,  can, 
in  a  strict  sense,  add  something  to  the  coeflBcient  of  the  inequality  in  the  true 
longitude,  practically  these  terms  are  insensible;  for  although  they  may  be 
of  the  same  order,  before  integration,  as  the  quantities  retained,  they  are 
altogether  independent  of  the  excessively  small  divisor  which  arises  from 
the  slow  motion  of  the  argument  of  the  inequality.  As  illustrating  this 
point,  it  may  be  remarked  that,  in  the  case  of  the  two  Venus  inequalities 
in  question,  we  get  such  relatively  large  coefficients  as  16"  and  0".27  only 
by  multiplying  the  corresponding  terras  in  R  by  factors  which  are  about 
15,000,000  in  the  first,  and  10,000,000  in  the  second  inequality.  Hence,  if 
there  are  other  terms,  which  rigorously  ought  to  be  added  to  the  preceding 
values,  but  which,  while  in  other  respects  of  the  same  order  of  smallness, 


DELAUNAY-8  METHOD  IN  THE  PLANETARY  PBRTURBATIONB  OP  THE  MOON  101 

have  factors  not  much  exceeding  unity,  it  ia  very  apparent  they  may  be 
neglected. 

In  the  next  place  we  find  Delaunay  charged  with  neglecting  every  term 
of  the  solar  perturbatioDi  Bare  the  term  of  the  lowest  order  in  the  variation 
in  calculating  the  proper  form  for  R.  And  it  is  said  that  his  development 
"  in  no  sense  depends  on  his  method  of  transformed  elements,  though  made 
to  appear  as  if  it  does;  nor  does  it  differ  in  any  way  from  the  values  hitherto 
employed  by  astronomers  save  in  being  somewhat  less  complete."  These 
statements  misrepresent  Delaunay.  He  arranges  under  four  different  heads 
the  transformations  made  by  him,  and  they  involve  no  less  than  16  out  of 
the  57  operations  of  his  first  volume,  besides  4  complementary  ones.  And 
whether  the  amount  of  work  in  this  be  regarded  as  much  or  little,  I  have 
ascertained  that  it  is  precisely  suflScient  to  obtain  the  degree  of  approxima- 
tion he  proposes  in  the  coefficients  B,  viz.  to  terms  involving  m*.  Carrying 
the  approximation  farther  could  only  have  afforded  him  terms  of  a  higher 
order.  It  is,  of  course,  open  to  Mr.  Neison  to  say  he  deems  this  degree  of 
approximation  insufficient ;  and  nothing  can  be  said  in  opposition.  But  this 
is  very  different  from  saying  Delaunay  has  committed  errors.  Again,  I  am 
not  aware  of  the  existence  of  any  published  investigation  in  which  the 
degree  of  approximation  is  greater. 

The  reasoning  Mr.  Nelson  employs  to  show  that  Delaunay  deserts,  in 
this  investigation,  his  own  method  and  returns  to  the  old  method  recom- 
mended by  Poisson,  is  certainly  very  strange.  He  notes  that  the  differential 
equation  used  has  nothing  in  it  to  distinguish  it  from  the  corresponding  one 
which  Poisson  would  have  used.  But  from  what  circumstance  does  this 
state  of  things  arise?  Simply  because  it  is  Delaunay's  habit  to  omit,  in  the 
statement  of  his  equations,  every  term  which  gives  rise,  in  the  final  result, 
only  to  terms  of  a  higher  order  than  he  has  agreed  to  retain.  The  factors 
in  question,  in  Delaunay's  method  can  be  expressed  only  as  infinite  series; 
it  is  necessary,  therefore,  to  cut  them  off  at  some  point,  and  he  determines 
this  point  in  the  way  just  stated.  If  reference  is  made  to  the  same  equation, 
in  the  memoir  where  Delaunay  treats  the  other  Venus  inequality,  it  will 
be  found  to  be  duly  distinguished  by  the  presence  of  additional  terms, 
Delaunay  writing  as  many  as  are  just  sufficient  for  his  purpose. 

Mr.  Neison  next  notices  two  assumptions,  which  he  says  have  been 
made  by  Delaunay  in  his  integration. 

The  first  is  that  the  factor  —  ,  which  multiplies  -t>-  ,  is  treated  as  if  it 

an  at 

were  constant.     But  here  he  forgets  that,  with  Delaunay,  at  this  stage  of 
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.the  work,  the  symbols  a,  e,  y ,  I,  g,  and  h,  denote  quantities  which  have  no 

solar  perturbations;  and  that,  consequently,  the  deviation  of —  from  acon- 

an 

stant  has  the  mass  of  the  planet  as  a  factor.     Thus,  as  -^  already  has  this 

factor,  the  additional  terms,  which  would  in  this  manner  arise,  would  have 
the  square  of  the  mass  of  the  planet  as  factor;  these,  as  all  other  investiga- 
tors, Delaunay  expressly  neglects. 

With  regard  to  the  second  assumption,  in  reference  to  which  Mr.  Neison 
makes  what  he  thinks  his  chief  point  against  Delaunay,  let  us  consider  what 
is  the  essential  difference  between  Delaunay's  method  and  that  employed  by 
the  earlier  investigators.  Delaunay  said  to  himself,  Do  not  let  us  go  back 
to  the  elements  of  the  Keplerian  ellipse  every  time  we  have  to  consider  the 
action  of  a  new  force  on  the  Moon,  but  let  us  determine  our  new  wave  of 
motion  in  such  a  way  that  it  may  be  superposed  on  the  curve  which  the 
Moon  would  describe  under  the  action  of  all  the  forces  previously  considered, 
instead  of  on  the  Keplerian  ellipse.  At  any  stage  of  progress,  in  expressing 
the  Moon's  co-ordinates,  there  must,  of  necessity,  appear  in  them  six 
arbitrary  constants  which  have  been  introduced  by  integration.  Let  us 
take  these  as  variables,  instead  of  the  six  elements  of  the  Keplerian  ellipse. 
This  course  demands  that  the  differential  equations  employed  by  the  earlier 
investigators  should  be  somewhat  modified.  The  modification  appears  as  a 
change  in  the  values  of  the  quantities  which  Poisson  denoted  generally  by 
the  symbol  [a,fe].  Now,  just  as  it  would  be  absurd  to  maintain  that  the 
elements  of  the  Keplerian  ellipse  suflfer  perturbations  from  the  action  of  a 
centrobaric  Earth,  so  it  is  absurd  to  maintain  that  the  quantities  a,  e,  y,  I,  g, 
and  h,  employed  by  Delaunay  after  he  has  got  through  with  the  solar 
perturbations  and  has  arrived  at  the  treatment  of  the  planetary  perturba- 
tions, and  which  are  the  elements  of  the  curve  which  would  be  described 
by  the  Moon  under  the  combined  action  of  the  Earth  and  Sun,  suffer  pertur- 
bations from  the  latter  body.  Yet  Mr.  Nelson's  argument,  when  divested 
of  its  obscurities,  is  seen  to  be  nothing  more  or  less  than  a  plea  that  these 
quantities  do  suffer  perturbations  from  the  Sun. 

To  make  the  matter  plainer,  let  us  suppose  that  Delaunay,  groping 
about  in  the  dark,  had  fallen  upon  the  Poissonian  equations,  and,  thinking 
them  to  be  his  own,  had  used  them  as  such;  and,  moreover,  on  making  his 
substitutions,  had  made  them  only  in  the  elliptic  portion  of  the  co-ordinates. 
Then  he  would  have  committed  the  very  error  Mr.  Neison  lays  to  his  charge. 
But  since  he  uses  equations  suitably  modified  to  the  new  signification  of  the 
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quantitiM  a,  e,  etc.,  and,  moreover,  makes  his  substitutions  in  the  complete 
expressions  for  the  Moon's  co-ordinates,  and  not  in  the  elliptic  portion  only, 
as  the  earlier  investigators  do,  is  it  not  plain  that,  by  these  t«ro  modifica- 
tions, he  obtains  terms  which  he  would  not  have  obtained  in  the  former 
supposed  caM  f  Now  these  terms,  in  sum,  are  precisely  equivalent  to  those 
Mr.  Neison  accuses  him  of  neglecting  by  omitting  to  include  R"'  in  his 
disturbing  function.  Thus  it  is  seen  that  Delaunay  take»  account  of  li"'  in 
an  indirect  manner,  the  peculiar  nature  of  his  method  absolving  him  from 
considering  the  terms  arising  from  If"  as  a  separate  class. 

Perhaps  the  matter  will  be  clearer  still  if  we  say  that,  just,  as  in  deter* 
mining  the  solar  perturbations  we  have  no  class  of  terms  of  the  order  of  the 
product  of  the  mass  of  the  Earth  by  the  moss  of  the  Sun,  simply  because 
the  Earth's  action  is  considered  as  the  principal  force,  so  when  we  come  to 
treat  the  planetary  perturbations  by  Delaunay's  method,  there  is  no  special 
class  of  terms  of  the  order  of  the  product  of  the  Sun's  mass  by  the  planet's 
mass,  for  the  reason  that  here  the  combined  actions  of  the  Earth  and  Sun 
are  regarded  as  forming  the  principal  force. 

Next  we  must  not  pass  over  without  notice  the  quite  erroneous  method. 
Mr.  Neison  proposes  (pp.  430,  431)  for  getting  the  proper  expressions  for  the 
Poissonian  quantities  [a,  6];  viz.  by  substituting  for  the  elements  in  the 
expressions  proper  to  the  older  form  of  the  differential  equations  their 
complete  values  as  functions  of  the  time,  and  then  neglecting  all  the  periodic 
terms.  It  is  very  certain  this  procedure  will  not  give  the  same  values  as 
Delaunay  has,  who  obtains  them  by  taking  the  partial  derivatives  of 
a,  e,  and  y  with  respect  to  the  elements  L,  0,  and  II,  which  are  the  con- 
jugates o(l,  g,  and  h. 

Mr.  Neison  is  not  content  with  what  he  has  already  said  to  establish 
the  serious  imperfection  of  Delaunay's  method,  but  fortifies  himself  in  the 
belief  of  it  by  a  new  line  of  argument  (pp.  432-437),  where  be  gives  his 
conception  of  the  essential  nature  of  Delaunay's  transformations.  But  his 
argument  is  fatally  vitiated  because  he  will  have  it  that  the  transformations 
in  question  are  rigorously  linear  in  their  operation.  Thus,  to  illustrate, 
suppose  Delaunay  has 

Operaiion  1. 
Replace  a,  by  a,  +  /,  (a, , «,  etc). 

Operation  2. 
Replace  a,  bj  a,  +  /,  (o^  «^  etc). 
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(I  use  the  subscripts,  which  Delaunay  has  not,  that  my  meaning  may  be 
clear.)  According  to  Mr.  Neison's  way  of  looking  at  things,  these  two  ope- 
rations are  equivalent  to 

Replace  «,  by  a,  +  /,  (Oj,  e„  etc.)  +  /,  (a^,  e,,  etc.). 

Thus  he  fails  to  see  that  Delaunay  intends  the  a^,  under  the  functional 
sign/i,  to  be  eliminated  by  the  substitution  of  Operation  2,  as  well  as  the  a^ 
which  is  outside  of  it.  In  consequence  he  misses  all  the  terms  which  are  of 
the  order  of  the  product  of/i  by/j. 

Now,  suppose  that  /i  belongs  to  an  operation  which  is  concerned  with 
solar  perturbations,  and /j  to  one  concerned  with  planetary  perturbations. 
Then  Mr.  Neison,  by  his  erroneous  interpretation  of  Delaunay's  processes, 
fails  to  get  some  terms  of  the  order  of  the  product  of  the  masses  of  the  Sun 
and  planet,  which,  nevertheless,  Delaunay  has.  Now,  these  are  the  very 
terms  Delaunay  is  accused  of  neglecting.  And,  what  is  suflSciently  singular, 
Mr.  Neison  appears  to  regard  the  symbols  a,  e,  etc.,  which  are  under  the 
functional  signs  /j,  /g,  etc.,  as  having  every  where  throughout  the  whole 
series  of  operations  the  same  signification,  and  as  being  absolute  constants ; 
so  that,  for  him,  all  the  /'«  are  explicit  functions  of  the  time. 

There  is  another  way  in  which  Mr.  Neison's  error  may  be  illustrated. 
Suppose  we  write  one  of  the  differential  equations  of  the  Moon's  motion  in 
rectangular  co-ordinates,  thus 

^_^=|«%«'^%,'.^%  ...  +^^  +  „."^  +  etc.. 
or        ax       ax  ax  ax  ax  ax 

where  ftj  denotes  the  potential  of  the  force  exerted  by  a  centrobaric  Earth; 
and  the  portion  of  the  disturbing  function  due  to  solar  action  has  been  broken 
into  a  number  of  parts  iE<*",  e'.B'",  c'^i2®,  etc.,  severally  proportional  to  the 
various  powers  of  the  solar  eccentricity  e' ;  and  /3i?o  is  the  portion  due  to  the 
figure  of  the  Earth,  ^  being  a  constant  which  measures  the  deviation  of  the 
Earth  from  a  centrobaric  body ;  in  fine,  m"R^,  is  the  portion  due  to  the  action 
of  a  planet  whose  mass  is  m".  Then  Delaunay's  way  of  proceeding  is  very 
similar  to  this:  he  first  ascertains  what  would  be  the  expressions  for  the 
Moon's  coordinates  were  R^"^  the  complete  disturbing  function,  by  making 
variable  the  a,  cy,  I,  g,  and  h  which  appear  in  the  elliptic  formulae;  he 
then  transposes  iB^"'  over  to  the  left  member  of  the  equation,  and  the  poten- 
tial of  the  principal  force  is  now  no  longer  Hq  but  Ho-fiB"";  he  then 
proceeds  to  treat  e'fi*'*  as  if  it  alone  constituted  the  whole  of  the  disturbing 
function,  using  the  elements  a,  e,  y,  I,  g,  and  h,  which  stand  in  his  last 
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expreMtiioDS  for  the  co-ordinates  as  variables,  not  those  which  belong  to  the 
elliptic  expressions.  When  this  is  done,  elR^^  is  transferred  to  the  left 
member,  and  the  potential  of  the  principal  force  is  now  £l^-\- R^^  +e'/2**', 
and  the  work  is  continued  as  before. 

Now.  Mr.  Nelson  admits  the  legitimacy  of  all  this  as  long  as  we  are 
dealing  with  the  portions  of  the  disturbing  function  which  arise  from  solar 
action;  but  says  that,  the  moment  we  arrive  at  the  term  tn"i2|,  all  changes. 
Then  certain  ghosts,  as  it  were,  of  the  portions  R*\  e^R^\  etc.,  unbidden 
return  to  the  right  member  and  trouble  the  portion  m"R^.  Thus  we  have 
the  strange  spectacle  of  forces  figuring  at  once  as  principal  and  as  disturbing. 
Mr.  Stockwell  made  a  precisely  similar  objection  to  my  elaboration  of  the 
inequalities  due  to  the  figure  of  the  Earth,  which  was  disposed  of  by  Prof. 
Adams  in  a  single  sentence. 

If  all  this  be  true,  what  becomes  of  the  assertion,  often  reiterated,  that 
when  the  differential  equations  are  written  down,  all  the  rest  is  a  pure 
question  of  analysis?  On  Mr.  Neison's  and  Mr.  Stockwell's  view,  the  analyst, 
who  does  the  integrating,  needs  an  astronomical  or  mechanical  prompter  at 
his  elbow  to  inform  him  of  the  exact  physical  import  of  the  constants  /?  or 
m'\  otherwise  he  will  infallibly  go  wrong. 
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MEMOIK  No.  43. 
Goplanar  Motion  of  Two  Planets,  One  Having  a  Zero  Mass. 

(Annals  of  Mathematics,  Vol.  Ill,  pp.  65-73,  1887.) 

The  supposition  that  two  planets  circulate  about  their  central  body  in 
the  same  plane  enables  us  to  dispense  with  two  diflFerential  equations  of  the 
second  order  in  the  general  problem  of  three  bodies.  The  further  supposi- 
tion, that  the  mass  of  one  of  them  is  too  insignificant  to  have  any  sensible 
eflfect  on  the  motion  of  the  other,  enables  us  to  consider  the  motion  of  the 
latter  as  known  and  as  taking  place  according  to  the  laws  of  Kepler. 
Hence,  in  this  case,  the  two  co-ordinates  of  the  planet  of  zero  mass  are  the 
only  unknowns;  and  they  are  given  by  two  differential  equations  of  the 
second  order.  These  suppositions  have,  approximately,  place  in  several 
cases  in  the  solar  system,  but  I  have  more  especially  in  view  the  motion  of 
the  satellite  Hyperion  as  disturbed  by  the  action  of  Titan.  My  object  in 
this  paper  is  simply  to  point  out  a  method  of  proceeding,  which  may,  I  think, 
be  advantageously  employed  in  this  case. 

Employing  the  usual  notation  x,  y,  r,  for  the  rectangular  co-ordinates 
and  radius  vector  of  the  planet  whose  motion  is  to  be  determined,  a/,  y',  r', 
for  the  corresponding  quantities  belonging  to  the  acting  planet,  m'  the  mass 
of  the  latter,  and  ilf  the  mass  of  the  central  body,  the  difierential  equations 
of  motion  will  be 

dt'~dx'    df~dy' 

where  £1,  the  potential  function,  has  the  following  expression : 

The  co-ordinates  of  m'  satisfy  the  difiFerential  equations 
-3F  +  — 7r-*'-0.    #  +  — pr-y'  =  0. 

We  can,  without  any  loss  of  generality,  assume  that  the  axis  of  x  is  directed 
toward  the  lower  apsis  of  m'.  Then  the  integrals  of  the  last-stated  diflferen- 
tial  equations  are 

a/  =  a'(co8  c'  —  e') ,    y'  =  o'  a/(1  -  «")  sin  ^', 


COPLANAR  MOTION  OP  TWO  PLANBT8  107 

where  e'  u  derived  from  the  equation 

»'<  + e' =  .'-•' MB  t*. 

d,  tf,  d  being  oonatants,  and  ttl  being  the  equivalent  of  i^ ( — %%—)  • 

It  is  desirable  to  know  what  the  differential  equations  determining 
X  and  y  become  when  expressed  in  terms  of  any  other  variables.  For  this 
end  Lagrange's  canonical  form  of  the  equations  serves  very  conveniently. 
Let  the  new  variables  be  u  and  a,  and  employ  the  subncript  (,)  to  denote  the 
complete  differential  coefficient  with  respect  to  t  of  any  variable  to  which  it 
is  attached.  Then  J  standing  for  i(x,'  +  yi')  expressed  in  terms  of  u,«,u,,ff„ 
Lagrange's  canonical  form  of  the  equations  is 


As  we  have 


get 


ddT_dT_da       ddT_dT_dii 

"srss;    du-di'  a/a.,     a»~d«* 
^  ~  a-  '  ^  a<  '  ^  a^  • 

^=»[(^)"^(l.')"]--(l;^-UI*.)"- 

^»[('r3'^(ljy]'-^(l;IMJl?)- 

^  (111  ^  in^) '.-'[(!<)■ -©■]■ 

It  is  very  plain  from  the  form  of  Lagrange's  equations  that  if  the  vari- 
ables u  and  8  were  so  assumed  that  one  of  them,  u  for  instance,  should  disap- 
pear at  once  from  the  expressions  for  7*  and  SI,  we  should  have  an  integral 

of  the  problem.     For  then  m;  5—  =  0;  and,  integrating,  .     =  a  constant. 

This  selection,  in  a  theoretical  sense,  is  always  possible,  and  in  as  many 
essentially  distinct  ways  as  there  are  Brst  integrals  of  the  problem,  which,  in 
the  present  case,  are  four,  but  although  it  is  easy  in  innumerable  ways,  to 
make  Ci  depend  on  one  variable,  it  is  not  so  easy  to  make  the  six  factors  of 
the  general  expression  for  7  depend  solely  on  the  same  variable.  And,  when 
we  inquire  what  equations  must  be  satisBed  fur  this,  we  find  that  they  are 
essentially  the  same  as  those  which  are  satisfied  by  the  Eulerian  multi> 
pliers.  Hence,  nothing  is  gained  by  approaching  the  problem  from  this 
side. 
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I  propose  to  take  u  and  s  so  that 

X  =  pafu  +  py's,    y  =  py'u  —  pz's, 

where  p  denotes  a  function  of  t  supposed  known,  but,  for  the  present,  left 
indeterminate.     From  these  equations  may  be  derived 

r"  =  p'r"  (u'  +  «') ,    x'x  +  y'y  =  pr"u . 
Hence  the  potential  function,  in  terms  of  u  and  s,  becomes 

In  the  general  expression  for  T  we  substitute  the  values 

|i=^,  11=./,  i=,y,  ir=-,^. 


dx_d(px')         d(py')        dy_d(py')     ___d(px') 

di — dt^^  dt   *'  m~~~dr^   ~dr*' 


The  result  is 


T  =  yV'  (M,'  +  s,')  -  a"n'  V  (1  -  e")  p'  (us,  —  sm.)  +  ^  ^ig^  («?*,  +  ss,) 

+  i  [«'V'(^/- 1 ).'  + 2/ 1:.| +  ."$](.' +.').* 

For  the  sake  of  brevity  we  may  write,  Aj,  A„  h^,  h^  being  known  functions 
of  <, 

r  =  I  A,  («,'  +  8,')  —  A,  (MS,  —  ««,)  +  ^  A,  (m'  +  S')  +  A.  (?<M,  +  SSt)  . 

This,  substituted  in  Lagrange's  canonical  form  of  the  differential  equations, 
gives  as  the  equations  of  the  problem, 

s(*.t)+^'.$+(f-*-)»+f'=if' 
wM)-<-f«-(t-*.)'=lf- 

Let  us  now  adopt  a  more  general  independent  variable  than  the  time. 
Calling  this  ^,  let  dt  =  6d^,  in  which  $  may  be  regarded  as  a  function  either 
of  t  or  ^.  The  second  supposition  will  be  the  more  advantageous.  In  either 
case  as  we  obtain,  on  integrating,  u  and  s  as  functions  of  ^,  it  will  be  neces- 
sary to  have  the  values  of  f  which  correspond  to  given  values  of  the  time, 

*For  pointing;  ont  an  error  which  ezUts  In  the  original  memoir  In  thli  equation,  and  whose  influence 
vitiated  tome  of  the  following  equations,  I  am  Indebted  to  Prof.  O.  H.  Darwin. 
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and  thuB  the  inverse  function  will  have  to  be  considered.    Then,  in  terms  of 
the  new  independent  variable, 

We  can  now  consider  how  p  and  0  should  be  assumed  in  order  that  the 
differential  equations  may  be  moet  simplified.  In  the  first  pl8K:e  it  appears 
important  that  the  potential  function  CI  should  be  freed  from  the  independ- 
ent variable  ^.  This  is  accomplished  by  putting  p  =  1.  In  the  second 
place  it  seems  we  cannot  readily  do  better  than  take  the  eccentric  anomaly 
f'  of  the  attracting  planet  as  the  independent  variable  ^.     Then 

AIbo  we  have 

»,  /  »  =  o^' (1  -  Z  cos  O.    *,  =  a^'V(l-«").    **,  =  o^fi' (1  +  •' cos  «'), 

For  the  sake  of  simplicity  let  the  signification  of  A  be  changed,  and,  putting 

Then  our  diflferential  equations  take  the  form 
^[<iw«.o^]..V(i-0^-(i-I^f^,)-  =  |f, 

^[('-^-■)S.]-«v(i-og-(.-r^|^).=^. 

It  will  be  noticed  that  the  potential  function  H  is,  by  this  assumption 
of  variables,  completely  freed  from  co-ordinates  expressing  the  position  of 
the  attracting  planet ;  and  that  the  two  factors  1  —  e'  cos  e'  and  1  -f  e'  cos  c', 
Tery  simple  functions  of  the  independent  variable  e',  are  the  only  evidences 
of  the  position  of  this  body  in  the  differential  equations.  And,  of  the  four 
elements  of  its  orbit,  tf  is  the  only  one  we  have  to  deal  with. 

We  propose  now  to  see  whether  the  introduction  of  elliptic  co-ordinates 
will  bring  about  any  simplification  in  the  problem.     Supposing 

«,  =  »,      X|=«—  i, 
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be  the  equations  of  a  confocal  ellipse  and  hyperbola,  aj  and  a^  being  constants 
and  ^1  and  Xg  the  new  variables  destined  to  take  the  place  of  u  and  s.  By 
eliminating  x*  from  these  equations  we  obtain 

«!-««        x'  =  l- 

whence  ^- =  \/ P"' ^g' -  V'^]  • 

The  expression  of  a^  in  terms  of /Ij  and  ?^  is  obtained  from  this  by  simply 
interchanging  Oj  and  a^.     Thus 


'■=^[^J^\ 


We  now  proceed  to  find  what  £1  becomes  in  terms  of  /Ij  and  ^g.     By 
taking  the  sum  of  the  squares  of  the  last  two  equations  we  get 

a;,'  +  a^«  =  a,  +  a,  +  A,  +  X,. 

Thus  far  a^  and  a^  have  been  left  indeterminate,  but  we  now  assume 

a,  — a  =\. 
Then 

U'  +  S'=  {x,  +  i)'  +  a;,' 

.—  2a,  +  X^  +  X,  +  2it/  [(o,  +  -*,)(«•  +  -^0] 
=  [VK  +  ^.)+  VK  +  W. 
V  (m' +  «')=  V  K +  -*■)+  V  («,  + -^a). 
(«  — l)'  +  «'  =  (a;,-iy +  a;,» 

=  aa,  +  -i,  +  -J,  -  2  V  [(«,  +  ^i)(«,  +  ^,)]. 

V[(w - 1)'  + «"]  =  VK  +  ^,) -  V(«,  +  -i,), 

M  =  2V[(«, +  '>,)(«,  +  '',)]  fi- 
For  the  sake  of  brevity  we  will  now  put 

Then  it  is  plain  £1  may  be  written 


Q  =  ~ H 2>'W 


l-y 


p+q     p-q 


■h^{P  +?)'+  hy{p-qy. 


We  have  now  to  deal  with  T.     By  taking  the  logarithms  of  the  vahies 
of  Xi  and  x^,  and  then  dififerentiating,  we  obtain 
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Wbenoe  may  be  derived 

On  subBtituting  in  the  factor  of  rfX,  rfA,  the  values  of  x,"  and  x,'  it  vanishes, 
and  the  expression  takes  the  form 

Or,  in  terms  of^  and  q,  we  have 
In  like  manner  we  get 

•^  -  «" = O' * »)  [  ^(J>^i)  *  -  ^/(^,^)  ■^J  ■ 

The  former  expression  for  T  was 

r=  *(!-•' COS.')  ^5^^^- Va-O'^^*^^ +  *(!+•' 00.  0(«'  +  0 

hence,  if  we  abbreviate  by  putting 

7 and  H  are  somewhat  simplified  if  we  adopt  variables  p  and  a,  such  that 
Also,  for  the  sake  of  brevity,  put 
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Then  we  have 


—  s/il-e")p(k^^,  +  h^^]  +  i  (1  +  e'cose')/*'  +  e'aine'.p^ 


V 


p         o 

By  this  transformation  Q.  is  considerably  simplified ;  but,  as  more  than 
offsetting  this,  T'ls  rendered  complex.  As  the  expression  for  a  in  terms  of 
these  variables  is 

it  will  be  perceived  that  h  and  k  are  trigonometrical  functions  of  the  angles 
of  the  triangle  whose  sides  are  1,  p,  and  cr,  which  might  have  been  antici- 
pated from  geometrical  considerations.  Thus  it  appears  no  advantage  would 
result  from  the  employment  of  elliptic  co-ordinates. 

Returning,  therefore,  to  the  quasi-rectangular  coordinates  u  and  s,  it 
seems  some  advantage  would  be  gained  if  we  adopt  a  new  system  of  co- 
ordinates, u  and  «,  such  that  the  new  system  is  expressed,  in  terms  of  the 
old,  as  follows:  — 

M  =  M+«\/( — 1),      S  =  W  — SV( — I)- 

We  can  also  adopt  the  trigonometrical  exponential  corresponding  to  the  arc 
e'  as  the  independent  variable.     Calling  this  ^  =  «'♦''" ^\  an  operator  D  is 

adopted,  equivalent  to  ^  ^r;,  so  that  Z? .  ^*  =  i^*. 

In  terms  of  the  new  variables,  £i  has  the  expression 

And  the  differential  equations  are 

i?{[i-*6'(;  +  c-')]Z?«K2V(i-0^«  +  [i-iif^^^>|;^'^;-.J«  =  -2|f> 

Only  one  of  these  equations  need  be  actually  employed,  as  either  can  be  ob- 
tained from  the  other  by  changing  the  sign  of  VC  —  1).     We  have 

-^SF-Vw-V**      V(«-i)-V(«-i)*       ' 
~   Stt-Vw'.V*      V(«  — !)'•  V(s-i)        ■ 
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For  the  purpoM  of  integrating  these  equations,  we  may  adopt  the 
method  of  indeterminate  coefficients;  and  we  may  employ,  as  proper  to 
represent  the  values  of  u  and  «,  the  infinite  series 

Here  i,j,  and  k  denote  positive  or  negative  integers,  zero  included;  and  the 
summation  must  be  extended  so  as  to  include  all  values  for  i,j,  or  k  from 
—  00  to  +  oo .  The  a  and  c,  &  are  constants  and  functions  of  the  four 
quantities  ^,v,a  and  e ;  a  and  e  being  two  of  the  four  arbitrary  constants  in- 
troduced by  integration.  The  two  remaining  arbitrary  constants  serve  only 
to  complete  the  two  elementary  arguments  which  belong  to  the  attracted 
planet,  and,  in  this  method  of  integration,  they  can  pass  unnoticed. 

If  we  suppose  that  the  orbit  of  the  attracting  planet  is  circular,  the 
differential  equations  reduce  to  the  very  simple  form 

(2)+l)'«=-2|fl, 

(D-l)'.  =  -2|f. 

And,  in  this  case,  an  integral  can  be  foimd.  For  multiplying  the  first  by 
Dt,  and  the  second  by  Dii,  the  sum  of  the  equations,  thus  multiplied,  is  an 
exact  derivative.     Integrating,  we  get 

DuD$  +  tw  +  2x7  =  2C, 

C  being  the  arbitrary  constant. 

This  integral  equation  may  be  combined  with  the  differential  equations 
in  such  a  way  that  one  of  the  terms,  regarded  as  the  most  difficult  of  ex- 
pression in  a  developed  form,  may  be  eliminated.     For  example,  if  this  is 

taken  to  be  the  term  —^n ^ rvi  of  ft ,  the  equations  serving  to  de- 

termine  the  a  may  be  taken  to  be 

(•-!)/)(/)+ 8)»»  +  iZ)i«/>»  +  (I -0[y^  —  l]  «  + l(«-0(»-'')+ C7  =  0, 

(i.-l)Z>(Z>-2)«  +  }i>MZ)»  +  (1 -►)[y^ -l]  «  +  |(i»— v)(«_0  +  <7=  0, 

in  which  the  constant  C  is  not  identical  with  the  former  G.     One  of  these 
equations  suffices,  as  the  other  is  a  consequence  of  it.    The  difference  of 
8 
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these  equations  is  simpler  than  either  of  them,  and  may  be  of  use.     It  is 
Z)[(m-1)Z?s-(s-1)Z)«-2(«-1)(s-1)J  =  (1-.)[y^  -!](«-«)• 

In  attempting  to  derive  periodic  series  for  the  co-ordinates  of  Hyperion, 
it  appears  to  me  that  it  will  be  easier,  in  the  first  instance,  to  assume  that 
Titan  describes  a  circular  orbit.  And  in  the  next  place,  to  assume  that  the 
perturbations  are  periodic  functions  of  the  mean  elongation  of  the  two 
bodies.  And,  as  it  may  very  easily  happen  that  the  terms,  depending  on 
the  second  and  higher  powers  of  the  disturbing  force,  may  quite  alter  the 
values  of  the  coefficients,  it  will  be  well  to  employ  the  method  of  mechanical 
quadratures.  Starting  Hyperion  from  its  line  of  conjunction  with  Titan, 
and  at  right  angles  to  this  line,  with  an  assumed  velocity,  trace  out  its  path 
until  the  elongation,  between  the  two  bodies  amounts  to  180°.  Then,  if 
Hyperion  is  again  moving  at  right  angles  to  its  radius  vector,  the  velocity 
at  the  start  has  been  rightly  assumed.  But  if  not,  one  makes  another  trial ; 
and,  by  interpolating  between  the  two  results,  a  velocity  is  obtained  which 
will  more  nearly  bring  about  this  condition.  And  continued  repetition  of 
these  trials  will  enable  us  to  discover,  with  all  desired  approximation,  the 
velocity  which  fulfills  this  condition.  When  the  path  of  Hyperion,  corre- 
sponding to  this  velocity,  has  been  traced  out,  it  will  be  easy,  by  the  well- 
known  processes  of  mechanical  quadratures,  to  assign  the  periodic  series 
representing  the  co-ordinates  of  the  satellite  under  the  supposed  conditions. 

When  this  is  done,  corrections  to  the  co-ordinates,  proportional  to  the 
first  power  of  the  satellite's  proper  eccentricity,  can  be  obtained  by  the  in- 
tegration of  a  linear  differential  equation.  By  comparison  of  these  with  ob- 
servation an  approximate  value  of  this  proper  eccentricity  will  be  obtained; 
a  thing  to  be  desired  as  we  seem  to  know  next  to  nothing  about  it  at  pres- 
ent. Also  one  will  be  enabled  to  decide  whether  the  motion  of  the  mean 
anomaly  is  more  rapid  than  that  of  the  mean  longitude,  as  has  been  as- 
serted, without  sufficient  reason  as  it  seems  to  me. 

As  illustrating  this  point,  suppose  that  our  moon,  instead  of  having  an 
eccentricity  about  0.055,  had  one  about  0.001.  Then  the  variation  would 
be  the  prevailing  inequality,  and  the  moon  would  appear  to  be  in  perigee 
always  about  syzygies,  and  in  apogee  about  quadratures.  In  consequence 
the  perigee  would  appear  to  retrograde  with  reference  to  the  sun  as  fast  as 
the  moon  advances  with  reference  to  the  same  body.  And  yet  the  relation 
between  the  motion  of  the  argument,  denominated  the  mean  anomaly,  and 
the  motion  of  the  mean  longitude,  would  be  nearly  the  same  as  it  is  at  pres- 
ent.    But  the  position  of  the  perisaturnium  of  Hyperion  has  been  concluded 
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from  its  observed  shortest  and  loDgest  radii  vectore*.  This  is  allowable  only 
when  the  inequality,  called  the  equation  of  the  centre,  is  the  overpowering 
one. 

After  the  terms,  proportional  to  the  first  power  of  the  eccentricity,  have 
been  obtained,  those  factored  by  the  second,  third,  etc.,  powers,  can  be  de- 
rived by  integrating  differential  equations  of  the  same  character. 

In  applying  the  process  of  mechanical  quadratures  to  the  motion  of 
Hyperion,  one  will  meet  the  difficulty  of  the  uncertain  value  of  the  mass  of 
Titan.  But  this  cannot  be  avoided  ;  an  assumption  must  be  made,  and  the 
results  afterwards  corrected  by  comparison  with  observation. 
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MEMOIR  No.  43. 
On  Differential  Equations  with  Periodic  Integrals. 

(Annals  of  Mathematics,  Vol.  Ill,  pp.  145-153,  1887.) 

The  independent  variable  being  conceived  as  time,  a  system  of  differential 
equations  may  be  said  to  admit  periodic  integrals  when  the  values  of  the 
dependent  variables  either  exactly,  or  with  approximate  tendency,  after  a 
certain  lapse  of  time,  repeat  their  series  of  values.  In  the  latter  case  the 
larger  the  lapse  is  made  the  more  nearly  is  the  repetition  brought  about. 
Strange  as  it  may  seem,  this  subject,  except  in  the  case  of  simply  periodic 
integrals,  is,  at  present,  not  completely  understood.  The  text-books  on 
differential  equations  are  almost  wholly  engaged  with  the  cases  in  which,  by 
certain  artifices,  the  integration  can  be  accomplished  in  finite  terms  or  reduced 
to  quadratures.  In  the  treatment  of  physical  problems,  however,  equations 
of  this  sort  are  rarely  met  with.  Far  more  frequently  it  is  found  that 
methods  of  approximation  must  be  resorted  to.  Cauchy  appears  to  be  the 
author  who  has  done  most  for  the  elucidation  of  this  part  of  the  subject.  His 
memoirs  are  in  his  later  Exercises  and  in  the  volumes  of  the  Comptes  Eendus 
for  1866  and  1857.  In  this  article  I  propose  to  show  how  simply  periodic 
integrals  arise  and  afterwards  to  illustrate  the  general  theory  by  treating  a 
problem  relating  to  the  motion  of  a  system  of  points. 

L 

Having  the  independent  variable  t,  and  the  two  dependent  variables  x 
and  X],  let  us  suppose  the  latter  satisfy  the  equations. 

A  cross  multiplication  between  the  members  of  these  equations  gives 

dx,        e/  \  dx 

The  integral  of  this  is,  C  being  the  arbitrary  constant, 

xi'  =  2  rt{x)dx+  0. 
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The  values  of  x  and  z,  being  known  for  a  g^ven  value  of/,  we  readily  find 
the  value  of  C  proper  to  the  special  case  we  treat.  By  substituting  the 
value  of  z,  derived  from  this  equation  in  the  first  of  the  differential  equations 
we  get 

The  expression  under  the  radical  sign  is  a  function  of  z;  calling  it  JT,  let  us 
consider  the  equation  JT  =  0.  Since  real  values  of  z  are  supposed  to  cor- 
respond to  all  values  of  ^  Xcan  never  be  negative;  and  from  the  way  the 
constant  C  was  determined,  it  is  plain  that,  for  the  given  value  of  ^  JT  is 
positive.  Then  in  Jr=  0,  let  z  be  supposed  to  increase  until  a  value  z  =  5 
is  reached  for  which  jr=  0,  that  is  to  say  a  real  root  of  this  equation. 
Similarly  let  z  diminish  from  the  same  point  until  a  value  z  =  c  is  reached 
for  which  again  Jr=  0,  that  is  a  second  real  root.  Then,  X  being  positive 
for  all  values  of  z  which  lie  between  c  and  &,  if  the  latter  are  non-multiple 
roots,  X  is  negative  for  values  of  z  which  lie  just  outside  these  limits.  Thus 
z  must  necessarily  remain  within  the  limits  c  and  h-  Also,  in  its  motion,  it 
always  attains  them ;  for  suppose  z  is  augmenting,  then  the  radical,  which 
forms  the  value  of  (2z/ A,  must  be  taken  positively,  and,  from  the  law  of 
continuity,  must  continue  to  be  so  taken  until  it  becomes  zero,  that  is  until 
X  arrives  at  the  value  h .  But  dxldi  cannot  be  positive  beyond  this  point, 
for  z  cannot  surpass  h.  Hence,  after  this,  the  radical  must  receive  the 
the  negative  sign,  and,  consequently,  z  begins  to  diminish.  Again,  from  the 
law  of  continuity,  this  diminution  is  kept  up  until  z  has  arrived  at  the  value 
c.  At  this  point  the  diminution  must  change  into  an  augmentation,  for  x 
cannot  fall  below  c.  Thus  the  movement  of  x  is  a  continuous  swinging 
bttck  and  forth  between  the  limits  c  and  6. 


We  can  put  JT-  (>-*j^«- 


'1. 


R  being  a  function  of  z  which  remains  constantly  positive  and  finite  for  all 
values  of  z  between  c  and  h.     We  can  then  write 

it  R 

A  new  variable  u  can  now  be  advantageously  introduced  in  place  of  z.     Let 

2  =  a  (1  —  •  DOS  «) , 

where  a  =  i(6  +  c),  and  e  =  (6  —  c)/(6  +  c);  and  u  is  equivalent  to  an 
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integral  number  of  circumferences  when  a;  =  c,  and  augments  by  half  a 
circumference  when  z,  next  following,  attains  the  value  b.  Thus  u,  like  t, 
augments  continuously.     We  have 

b  —  X  =  ae  (1  +  cos  u'),    x  —  c  =  ae(l  —  cos  «), 
V  [(&  —  ^){x  —  c)]  =  ae  sin  u , 

dx  =  ae  sin  u  du. 
Therefore  dt  =  Rdu, 

As  i2  is  a  one-valued  function  of  x  or  of  a(l  — e  cos  «),  it  can  be 
expanded  in  the  following  periodic  series 

R  =  —  [1  +  oi  cos  M  +  3a,  cos  2m  +  3a,  cos  3m  +  .    .    .  ] , 
n,  »!,  og,  etc.,  being  constants,  the  first  having  the  value 

IT 

i  =  i    pRdu. 
n       It  J 

0 

Then  c  being  an  arbitrary  constant, 

M  (<  +  c)  =  «  +  a,  sin  M  +  a.  Bin  2m  +  a,  sin  3«  +  •    .    .    . 

This  series  serves  for  determining  t  when  x  or  m  is  given ;  but,  more 
frequently  it  is  a;  or  m  which  is  required  in  terms  of  t.  It  is  necessary,  then, 
to  invert  the  series.  The  coefficients  of  the  inverted  series  are  most  readily 
found  by  means  of  definite  integrals.  Let  us  suppose  that  it  is  required  to 
find  the  periodic  series,  in  terms  of  <,  for  a  function  of  x  and  x^  which  we 
will  denote  by  TJ.  This  function  we  assume  to  be  always  finite  and  con- 
tinuous.    The  base  of  hyperbolic  logarithms  being  e,  let  us  put 

and,  for  brevity, 

3<S=  a,  («  —  «-')  +  OjCs*  -  S-')  +  a,(5»— S-")  +    .   .   .   . 

The  equation  connecting  z  and  a  is 

2  =  Si?.. 

(  =  +» 

We  can  suppose  that  ^=  '2,  A.^- 

Then  -^'^hf  ^^'''^  ^  hf  ^«~*'~" ^^^- 
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U  being  =  F{x,  x,),  we  bare 

tr=jp{«(i_.oot«).    ««pj 

Supposing  tbat  ^ifl  reduced  to  x,  it  is  plain  tbat  tbe  coefficient  of  e', 
in  tbe  development  of  x  in  powers  of  e,  is  tbe  same  as  tbe  coefficient  of  «'  in 
tbe  development  of 

a[l-».(,+  0][l+«|j]'- 

in  powers  of  «. 

By  adopting  tbe  Besselian  functions  Ji",  we  bave 


•>-  +  > 


>-+• 


and  tbe  ezpreauon,  given  above,  can  be  written 
l-»«.« 

+ 

wbere  X,  =  —  Jia^. 

However,  unless  tbe  coefficients  U],  a,,  as,  ■  •  ■  •  decrease  rapidly,  this 
will  not  be  a  practical  metbod  of  developing  z  in  a  periodic  series.  Oener- 
allj  it  will  be  sborter  to  employ  mecbanical  quadratures  in  obtaining  tbe 
▼alue  of  tbe  definite  integral.    Let  us  suppose  tbat 

X  =  iA  +  A  ooa  C  +  /J,  coa  2:  +  A  coe  3:  +  .   .    .   . 

Tben 

* 

=  -Ja{l  —  iOMU)[l  +  a,OMIt  +  2a,00«9«+8a«COs3M+    ...  ]  CM  iZdu, 
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where,  to  obtain  the  value  of  ^  corresponding  to  a  given  value  of  « ,  we 
employ  the  equation 

C  =  M  +  a,  sin  M  +  flj  sin  2w  +  .    .   .    . 

It  will  be  seen  that  this  method  is  applicable  to  a  much  wider  range  of 
questions  than  the  motion  of  planets  in  elliptic  orbits.  And  the  superiority 
of  the  method  of  definite  integrals  over  Lagrange's  Theorem  for  the  inversion 
of  the  series  is  quite  manifest. 

II. 

In  order  to  illustrate  the  preceding  general  theory,  let  us  treat  the 
problem  of  n  material  points  moving  about  a  centre  under  the  action  of 
central  forces  admitting  a  potential  which  is  a  function  of  the  sum  of  the 
squares  of  the  radii  vectores.  Each  point  will  then  move  in  a  fixed  plane 
and  its  radius  vector  will  describe  equal  areas  in  equal  times.  Thus  all  will 
be  virtually  known  in  reference  to  these  motions,  provided  we  are  able  to 
express  the  radii  vectores  as  functions  of  the  time. 

Let  the  radii  be  denoted  sls  r^,  r^,  . . . .  r^,  and  the  orbit  longitudes, 
measured  each  from  any  point  in  its  plane,  as  Xj ,  ^, ;i„.     For  brevity,  put 

/»' =  n' +  r,' +  .    .    .  +  r.'. 

Then,  if  the  potential  is  represented  by  f  (p),  we  shall  have  the  two  equations, 
representing  generally  all  the  equations  of  the  problem, 

d'r,_    dX*_  ,,,.  r, 

dk, h, 

dt  "W 

hi  being  the  constant  of  areolar  velocity.    Consequently  if  we  put 

the  general  form  of  the  differential  equations  determining  the  radii  vectores 
will  be 

W~dr,' 

They  have  the  integral,  corresponding  to  that  of  living  forces, 
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O  being  an  arbitrary  constant.     Also  we  may  derive 
By  adding  the  laat  two  equations, 

an  equation  involving  only  the  dependent  variable  p.  Multiplying  it  by 
the  factor  2p  ^ ,  and  integrating,  we  get,  A  being  an  arbitrary  constant, 

Whence  '  +  '^  =/  V{V[f(^?'l  gj-^'t  * 

Inverting  this  we  shall  have  p  as  a  function  of  t. 

By  dividing  the  penultimate  equation  by  p*  and  differentiating,  we  get 

The  general  equation  determining  r^  ia 

As  p  is  now  a  known  function  of  t,  r<  is  the  only  unknown  in  it,  and  conse- 
quently, the  equation  by  itself  suffices  for  determining  it.  To  put  the  equa- 
tion in  a  form  suitable  for  integration,  let  us  eliminate  r(p)  between  the 
last  two  equations.     We  get 

To  simplify  this,  we  will  adopt  an  auxiliary  variable  4',  Buch  that 
Then  -"(tL^V^.,-,,. 
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Whence,  by  integration,  we  derive 


Ski  being  the  arbitrary  constant.     By  putting 

For  convenience,    adopting  a  new  constant  c^,  in  place  of  h^,  such  that 
h^/A^=:  a/(l  —  Ci^)  the  quantity  under  the  radical  sign  becomes 

[a,  (1  +  e,)  —  M,]  [u,  —  a(  (1  -  e,)] . 

Thus,  putting  «,  =  a,  (1  —  e^  cos  e<),  s,  being  a  new  variable,  we  get  di^  =  i<?eii 
and  thus  f,  =  24'  +  a^,  a,  being  a  constant.     Thus  we  have,  in  fine, 

tj=  V{a,[l  — e.cos(2i('  +  2a,)]J. 
As  we  have  2'  -^  =  1 , 

the  constants  aj,  e<,  and  a^  satisfy  the  relations 

I'ai  =  l,    2'a(«,  cos  2(Zf  =  0,    2&fi(ain  20^  =  0. 

We  thus  have  2n  independent  arbitrary  constants  introduced  by  integration ; 
the  number  there  should  be. 

In  order  to  find  an  expression  for  the  longitudes,  we  take  the  general 
equation 

^;^  _  Kdf 

*  »(/)'  [1  —  e,C08  2Ci/>  +  a,)] 

^      V(i-fl.')rf<fr 
1  —  e,  cos  2  (<&  +  a,)  * 

The  integral  of  which  gives 

t*n Gi  +  A)  =  ^(^).  tan  (-P  +  a,), 

j3,  being  the  arbitrary  constant. 

To  simplify  the  equations  which  give  t  •{-  c  and  i^/,  we  suppose  that 
-'o  (1  +  e)  is  the  maximum  value  of  p,  and  a  (1  —  e)  its  minimum  value.     Then 
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we  can  adopt  a  variable  <  such  that 

^  =s  a  (1  —  •  OM  () . 

Thus  df  =  ae  Bin  edt,  and  we  may  put 

ie'  it(j>)  +  C}-A'^  /PaV  gin* « , 

where  R  remains  constantly  positive  throughout  the  motion  of  p.    Then 

R,  being  a  function  of  p,  is  also  one  of  a  (1  — 0  cos  t),  and  thus  is  capable 
of  being  expanded  in  a  converging  series  of  terms,  each  consisting  of  a  con- 
stant multiplied  by  the  cosine  of  a  multiple  of  «.  Also  p/i2  and  AjfR  can 
be  expanded  in  similar  series.  Then  the  period  T,  in  which  p  goes  through 
the  round  of  its  values,  is  given  by  the  definite  integral 

and  the  augmentation  of  the  variable  ^,  in  the  same  time,  will  be  equivalent 
to  the  definite  integral 


Adt 


a(l— «0Mt)i2 


If  the  value  of  the  latter  is  2n,  -^  will  augment  by  a  circumference  while  p 
goes  through  its  period.  This  is  the  case  when  f  (p)  =  ^/p;  but,  in  general, 
this  condition  is  not  fulfilled. 

Provided  that  .i'  is  a  positive  quantity,  it  is  plain  that,  after  ^  has 
gone  through  its  period,  the  longitudes  and  latitudes,  whether  as  seen  from 
the  centre  or  from  any  of  the  points,  all  return  to  the  same  values.  The 
aame  thing  is  true  of  the  ratios  of  the  radii  vectores.  Thus  the  movement  of 
the  system  may  be  conceived  as  taking  place  under  the  operation  of  two 
distinct  causes.  The  first  producing  a  revolution  of  all  the  points  about  the 
centre  in  closed  curves  and  in  the  same  time,  while  the  second,  having  a 
different  period,  changes  the  scale  of  representation  of  the  system  in  space. 

In  the  preceding  treatment  we  have  supposed  that  .i'  is  a  positive  quan> 
tity.     When  this  is  not  the  case,  some  modifications  must  be  made.    Let  us 
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suppose  first  that  A=  0.     Then  we  have 

and  we  may  assume  </>  =  /  ,v{2[ft)  +  (>]r 

Then  iliilh -JL-A'-^. 

Also  d,i,=  *4-'  =  A.  4<^4* 

hfi^dil' 

~  i<P  +  «.)"  +  A.'  ' 

tan(^  +  y?0  =  j(<^  +  «.). 

In  the  second  place,  let  A?  be  negative.  Here  it  is  only  necessary  in 
some  places  to  accomplish  the  integrations  by  the  aid  of  hyperbolic  cosines 
instead  of  circular. 

The  differential  equations  of  this  problem,  in  the  case  where  the  radii 
are  supposed  to  describe  no  areas,  were  first  integrated  by  Binet*  But  the 
addition,  to  the  forces,  of  the  terms  arising  from  centrifugal  action,  much 
enhances  the  interest  of  the  problem. 

*  See  Lionville,  Journal  de  Mathimali^pte$,  First  Ser.,  Tome  II,  p.  457. 
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MEMOIR  No.  44. 
On  the  Interior  Constitntion  of  th«  Earth  at  Bespects  Density. 

(Aoa»li  oC  M>ttaem»tict,  Vol  IV,  pp.  19-W,  1»«I8.) 

Nearly  all  the  matter  accessible  to  us  is  found  to  be  porous.  Thus  the 
application  of  preseure  to  it  tends  to  reduce  the  amount  of  porosity  and,  in 
consequence,  augments  the  density  of  the  mass.  Moreover,  the  greater  the 
pressure  the  greater  is  the  increment  of  density.  A  familiar  instance  of  this 
b  the  case  of  atmospheric  air  or  a  gas  in  which,  provided  the  temperature 
remains  constant,  the  density  varies  directly  as  the  pressure. 

It  is  natural  to  think  that  the  matter  of  which  the  earth  is  composed  is 
not  excepted  from  this  law.  At  small  depths,  it  is  true,  the  rigidity  of  the 
earth's  mass  interferes  with  its  exerting  any  pressure,  as  the  existence  of 
cave*  shows.  But  at  great  depths  where  the  weight  of  the  superincumbent 
mass  becomes  very  great,  it  is  extremely  probable  the  molecular  force  of 
cohesion  gives  way  in  a  manner  which  allows  pressure  to  act ;  which  is 
illustrated  by  the  behavior  of  ice  in  a  glacier. 

I  propose  to  see  what  conclusions  we  are  led  to  by  adopting  this  relation 
between  the  density  p  and  the  pressure  j>, 

f  =  A  +  £p. 

A  and  B  are  constants,  A  denoting  the  density  at  the  surface,  and  B  the  rate 
of  increase  of  the  density  per  unit  of  pressure.  In  applying  this  formula  to 
the  atmosphere  and  gases,  we  have  by  Boyle's  law  ^1  :=  0.  Let  F  denote 
the  potential  of  the  gravitating  force  of  the  whole  mass,  and  let  us  neglect 
the  effect  of  the  centrifugal  force  arising  from  the  rotation  of  the  earth. 
Then  pressure  being  supposed  to  act  as  though  the  whole  mass  were  fluid, 
hydrostatics  furnishes  us  with  the  equation 

dp  =  pdV. 

V  being  restricted  to  points  on  the  surface  or  in  the  interior  of  the  maas,  it 
satisfies  the  partial  differential  equation 

dT     ST     a'F.  .     _- 
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The  three  equations  now  written  may  be  regarded  as  determining  the 
three  unknowns  p,  p,  and  V. 

By  the  elimination  of  V  and  p  we  get 

9a;'  3y  9« 

It  will  be  seen  that  the  constant  A  has  disappeared  from  this  equation.  By 
Boyle's  law  in  the  case  of  gases  A  =  0;  that  is,  the  matter  is  capable  of 
attenuating  itself  to  an  infinite  degree,  a  thing  very  improbable.  But  the 
introduction  of  the  constant  term  A,  and  consequent  supposition  of  a  limit 
to  the  attenuation,  does  not  change  the  differential  equation  which  p  satisfies. 
This  partial  differential  equation  contains  the  whole  theory  of  gases  under  a 
uniform  temperature  contained  in  vessels  of  any  figure,  and  acted  on  by  any 
gravitating  forces  ;  also  the  theory  of  atmospheres  surrounding  solid  nuclei 
of  density  as  heterogeneous  as  we  please,  and  of  any  figure.  The  truth  of 
the  equation  is  not  at  all  invalidated  by  any  discontinuity  in  p  or  .B ;  these 
quantities  may  change  the  law  of  their  values  as  often  as  the  problem 
demands. 

The  very  simple  integral  of  this  equation  in  the  case  of  the  earth's 
atmosphere,  when  the  attraction  of  the  atmosphere  on  itself  is  neglected,  is 
well  known.  It  is  our  object  here  to  examine  the  special  solutions  of  this 
equation  which  are  defined  by  the  equation, 

P  =  function  [  V  (^  +  y'  +  ^)]- 

In  this  case,  making  r  =  V(x'  +  j^  +  2^),  the  partial  differential  equation  is 
reduced  to  an  ordinary  one  and  becomes 


or,  as  it  may  be  written, 


_JL-  +  irrBr'p  =  0, 

or 


ar 


To  simplify  this,  let  us  put 

8  =  inBr'p . 

Then  s  being  made  the  dependent  variable,  we  have 

-JL-  +  «  — 2  =  0. 

ar 
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And  if  log  r  =  »,  it  becomes 

Futhermore.if  —3^  =  u,  this  diOerential  equation  of  the  first  order  be- 
tween u  and  a  is  obtained 

du     S  -  (H  +  «) 
u$ 

This  being  integrated,  and  u  obtained  in  terms  of  «,  or  »  in  terms  of  u,  r 
is  given  by  the  equation 

or  by  the  equation 

in  which  iTis  an  arbitrary  constant.  And,  if  in  the  first  of  these  values  of 
r,  4nBr'p  is  substituted  for  a,  the  equation  will  be  obtained  which  determines 
p  as  a  function  of  r. 

The  differential  equation  in  u  and  «  is  a  particular  case  of  the  general 

form 

Pdx  +  Qdy  =  0, 

where  P  and  Q  denote  algebraical  functions  of  x  and  y  of  the  form 

Aif  -^  Bxg  ■¥  C\t  -^  Dx -^  Ey  -^^  F. 

Mathematicians  have  been  able  to  obtain  the  integral  of  this,  in  finite  terms, 
only  when  the  constants  A,  B,  etc.,  satisfy  certain  equations  of  condition.* 
Unfortunately,  the  differential  equation  under  consideration  does  not  belong 
to  any  of  these  particular  cases.  Recourse  must  be  had  to  series  or  other 
methods  of  approximation  for  the  determination  of  the  relation  between  u 
and  a.  However,  the  differential  equation  itself  will  furnish  the  properties 
of  the  family  of  plane  curves  it  defines. 

Thus  u  and  t  denoting  the  rectangular  co-ordinates  of  a  point  in  a  plane, 
the  differential  equation  gives  immediately  the  means  of  drawing  the  tan- 
gent to  the  curve  which  passes  through  this  point.  Excepting  at  the  two 
singular  points  whose  co-ordinates  are  u  =  0,  «  =  2  and  u  =  2,  «  =  0,  for 

•Sm  UoBTin*.  /mdmI  *  JTalMMMffiwt,  *•  8«riM,  Tom.  HI,  p.  417. 


138 


COLLECTED  MATHEMATICAL  WORKS  OF  G.  W.  HILL 


which  the  expression  of  the  tangent  takes  the  indeterminate  form 

du  _0 
Ts~o' 

the  curves  do  not  intersect  each  other,  since  there  is  but  one  value  of 
du 


J-  for  given  values  of  u  and  8. 
as 


Since  the  differential  equation  is  satisfied  by 

the  condition  s  :=  0,  the  axis  of  u  is  itself  one  of  the  system  of  curves,  and 
no  curve  can  cross  it  except  at  the  point  w  =  2.  If,  in  the  differential  equa- 
tion, we  substitute  2  -\-  du  for  u,  and  ds  for  s,  it  is  clear  that  only  one  curve 

passes  through  this  point,  and  that  its 
tangent  here  is  given  by  the  equation 
dufds  =  —  ^.  The  axis  of  m,  between 
the  points  «  =  2  and  «  =  oo ,  is  an 
asymptote  to  the  whole  system  of 
curves.  The  axis  of  s  is  intersected  at 
right  angles  by  the  system  of  curves. 
Investigating  what  occurs  at  the  point 
«  =  2  on  this  axis,  we  substitute  du  for 
u  and  2  +  ds  for  s,  and  obtain  for  de- 
termining du/ds  at  this  point  the 
following  quadratic 


(duV 
\ds) 


+  *?.+  *  =  «' 


the  roots  of  which  are  imaginary.  Hence  no  curve  passes  through  this 
point,  and  it  is  easy  to  see  that  the  system  of  curves  makes  an  infinite  num- 
ber of  turns  about  it. 

The  tangent  to  any  curve,  at  its  intersection  with  the  straight  line  whose 
equation  is  «  +  «  =  2,  is  parallel  to  the  axis  of  «.  When  u  and  s  are  both 
very  great,  the  tangent  to  the  curve  approximates  to  parallelism  with  the  axis 
of  s.  When  s  is  very  great  and  u  small  in  comparison,  the  differential  equa- 
tion becomes  approximately 

or  integrated,  «•  =  2(8,  —  «), 

if  «o  is  the  value  of  «  when  m  =  0.  Hence  the  curves  in  the  vicinity  of  the 
axis  of  8  approximate  to  the  parabola,  in  measure  as  we  recede  from  the  origin 
of  co-ordinates. 

It  is  very  easy  to  draw  the  curves  connecting  all  the  points  possessing 
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parallel  tangents.     For  convenience  let  a  denote  the  common  value  ofeU/du 
for  these  points;  then  the  difTerential  equation  furnishes 

(U  +«)(«  +  «)  =  a(o  +  2). 

Thus  these  curves  are  equilateral  hyperbolas  having  their  asymptotes  parallel 
to  the  axis  of  co-ordinates. 

Thus  much  in  regard  to  the  properties  of  the  curves  defined  by  the 
difierential  equation  under  cousideration.  But,  for  the  special  physical 
problem  we  have  in  view,  there  is  no  necessity  to  attend  to  the  course  of  the 
curves  through  the  whole  plane.  The  density  being  supposed  to  increase 
with  augmentation  of  pressure,  B  is  necessarily  positive,  and  r  and  p,  from 
the  nature  of  the  problem,  being  the  same;  sis  likewise  a  positive  quantity. 
There  is  then  need  only  of  considering  the  curves  on  the  positive  side  of  the 
axis  of  u.     Moreover,  since 


^a-ioz^fp)  ^  rap 
d .  Tog  r         p  clr 


and  df/dr  is  always  negative  when  the  force  is  directed  towards  the  centre 
of  the  mass,  there  is  no  need  of  attending  to  the  curves  in  the  portion  of 
the  plane  for  which  u  >  2. 

Before  proceeding  to  the  special  problem  we  have  in  hand,  I  propose  to 
illustrate  the  general  theory  by  considering  the  density  of  the  earth's  atmos- 
phere. It  must  be  remembered  that,  in  the  usual  manner  of  treating  this 
question,  the  attraction  of  the  atmosphere  on  itself  is  neglected ;  here,  how- 
ever, it  is  taken  into  account.  Boyle's  law  being  supposed  to  hold  exactly, 
we  shall  have 

P  =  Bp. 

To  integrate  the  diflerential  equation  between  u  and  «,  it  will  be  necessary 
to  obtain  from  observation  the  initial  values  of  these  two  variables  which 
hold  at  the  surface  of  the  earth.  Let  us  denote  these  by  Uq  and  «,;  and  by 
a  similar  notation  the  values  of  all  the  variables  at  the  earth's  surface.  The 
values  of  u,  and  a^  result  from  those  of  certain  well-known  physical  constants. 

Let  D  =  the  density  of  mercary, 

k  =  the  altitude  of  the  barometer, 

g  =  the  force  of  grsTitj, 

Jt  =  the  mean  density  of  the  earth. 

From  an  equation  just  given  we  have 

9 
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But  we  also  evidently  have 

2h  =gDh, 

(!).=-''•■     . 

Substituting  these  values,  "  "^  ^  "~  M  * 

Thus  it  is  apparent  that  w  is  independent  of  the  units  assumed  for  the  meas- 
urement of  lengths  and  densities.     In  the  next  place 

But  we  have  ff  =  ^^ . ^,  =  i^Rr, . 

Thence  we  get  ««  =  i^Br„'p„  =  -^^ . 

Thus  8  is  also  independent  of  the  just  mentioned  units. 

Let  us  adopt  the  following  values  of  the  constants  which  enter  into  the 
expressions  of  Mq  ^^^  *o- — 

r„  =  6365419  metres, 
A  =  0.76  metres, 
P„  =  0.001293187, 
D  =  13.596, 
R=    6.67. 

The  value  of  po  is  that  found  by  Regnault*  for  the  temperature  0°  of  the 
centigrade  scale  and  the  given  altitude  of  the  barometer;  rg  is  the  distance 
of  his  observatory  from  the  centre  of  the  earth  according  to  Bessel's  dimen- 
sions of  the  terrestrial  spheroid ;  and  the  value  of  R  is  that  determined  by 
Baily  in  his  repetition  of  the  Cavendish  experiment.  With  these  data  we 
obtain  the  following  values  of  Mq  ^.nd  s^: — 

tt,  =  —  794.6425, 
»,=  0.5450835. 

Having  these  initial  values  we  can  easily  integrate  the  differential  equa- 
tion connecting  u  and  s  by  mechanical  quadratures  or  series,  in  the  direction 
of  s  diminishing  until  «  becomes  so  small  as  to  be  of  no  account.  The  cor- 
responding values  of  r  and  p  could  then  be  found  as  we  have  already  ex- 
plained.    However,  the  differences  between  the  numerical  values  obtained 

*J£tmoira  de  VAcadtmie  dti  Scieneei  de  Parii,  Tom.  XXI. 
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by  this  method  and  those  resulting  from  neglecting  the  action  of  the  atmos- 
phere on  itaelf  would  be  insensible. 

We  pass  now  to  the  problem  of  the  mass  of  the  earth.  I^et  us  here 
denote  the  values  of  the  variables  which  bold  at  the  centre  by  the  subscript 
(,).  If  the  density  at  the  centre  be  finite  we  must  have  ««  =  0;  and  the 
differential  equation 

dt  _  u» 

iH    a  —  («  +  *) 

shows  that  Ug  =  2,  else  «  would  be  0  for  all  values  of  u.  Hence  the  curve  we 
have  to  consider,  in  this  case,  is  the  single  one  which  passes  through  the 
singular  point  u  =  2,  «  ^  0. 

The  mass  included  in  the  sphere  whose  radius  is  r,  is 


=v 


Hence,  denoting  the  values  of  the  variables  at  the  earth's  surface  by  the  sub- 
script (i),  and  A  denoting,  as  before,  the  mean  density  of  the  earth,  we  shall 
have 

Whence  we  derive  B -  ^^l^'J^^C^ , 

and  ».  =  8(2-ih)^. 

Then  if  we  draw  in  the  plane  the  right  line  whose  equation  is 

.  =  8g(a-i.), 

the  co-ordinates  of  its  intersection  with  the  curve  defined  by  the  differential 
equation  and  passing  through  the  singular  point  u  =  2,  «  =  0,  will  be  the 
values  of  u,  and  «,.  This  right  line  passes  through  the  point  u  =  2,  «  =  0, 
and  it  is  readily  ascertained  from  the  differential  equation  that  upon  this 
curve  u  constantly  diminishes  as  «  augments  until  it  becomes  0.  The  lines 
can  therefore  intersect  on  the  positive  side  of  the  axis  of  «  only  when 
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where  OC  is  the  distance  from  the  origin  of  the  point  where  the  mentioned 
curve  crosses  the  axis  of  s. 

In  order  to  illustrate  the  general  theory  by  an  application,  I  have  com- 
puted by  mechanical  quadratures  the  values  of  the  variable  s  and  the  function 
necessary  for  obtaining  r.  For  this  purpose  it  will  be  well  to  substitute  for 
the  independent  variable  u  the  variable  z=  2  —  u.  The  results  obtained 
are  given  in  the  following  table  at  intervals  of  0.1  in  z:  — 


z 

s 

s/z 

f^ 

logr 

log  s/r' 

0.0 

0.000 

3.000 

00 

• —  CO 

0.4771 

0.1 

0.294 

2.940 

—  1.1360 

9.5065 

0.4553 

0.2 

0.576 

2.879 

—  0.7737 

9.G640 

0.4323 

0.3 

0.846 

2.818 

—  0.5546 

9.7592 

0.4088 

0.4 

1.103 

2.757 

—  0.3938 

9.8290 

0.3845 

0.5 

1.348 

2.695 

—  0.2646 

9.8851 

0.3594 

0.6 

1.580 

2.633 

—  0.1551 

9.9326 

0.3333 

0.7 

1.799 

2.570 

—  0.0589 

9.9744 

0.3061 

0.8 

2.005 

2.507 

+  0.0279 

0.0121 

0.2780 

0.9 

2.198 

2.442 

+  0.1078 

0.0468 

0.2485 

1.0 

2.378 

2.378 

+  0.1825 

0.0792 

0.2176 

1.1 

2.543 

2.312 

+  0.2533 

0.1100 

0.1854 

1.2 

2.695 

2.246 

+  0.3213 

0.1396 

0.1514 

1.3 

2.832 

2.178 

+  0.3874 

0.1682 

0.1155 

1.4 

2.953 

2.110 

+  0.4522 

0.1964 

0.0776 

1.5 

3.060 

2.040 

+  0.5163 

0.2242 

0.0372 

1.6 

3.149 

1.968 

+  0.5806 

0.2522 

9.9939 

1.7 

3.222 

1.895 

+  0.6457 

0.2804 

9.9473 

1.8 

3.276 

1.820 

+  0.7123 

0.3094 

9.8966 

1.9 

3.310 

1.742 

+  0.7816 

0.3394 

9.8414 

2.0 

3.322 

1.661 

+  0.8547 

0.3712 

9.7791 

2.1 

3.309 

1.576 

+  0.9336 

0.4055 

9.7088 

2.2 

3.265 

1.484 

+  1.0215 

0.4436 

9.6266 

2.3 

3.182 

1.384 

+  1.1239 

0.4881 

9.5365 

Let  us  suppose  that  the  surface  density  of  the  earth  pj  =  2.7  and  the  mean 
density  R  =  5.67.    Then  at  the  surface  of  the  earth  the  value  of  sjz  must  be 

*■  =  3^  =  1.4286. 

By  interpolating  in  the  table  it  is  found  that  this  value  corresponds  to  the 
following  values  of  the  principal  variables:  — 

«  =  2.257, 
8  =  3.224, 
log  r  =  0.4681, 

log  J  =9.5722. 

Now  the  last  two  quantities  are  the  logarithms  of  the  surface  values  of  the 
radius  and  the  density  measured  in  such  units  as  in  every  case  will  give  the 
simplest  values  to  the  arbitrary  constants.     But  let  us  take  the  radius  at  the 
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surface  m  the  linenr  unit,  nnd  represent  the  surface  density  as  2.7.  Then  to 
reduce  the  numbers  so  as  to  correspond  to  these  units,  it  is  evident  we  must 
add  9.6319  to  the  logarithms  in  the  column  of  log  r,  and  0.8692  to  the  log- 
arithms in  the  column  oflogs/r*.  Thus  are  obtained  the  following  corre- 
sponding values  of  r  and  p:  — 


r 

P 

r 

P 

0.000 

S1.69 

0.469 

10.25 

0.109 

S0.«3 

0.501 

9.43 

0.157 

19.57 

0.535 

8.66 

0.195 

18.54 

0.570 

7.88 

0.SS0 

17.53 

0.608 

7.13 

OJCl 

16.54 

0.649 

6.40 

0.S91 

15.58 

0.694 

5.70 

0.321 

14.«3 

0.743 

5.02 

0.350 

13.73 

0.800 

4.35 

0.379 

13.81 

0.866 

3.70 

0.408 

11.93 

0.945 

3.06 

0.438 

11.08 

1.000 

2.70 

It  will  be  noticed  that  the  density  at  the  centre  is  almost  double  of  that 
given  by  Laplace's  formula ;  and  it  seems  that  this  supposition  as  to  the  law 
of  density  will  not  fit  the  phenomena  as  well  as  the  latter. 

The  limit  beneath  which  the  ratio  f\l It  cannot  be  reduced  without  the 
problem  failing  to  have  a  solution,  is  of  interest.  If  the  curve  employed  for 
the  solution  of  this  problem  is  prolonged  until  its  tangent  passes  through  the 
singular  point  on  the  axis  of  u,  which  it  plainly  must  do  before  the  curve 
crosses  the  axis  of  «  a  second  time,  this  tangent  affords  the  limit  sought  for 
the  ratio  SpJ  R.  The  tangents  of  the  curves,  at  the  points  of  the  plane  whose 
co-ordinates  satisfy  the  equation 

2  —  (u  +  t)_u  —  'i 
M  i     * 

pass  through  the  mentioned  singular  point.     This  equation  in  a  simpler  form  is 

*-(l  +  i.)(2-«), 

which  consequently  represents  a  parabola  passing  through  both  singular 
points,  and  having  its  axis  parallel  to  that  of «.  By  the  employment  of 
mechanical  quadratures,  the  following  additional  points  of  the  curve  have 
been  obtained:  — 


a 

a 

• 

■ 

t.o 

2.420 

2.3 

2.4M 

2.9 

2.458 

2.2 

2.478 

2.8 

2.486 

2.1 

2.446 

2.7 

2.505 

2.0 

2.403 

2.6 

2.515 

1.9 

2.345 

2.5 

2.518 

1.8 

2.264 

2.4 

2.513 

1.76 

2.204 
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From  these  it  is  evident  the  point  «  =  —  0.2,  s=  1.76  which  lies  on  the  just- 
mentioned  parabola  is  also  very  nearly  on  the  employed  curve.  Hence  if 
pj/i2  is  less  than  a  fraction  which  is  approximately  tt>  there  is  no  solution. 

The  number  of  solutions  in  any  particular  case  is  deserving  of  notice. 
The  integral 


/ 


dz 
s  —  z 


is  proportional  to  the  value  of  log  r.  It  does  not  become  infinite  until  the 
curve  has  made  an  infinite  number  of  turns  about  the  singular  point  on  the 
axis  of «.  This  may  be  shown  by  a  transformation  of  variables.  Let  us 
adopt  polar  co-ordinates,  the  singular  point  being  the  pole,  and  thus  put 

s  =  w  COS  0+2, 
2  =  w  sin  ^  -t-  2, 

The  differential  equation  then  becomes 

dv  _  ^     w  sin  d  cos*  0  +  sin'  6  +  eind  cos  6       , . 
w  ""      w  COB  0  sin'  e  +  1  +  sin'  fl  —  sin  s  cos  8 

And  we  have 

/dz   _   r de  

s  —  z      J   w  cos  8  sin*  e  +  1  +  sin'  <»  —  sin  fl  cos  0 ' 

The  denominator  of  these  expressions  cannot  vanish  unless  w  exceeds  2,  and 
it  is  plain  that  it  remains  positive  and  finite  for  all  values  of  6.  Thus  r 
becomes  infinite  only  when  6  does.  Consequently  there  are  an  infinite  number 
of  solutions  when  pi/R  =  i ;  and  a  finite  number  when  pJR  is  either  less  or 
greater  than  this.  With  the  value  we  have  attributed  to  this  fraction  in  the 
case  of  the  earth,  the  course  of  the  curve  shows  that  there  is  but  one  solution. 
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MEMOIR  No.  46. 
The  Motion  of  Hyperion  and  the  Mass  of  Titan. 

(A*tronomle*l  Joaraftl,  Vol.  VIII,  pp.  57-S4,  1888.) 

The  diversity  of  the  values  assigned  to  the  ina88  of  Titan,  the  bright 
satellite  of  Saturn,  has  led  nie  to  look  into  the  matter.  No  doubt  it  will 
seem  of  more  importance  to  the  practical  astronomer  to  make  close  predic- 
tions of  the  future  positions  of  Hyperion  than  merely  to  gratify  a  scientific 
curiosity  as  to  the  mass  of  Titan.  But  the  attainment  of  the  first  end  may 
be  very  much  facilitated  by  correct  knowledge  as  to  the  latter  element. 

I  begin  with  certain  generalities  in  reference  to  the  problem  of  three 
bodies.  Let  us  suppose  that  two  planets  or  satellites  are  circulating  about 
their  central  body  in  the  same  plane,  and  that  their  motion  is  of  a  stable 
character.  Then,  adopting  the  notation  of  Delaunay,  D  the  mean  elongation, 
/  the  mean  anomaly  of  the  one  and  P  that  of  the  other,  the  longitudes  and 
radii  can  be  expressed,  in  a  convergent  manner,  by  infinite  series  of  the  forms 

For  r'  =  mMQ  long.  +  iM  «in  (iZ>  +>/  ■\- j'V) 
r  or  r'    =  I B  co»  {iD  +  jl  +  jY). 

Here  \,j  and/  are  positive  or  negative  integers,  and  the  coefficients  A 
and  B  have,  as  a  factor,  e*^  e'*^',  where  the  ambiguous  signs  are  so  taken 
that  the  exponents  may  be  positive.  From  whatever  points  in  the  plane  we 
suppose  that  the  planets  set  out,  e  and  ^  depend  on  the  initial  velocities  and 
their  directions.  Then  the  latter  can  be  so  adjusted  that  we  have  e  ^  0  and 
tf'  =  0.  It  will  be  seen  that  this  is  equivalent  to  making  four  out  of  the 
eight  arbitrary  constants  of  the  problem  vanish.     In  this  case  we  have 

For  F"  =  mean  long.  -^  £A  ain  iD 
roTt'   =  IBcMiD. 

The  inequalities  of  the  longitudes  and  the  radii  can  therefore  be  tabu- 
lated in  tables  to  single  entry  with  the  argument  D.  Differentiating  the 
second  equation  we  obtain 

J  or  ^  =  —  («  -  «')  HE  (in  iD 

which  shows  that,  in  conjunction  or  opposition,  not  only  are  the  true  longi- 
tudes equivalent  to  the  mean,  but  that  then  the  planets  move  perpendicularly 
to  their  radii.  This  does  not  exclude  the  possibility  of  their  so  moving  at 
other  points  of  their  orbits ;  in  the  case  of  Hyperion  this  particular  direction 
of  motion  occurs  twice  between  conjunction  and  opposition. 
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The  possibility  of  the  special  case  of  the  problem  of  three  bodies  which 
has  just  beea  described  may  be  still  further  illustrated.  Let,  at  a  certain 
moment,  the  planets  be  seen  in  conjunction  from  the  central  body.  If,  at 
this  moment,  the  directions  of  their  motions  relative  to  the  central  body  are 
perpendicular  to  their  radii  and  in  the  same  plane,  the  circumstances  of  their 
motion,  before  and  after  the  mentioned  conjunction,  are  identical  but  in 
reverse  order  with  respect  to  the  time.  That  is,  if  t  the  time  is  counted  from 
the  moment  of  conjunction,  the  radii  will  be  functions  oif;  and  if  the  lon- 
gitudes of  the  planets  are  counted  from  the  line  of  the  conjunction  they 
will  be  equivalent  to  functions  of  <^  multiplied  by  t.  For  let  us  grant  that 
the  longitudes  are  measured  in  the  reverse  direction,  and  that  time  past  is 
considered  as  future.  These  changes  are  effected  by  writing  —  t,  —  Fand 
—  F'  for  t,  V  and  V  in  the  differential  equations  of  motion.  They  are  unal- 
tered by  this.     In  addition  the  four  quantities 

dt^^'df  =  ^'-dt''''^W- 

are  the  same  in  both  cases.     Thus  is  apparent  the  truth  of  our  statement. 

The  planets  now  setting  out  from  conjunction,  one  will  generally  have 
a  more  rapid  motion  in  longitude  than  the  other.  Let  this  be  the  one  nearer 
the  central  body,  and  let  the  motion  of  both  be  followed  until  the  angular 
distance  between  them  has  reached  180°,  or  until  they  are  seen  in  opposition 
at  the  central  body.  We  may  now  consider  the  angles  the  directions  of  their 
motions  at  this  time  form  with  their  radii.  With  velocities  assigned  at  ran- 
dom to  them  at  the  moment  of  starting  from  conjunction,  they  will,  most 
probably,  reach  the  state  of  opposition  with  these  angles  somewhat  different 
from  right  angles.  But,  provided  that  the  ratios  of  the  two  planetary  masses 
to  that  of  the  central  body,  and  the  ratio  of  the  radii  at  the  moment  of  con- 
junction are  contained  within  certain  limits,  which  undoubtedly  leave  a 
large  field  for  selection  of  values,  it  will  be  found  that  we  can  adjust  the 
initial  velocities  of  the  two  planets  in  such  a  manner  that,  when  they  reach 
the  state  of  opposition,  they  will  again  move  perpendicularly  to  their  radii. 

Granting  that  this  adjustment  has  been  made,  it  is  evident,  from  the 
same  reasoning  as  before,  that  the  circumstances  of  motion  of  the  planets, 
before  and  after  the  moment  of  opposition,  are  identical,  but  in  reverse 
order  with  respect  to  the  time.  It  follows  from  this  that,  the  motion  being 
continued,  the  planets  will  advance  from  opposition  to  conjunction  again  in 
the  same  time  as  they  took  to  pass  from  conjunction  to  opposition;  and  when 
they  arrive  there  will  have  the  same  radii  and  the  same  velocities  as  when 
they  last  were  in  conjunction.     Hence,  in  passing  from  one  conjunction  to 
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the  next,  they  have  gone  through  a  complete  round  of  all  the  phases  of 
their  motions  relatively  to  each  other  and  to  their  central  body. 

When  the  principle  of  Fourier's  theorem  is  invoked  to  supply  ua  the 
periodic  series  exhibiting  the  values  of  the  co-ordinates,  it  is  readily  seen 
that  they  depend  on  a  single  argument  as  D  which  augments  by  a  circum- 
ference during  a  synodic  period  of  the  two  planets,  and  that  they  have  the 
forms  which  have  already  been  given. 

From  the  observations  which  have  been  made  of  Hyperion  it  appears 
that  it  is  quite  approximately  in  the  case  we  have  described,  that  is  to  say 
that  its  radius  is  very  nearly  at  a  standstill  when  it  is  either  in  conjunction 
or  opposition  with  Titan.  It  is  true  that  Titan  is  known  to  have  a  proper 
eccentricity  of  0.028,  which  must  trouble  to  some  extent  this  condition  of 
motion.  But  it  seems  quite  legitimate  to  neglect  this  effect  in  a  6r8t  approx- 
imation, and  it  is  proposed  to  solve  the  problem  of  the  perturbations  of 
Hyperion  and  the  mass  of  Titan  as  if  the  mentioned  condition  were  vigor- 
ously fulBlled.  The  problem  is  simpliried  by  assuming  that  the  mass  of 
Hyperion  is  insensible,  and.  consequently,  that  Titan  moves  uniformly  in  a 
circular  orbit. 

The  elements  needed  for  the  solution,  and  which  must  be  furnished  by 
observation,  are  four  in  number.  Those  which  will  be  here  employed  are  as 
follows: 

Daily  motion  of  TiUn  =  22».6r700. 0 

Average  daily  motion  of  Hyperion  =  le'.OlOSSS? 

Constant  rndins  of  TiUn  =  176".915 

Radius  of  Hyperion  in  opposition     =  192".582 

The  first  of  these  data  is  due  to  Bessel,  whose  elements  of  Titan  appear 
to  be  still  not  antiquated.  The  remaining  three  are  due  to  Prof.  Asaph  Hall. 
Hyperion's  a  being  multiplied  by  0.9  to  produce  the  opposition  radius.  From 
these  data  we  get  the  following  deductions: 

Synodic  period  =   63*.6365612 

Half  synodic  period  =  31'.8182806 

Motion  of  Titan  in  half  synodic  period  =  718».361609 

«       "  Hyperion  in  halfsyn.  per.       =  638«.361609 

"      "  Conj.  line     "  "  =  —  I'.SSSSSl. 

Calling  the  angle  the  direction  of  motion  makes  with  the  radius  i^t  the 
equation  for  -^  is 

Supposing  that  Hyperion  sets  out  from  opposition  as  its  perisatumium 
with  an  eccentricity  =  0.1,  at  coi\junctioo,  without  any  action  from  Titan, 
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we  shall  have  '\|.  =  90°  8'  58".85.  But  through  the  action  of  Titan  this  is 
reduced  to  90°.  This  is  a  permanent  effect,  and  may  be  used  to  discover  the 
mass  of  Titan. 

And,  in  order  to  get  a  preliminary  value  of  this  mass  to  be  used  in  the 
more  serious  portion  of  the  work,  I  computed  the  motion  of  the  line  of 
apsides  during  the  half  synodic  period  from  opposition  to  conjunction, 
neglecting  all  but  the  first  power  of  the  disturbing  force.  The  mass  of 
Titan  was  put  =  0.0001,  Hyperion's  eccentricity  :=  0.1  and  half  a  day  was 
adopted  as  the  interval.     The  result  is  shown  in  the  following  table  : 
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120.817 

19.168 

13.0 

264.407 

49.358 

24.0 

91.447 

17.915 

2.5 
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4.0 

151.945 
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+  28.527 

65.820 

26.0 

73.223 
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138.547 

22.332 

15.5 

—  37.293 
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26.5 

+  22.043 

75.448 

5.0 

116.215 

30.797 

16.0 

99.915 

66.464 

27.0 

—  53.405 

102.533 

5.5 

85.418 

38.373 

16.5 

156.379 

47.529 

27.5 

155.938 

132.593 

6.0 

47.045 

44.650 

17.0 

203.908 

36.373 

28.0 

288.531 

165.886 

6.6 

—    2.395 

49.260 

17.5 

240.281 

23.687 

28.5 

454.417 

202.750 

7.0 

+  46.866 

51.898 

18.0 

263.968 

—10.270 

29.0 

657.167 

243.752 

7.5 

98.763 

52.342 

18.5 

274.238 

+  3.045 

29.5 

900.919 

289.048 

8.0 

161.105 

50.468 

19.0 

271.193 

15.423 

30.0 

1189.967 

338.400 

8.6 

201.573 

46.259 

19.5 

255.770 

26.226 

30.5 

1528.367 

388.508 

9.0 

247.832 

39.809 

20.0 

229.544 

34.936 

31.0 

1916.875 

430.527 

9.5 

287.641 

31.326 

20.5 

194.608 

41.278 

31.5 

2347.402 

450.091 

10.0 

318.967 

21.120 

21.0 

153.330 

45.159 

32.0- 

-2797.493 

-440.423 

10.6 

+340.087 

+  9.595 

21.6 

—108.171 

+  46.589 
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By  interpolation  from  the  data  of  this  table  the  value  of  ^  corre- 
spondint;  to  the  argument  31''.81828  is  about  —  2634".  But  it  should  be 
— 5898",  consequently  the  mass  of  Titan  should  be  changed  from  rvivT 
to  w^,. 

Having  now  some  conception  of  the  magnitude  of  the  mass  of  Titan,  it 
is  proposed  to  trace  the  path  of  Hyperion  from  opposition  to  conjunction  by 
mechanical  quadratures,  neglecting  no  powers  of  the  disturbing  forces. 
There  are  two  unknown  quantities  to  be  determined  :  first,  the  velocity  with 
which  Hyperion  should  start  from  opposition ;  second,  the  mass  of  Titan. 
And  there  are  two  conditions  given  which  suffice  for  their  determination  : 
first,  Hyperion  must  arrive  at  conjunction  with  Titan  after  the  lapse  of 
31.81828  days;  second, it  must  at  that  time  be  moving  at  right  angles  toils 
radius  vector.  In  order  to  carry  out  the  process  of  mechanical  quadratures 
we  must  assume  the  values  of  the  two  unknowns,  leaving  them  to  be  cor- 
rected afterwards.  I  assume  the  velocity  of  Hyperion  at  starting  from 
opposition  to  be  such  that  it  gives 

^=  80".784<H8, 

the  unit  of  time  being  a  day.  This  is  what  it  would  have  were  it  moving 
in  an  elliptic  orbit  in  which  «  =  0.1.  And  for  the  sake  of  a  round  number 
I  shall  take  the  mass  of  Titan  =  ^^Vv*  '^^^  perturbations  of  the  longitude 
and  radius  were  computed  by  employing  the  indirect  process.  The  intervals 
adopted  at  the  beginning  were  half  a  day,  but  as  the  values  of  the  functions 
change  very  rapidly  near  conjunction  it  was  found  expedient  at  the  argu- 
ment 27''.76  to  reduce  them  to  one-sixth  of  a  day.  The  principal  results 
obtained  are  exhibited  in  the  following  table.  The  perturbations,  as  here 
given,  represent  the  deviations  from  the  osculating  ellipse  at  opposition. 
With  regard  to  the  radius,  the  mean  distance  of  Titan  was  adopted  as  the 
unit,  and,  in  the  table,  the  unit  of  the  seventh  decimal  of  this  is  employed 
as  the  unit 
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3.6 
4.0 
4.6 
6.0 
6.6 
6.0 
6.6 
7.0 
7.6 
8.0 
8.5 
9.0 
9.5 
10.0 
10.5 
11.0 
11.5 
12.0 
12.5 
13.0 
13.5 
14.0 
14.5 
15.0 
15.5 
16.0 
16.5 
17.0 
17.5 
18.0 
18.5 
19.0 
19.5 
20.0 
20.5 
21.0 
21.5 
22.0 
22.5 
23.0 
23.5 
24.0 
24.5 
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2d^V 
dt 
It 
—20.3147 
28.8492 
38.9657 
50.6127 
63.7289 
78.2622 
94.1745 
111.4490 
130.0950 
150.1507 
171.6862 
194.8047 
219.6478 
246.3936 
275.2628 
306.5204 
340.4795 
377.5042 
418.0120 
462.4753 
611.4200 
565.4214 
625.0935 
691.0711 
763.9803 
844.3951 
932.7768 
1029.3906 
1134.2090 
1246.8112 
1366.2557 
1491.0131 
1618.9242 
1747.2754 
1872.9248 
1992.5932 
2103.1758 
2202.0829 
2287.4959 
2358.5014 
2415.1615 
2458.2729 
-2489.2727 


d.$V 
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n 

—  8.5345 
10.1165 
11.6470 
13.1162 
14.5333 
15.9123 
17.2745 
18.6460 
20.0557 
21.5355 
23.1185 
24.8431 
26.7458 
28.8692 
31.2576 
33.9591 
37.0247 
40.5078 
44.4633 
48.9447 
54.0014 
59.6721 
65.9776 
72.9092 
80.4148 
88.3817 
96.6138 
104.8184 
112.6022 
119.4445 
124.7574 
127.9111 
128.3512 
125.6494 
119.6684 
110.5826 
98.9071 
85.4130 
71.0055 
56.6601 
43.1114 
30.9998 
—20.6962 
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+1656.860 
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3529.982 
4079.624 
4662.927 
5281.512 
5937.304 
6632.355 
7368.684 
8148.130 
8972.191 
9841.891 
10757.618 
11718.951 
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13771.424 
14855.613 
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17108.695 
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24285.630 
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10553.199 
+  9001.445 
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+381.896 
418.498 
452.497 
485.017 
517.110 
549.642 
583.303 
618.585 
655.792 
695.051 
736.329 
779.446 
824.061 
869.700 
915.727 
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1005.502 
1046.971 
1084.189 
1115.249 
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1149.150 
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—182.579 
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44.335 
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139.805 
179.057 
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258.039 
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313.047 
320.519 
309.504 
278.431 
228.391 
163.279 
89.036 
—  12.702 
+  58.537 
119.860 
167.337 
+199.326 
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16.5818 

3036.0597 

141.6938 

20.0721 

2894.3669 

166.6800 

24.9863 

2737.6859 

197.0368 

30.3568 

8530.6491 

233.2444 

36.8076 

8297.4047 

275.7912 

42.6468 

8031.6135 

835.1453 

49.8541 

1696.4682 

381.7138 

56.6686 

1314.7544 

445.7833 

64.0696 

868.9711 

517.4443 

71.6610 

+  351.5268 

596.5026 

79.0583 

—  244.9757 

682.3873 

85.8848 

927.3630 

774.0813 

91.6940 

1701.4443 

870.0913 

96.0099 

8571.6355 

968.4883 

98.8971 

3540.0238 

1067.0883 

98.6399 

4607.0620 

—1163.3361 

—96.8079 

—6770.3881 

From  the  data  of  this  table  it  is  concluded  by  interpolation  that,  for  the 
argument  31^81828,  the  perturbations  are 

*F=-2613".09,    ^=-0.0006348834- 

The  unit  of  time  for  the  latter  is  a  day,  and  the  linear  unit  the  mean 
distance  of  Titan. 

Let  us  suppose  that  the  mass  of  Titan  we  have  employed  needs  to  be 
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multiplied  by  a  factor  ft  not  likely  to  differ  much  from  unity,  and  let  it  be 
granted  that  within  these  limits  the  perturbations  may  be  considered  as  vary- 
ing proportionally  to  ^.  Then  calling  AFthe  correction  to  the  longitude 
of  Hyperion  through  the  change  which  ought  to  be  made  in  the  velocity 
attributed  to  it  at  opposition,  the  following  equations  ought  to  be  satisfied: 

178°  39'  9".75  +  J  F-  2513".09  ij.  =  178°  21'  41".79 
^»  —0.0006348834  /x  =  0. 

For  convenience  let  it  be  supposed  that  the  value  of  the  daily  mean 
motion,  we  have  employed  for  the  opposition,  needs  to  be  corrected  by  60" 
+  An.     Then  the  equations  may  be  put  in  the  linear  form. 

26.1300  Jn  —  2513".09  ^  +  2614".21  =  0 
—  0.004579  J»  — 0.6348834/*  +  0.5682878  =  0. 

In  the  coefficients  of  Are  is  included  the  effect  of  the  change  in  e  neces- 
sary to  keep  a(l  —  e)  constant.  It  will  be  seen  there  is  no  leaning  towards 
indeterminatioD  in  these  equations.     The  solution  gives 

60"  + Jn=-|-61".7581 
log  II  =  9.9797984. 

The  resulting  mass  of  Titan  is  m'  =  -rhi,  and  the  osculating  elements  of 
Hyperion  at  opposition  are 

Daily  w  =  60963".23942 
log  a  =  0.0823532 
e  =  0.0994706. 

The  mass  of  Titan  here  arrived  at  is  quite  different  from  any  of  the 
values  published  hitherto.  Prof.  Newcomb's  value*  will,  however,  be  in 
substantial  agreement  if  it  is  multiplied  by  3  ;  and  it  appears  that  this  ought 
to  be  done,  since  the  number  97.4,  given  as  the  sum  of  72  values,  in  order 
to  obtain  the  mean,  through  some  inadvertence,  doubtless,  has  been  divided 
by  24  instead  of  72.  Prof.  0.  Stone  has  deduced  a  larger  value.f  But, 
since  its  publication,  he  has  informed  me  that,  after  the  rectification  of  an 
error  committed  in  his  investigation,  he  arrives  at  a  value  nearly  the  same 
with  mine.  With  regard  to  the  value  of  the  mass  obtained  by  M.  F.  Tisser- 
and  J  from  the  motion  of  the  nodes  of  lapetus,  it  appears  difficult  to  explain 
the  discrepancy,  and  I  cannot  here  make  the  attempt. 

*Aitronomieal  Papert  of  the  American  Ephemerit,  Vol.  Ill,  p.  867. 
iAnnalt  of  3£athematic»,  Vol.  Ill,  p.  161. 
tAnnaltt  de  VOburvaloire  de  Toulotue,  Tom.  I. 
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From  the  data  now  in  hand,  without  any  further  developments,  it  ia 
possible  to  construct  a  table  giving  the  inequality  of  the  orbit  longitude  and 
the  radius  of  Hyperion  with  the  argument  days  after,  or  days  yet  to  elapse 
before,  opposition  with  Titan.  Such  a  table  follows.  It  corresponds  to  an 
oppoflition  radius  of  192".682,  and  to  the  mass  of  Titan  as  here  found. 
When  the  argument  is  days  yet  to  elapse  before  opposition,  the  signs  given 
in  the  columns  headed  Inequality  of  Orbit  Longitude  must  be  reversed. 


Al¥. 

Inaq.  o(  Otb, 
0.0 

Umic. 

+n6!i 

Badtoa 
n               II 
198.68     +0.29 

At*.  1 

d 
16.6 

[oaq.  of  Orb.  long. 
-684'.  7         +10'.  7 

RadUiu 

n                n 

212.86     —8.14 

+  US.1 

111.6 

193.87 

0.86 

17.0 

674.0 

36.3 

809.73 

8.08 

tM.« 

104.4 

193.78 

1.37 

17.6 

647.7 

43.8 

806.64 

t.N 

SSl.O 

»4.4 

196.09 

1.86 

18.0 

606.4 

67.8 

808.68 

3.74 

418.4 

81.8 

196.96 

3.37 

18.6 

647.6 

T3.7 

800.94 

2.46 

SOTS 

67.5 

199.12 

3.60 

19.0 

474.9 

86.1 

198.49 

2.08 

874.7 

68.8 

801.88 

3.87 

19.6 

388.8 

97.6 

196.41 

1.64 

•M.» 

86.1 

804.68 

3.04 

20.0 

291.2 

106.3 

194.77 

1.14 

6M.0 

80.8 

807.73 

8.14 

20.6 

184.9 

111.8 

193.63 

0.60 

•n.s 

+  4.7 

310.87 

8.17 

81.0 

—  73.1 

113.8 

193.03 

-0.03 

M7.I 

—10.8 

214.04 

8.11 

21.6 

+  40.7 

112.2 

198.00 

+0.62 

•T7.< 

84.0 

217.16 

8.01 

22.0 

162.9 

107.2 

198.63 

1.08 

«8S.« 

86.7 

230.16 

3.84 

32.6 

260.1 

98.7 

194.60 

1.68 

OK. 9 

48.1 

333.00 

3.63 

23.0 

368.8 

87.7 

196.18 

2.03 

66S.8 

68.8 

336.63 

3.87 

33.6 

446.6 

74.6 

198.31 

3.40 

610.0 

66.8 

337.99 

3.07 

24.0 

521.0 

69.9 

200.61 

3.71 

448.7 

74.1 

330.06 

1.76 

34.6 

680.9 

44.2 

203.33 

2.94 

sn.« 

80.1 

331.88 

1.43 

36.0 

625.1 

28.4 

306.36 

3.07 

M8.6 

84.6 

333.34 

1.06 

25.6 

653.6 

+12.7 

209.33 

3.13 

806.0 

87.6 

234.30 

0.68 

26.0 

666.2 

—  2.6 

313.46 

3.13 

117.4 

89.6 

234.98 

+0.31 

26.5 

663.7 

16.7 

316.69 

3.06 

+  r.» 

89.8 

336.39 

—0.08 

27.0 

647.0 

30.0 

318.64 

3.91 

—  61. » 

88.9 

336.31 

0.46 

27.6 

617.0 

42.1 

221.66 

2.73 

U.i 

160.8 

86.4 

334.76 

0.83 

28.0 

674.9 

63.9 

224.28 

2.49 

u.o 

837.8 

82.8 

233.93 

1.30 

28.6 

622.0 

63.3 

226.77 

3.31 

u.t 

880.0 

77.8 

233.73 

1.66 

29.0 

459.8 

70.1 

138.98 

1.91 

IS.O 

887.8 

71.1 

331.16 

1.88 

29.6 

389.7 

76.9 

330.89 

1.68 

u.t 

4<9.0 

63.4 

229.28 

3.19 

30.0 

312.8 

82.1 

232.47 

1.21 

14.0 

638.4 

64.2 

227.09 

2.47 

30.5 

230.7 

86.8 

333.68 

0.84 

14. i 

684. 6 

43.6 

224.63 

2.70 

31.0 

144.9 

88.1 

234.53 

0.46 

U.O 

630.8 

31.6 

221.93 

8.90 

31.5 

+  66.8 

—89.2 

234.97 

+0.06 

li.S 

661.8 

18.6 

319.08 

8.04 

33.0 

—  33.4 

236.03 

10.0 

—680.4 

—  4.3 

316.98 

—8.13 
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MEMOIK  No.  46. 

On  Leverrier's  Determination  of  the  Second-Order  Terms  in  the  Secular 
Motions  of  the  Eccentricities  and  Perihelia  of  Jupiter  and  Saturn. 

(AstroDomlcal  Journal,  Vol.  IX,  pp.  89-91,  1889.) 

I  wish  to  call  attention  to  some  remarkable  peculiarities  in  the  results 
obtained  byLeverrier  {Annales  de  V Ohservatdre  de  Paris,  Memoires,  Tom.X, 
pp.  239-260).  It  is  well  known  that  these  terms  augment  the  motion  of  the 
mentioned  elements,  which  is  obtained  from  the  sole  consideration  of  the 
first  power  of  the  disturbing  force,  by  nearly  a  fourth  part.  Hence  their 
importance  from  a  practical  point  of  view.  The  subject  is  treated  again  by 
Leverrier  (Tom.  XI,  pp.  20,  23,  53,  56).  Taking  from  the  latter  place  the 
numerical  data  we  need  for  our  discussion,  the  terms  involving  the  relative 
position  of  the  planes  of  the  orbits  may  be  set  aside  as  having  scarcely  any 
importance  in  the  matter;  also  the  few  terms  of  the  third  and  fourth  orders 
with  respect  to  the  disturbing  forces,  which  Leverrier  has  derived,  and 
which  scarcely  augment  the  precision  of  his  final  results,  may  be  neglected. 

1 


1047.879' 


For    Leverrier's  values  of  the  masses  let   Bessel's  values  m  = 

m!  =  — be  substituted. 

3501.6 

With  these  modifications,  no  longer  keeping  separate  the  portions  hav- 
ing different  mass-multipliers,  Leverrier's  results  take  the  reduced  form  of 
the  four  following  differential  equations  which  the  variables  e,  a>,  d  and  u>' 
must  satisfy  :  — 

— £— ^f  r=  +  8".243933  e  -(-  48",7566  «» -1-  263".169  ce"  -|-  2437".73  e' 
cos  ip  at 

+  40886",0e'e"  +  56352".0ec'* 

f_4".665835e' -239".065e'e'   —  205".900e'M  ^„    .„      .. 
■^  I  —  20396".8eV  — 101809".8  eV  -  30842".5  e"  /  ^^^  *•"*  ~  '"'' 
+  { 123".837  ee"  +  27073".9  e'e"  -f  37132".8  ee'*  \  cos  2  {&'  -  m) 
-  11105".2eV'  cos  3  (w'  —  w), 
1     rfe_    ;5".224151e' -1- 79".688e='e'  +  205".900e"       1    ,:„ /-       -v 
cos? 5^  ~   1  +  4063".56e*e'  -I-  33904.1  eV  +  30842".5e"  /  "°  ^'"  ~"'' 
-{123".837ee"  +  13516".86ffV'  -|-  37132".8  ee'*  |  sin  2(ai'  -oi) 
-f  11105".2  eV  sin  3  (i'  -  w) , 

^  ■^'  =   -)-  18".12312e'  +  648".265e'»'  +  828".207e"  -t-  125176",4e" 
cos  Ip   at 
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+  t  -  100«1".7«'  -  MOMr'.l  /•"  -  880«6r'  ^«  /  "^  t*  —  "^ 
+  {805".0ia«'«'  +  18M74".8#'«"  +  83426".6 «•«' }  OM  8(A'— 4) 

-  27603".6  •»/•  oot  8  (6'  -  *), 

1     tU         (-ir.4«M8»*— 19e".160»'-6Or.856«"1     •    ,.,       -X 

o5^  a?  =  1  -  iooei".7  *■  -  83r6r'.«  •■«"  -  7669i"  •»'•;•"'  ^"      ' 

+  |806".012««»'  +  »1976".7»'»"  +  88«6".6#'«'}  tin  «(*'  —  *) 

—  27608".6  i"*^  iin  8  {•'  -  «). 

Some  of  the  coefficient  in  these  equations  are  identical,  and  others  are 
seen  to  satisfy  certain  relations.  To  explain  these,  it  may  be  remarked  that 
when  we  confine  our  attention  to  the  first  power  of  the  disturbing  force,  the 
second  members  of  the  equations  arc  constant  multiples  of  the  partial 
derivatives  of  the  same  function  A,  so  that  representing  one  of  the  terms  of  i?  by 


we  have 


^i"*""  cos  >(»'  —  «), 


But  when  we  wish  to  add  to  the  terms  of  the  first  order  with  respect 
to  disturbing  forces  those  of  two  dimensions  with  respect  to  the  same  quan- 
tities, the  foregoing  relations  are  no  longer  rigorously  fulfilled,  because  some 
of  the  new  terms  result  from  the  substitution  in  the  portion  of  the  pertur- 
bative  function  which  denotes  the  reaction  of  the  planet  on  the  sun,  and  for 
which  we  do  not  pass  from  the  value  for  one  planet  to  that  for  the  other  by 
multiplying  by  a  constant. 

However,  certain  considerations  connected  with  the  possibility  of  having 
the  same  perturbative  function  for  both  planets,  through  an  orthogonal 
transformation  of  variables,  would  seem  to  show  that  the  relations  given 
above  could  not  be  greatly  disturbed. 

For  the  purpose  of  exhibiting  this  quality  from  the  four  equations 
which  have  been  given,  we  remark  that  they  will  furnish  from  one  to  four 
values  for  A,  the  coefficient  of  any  term  of  R. 

I  have  prepared  the  following  table  showing  the  agreement  or  disagree- 
10 
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ment  of  the  several  values.  To  obtain  it  we  make  the  following  assump- 
tions ;  let  the  linear  unit  adopted  be  the  semi-axis  major  of  Saturn,  then  the 
logarithm  of  that  of  Jupiter  will  be  9.7367410,  and  the  mass  of  the  Sun 
being  denoted  by  unity,  we  shall  have  : 

log  (  —L^]  =  3.1517336,    log  (  --i-7-7 )  =  3.5442046 . 


Term  of 
B 

A»' 

Ae* 

AeU" 

Ae'< 

Ai* 

AeV* 
At'* 

Ate'  coi  (t/  —  u) 
4eV  COB  (u'  —  u) 
Aet'^  COB  (<•  —  u) 
Ail'e'  COB  (u'  —  u) 
AtW*  COS  {1/  —  u) 
Am"'  cob  (u'  —  w) 
XeV  COB  2  (<•  —  (.)) 
4«*«"  COB  2  (u'  —  u) 
^«V*coB  a((y  —  u) 
4<!»«'>  COB  8  (t/  —  (j) 


+  0.002906504 

+  0.00859488 
+  0.0927836 

+  0.28648 
+  7.2074 
+19.8219 

—  0.003289999 

—  0.056190 

—  0.145185 

—  2.87646 
—23.9296 
—21.7478 

+  0.0436603 
+  4.77262 
+13.0916 

—  2.61019 


ValneB  of  A  from  Equations 
II.  III. 

//  // 

+  0.002588204 


+  0.0925802 
+  0.0591391 

+  7.1934 
+19.8352 
+  5.9589 

—  0.003565305 

—  0.056028 

—  0.145063 

—  2.87387 
—23.8922 
—21.7456 

+  0.0435595 
+  4.77373 
+13.1012 

—  2.61856 


IV. 


—  0.003683681 

—  0.056190 

—  0.145185 

—  2.86532 
—23.9066 
—21.7478 

+  0.0436603 
+  4.76554 
+13.0916 

—  2.61019 


—  0.003565305 

—  0.0056028 

—  0.145063 

—  2.87387 
—23.9231 
—21.8763 

+  0.0435595 
+  4.77373 
+13.1354 

—  2.61866 


It  will  be  noticed  that  there  is  approximate  agreement  generally 
between  the  different  values.  The  largest  discrepancy  occurs  in  the  case  of 
the  coeflScient  of  ec'cos  {sl  —  Co),  where  we  have  the  anomaly  of  the  values 
from  the  third  and  fourth  equations  agreeing,  while  those  from  the  first  and 
second  are  at  variance.  In  the  equations  determining  the  elements  of  Saturn 
we  have  the  two  coeflBcients  — 12".482489,  — 12".482489,  exactly  identical, 
while,  in  the  equations  for  the  elements  of  Jupiter,  the  analogous  coeflBcients 
— 4".665835,  — 5". 224151,  differ.  How  to  explain  this  anomaly  without 
supposing  some  error  in  Leverrier's  numbers,  I  cannot  imagine.  The 
details,  given  in  Leverrier's  volumes,  are  too  slight  to  enable  us  to  trace 
this  anomaly  to  its  origin.  After  transformation  to  our  values  of  the  masses, 
the  several  portions  given  for  the  composition  of  these  discrepant  numbers 
stand  as  follows  :  — 

—  4".830777  —  0".111542  +  0".279158  —  0".002674  =  -  4".665836, 

—  4".830777  —  0".111542  —  0".279158  -  0".002674  =  —  5".224161 , 

—  11".925816  -  0".287969  —  0".268714  =  -  12".482489, 

—  11".925816  —  0".287959  -  0".268714  =  —  12".482489 . 


■0CKNTRICITIE8  AND  PBRIHBLIA  OT  JITPITBR  AND  SATURN  J47 

Four  parta  arc  given  in  the  case  of  Jupiter,  while,  for  Saturn,  there  are 
only  three.  Perhaps  we  must  suppose  that  the  term  lacking  for  Saturn  is 
too  insignificant  to  be  considered.  It  should  be  noticed  that,  in  the  case  of 
Saturn,  the  three  portions  are  proportional  severally  to  m,  mm'  and  m';  while, 
for  Jupiter,  the  four  parts  are  proportional  severally  to  m',  m'*,  mm'  and  mm'. 
It  will  be  perceived  that  the  discrepancy  between  the  two  numbers  for  Jupiter 
is  owing  to  the  quantity  <y. 279 158  having  opposite  signs  in  the  two  equa- 
tions. It  does  not  appear  easy  to  imagine  reasons  why  two  quantities,  which 
are  identical  in  the  case  of  Saturn,  should  have  opposite  signs  in  the  case  of 
Jupiter.  The  supposition  that  Leverrier  attributed  the  wrong  sign  to  one 
or  the  other  of  these  numbers  does  not  seem  to  set  matters  right.  The  con- 
sideration of  this  enigma  is  commended  to  those  interested  in  celestial 
mechanics. 
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MEMOIR  No.  47. 

The  Secular  Perturbations  of  Two  Planets  Moving  in  the  Same  Plane  ; 
With  Application  to  Jupiter  and  Saturn. 

(AnnaU  of  MatbematicB,  Vol.  V,  pp.  177-318,  1890.) 

The  solution  of  this  problem,  when  we  restrict  ourselves  to  the  first 
powers  of  the  eccentricities,  is  as  old  as  Lagrange,  and  is  well  known.  Le- 
verrier,  in  going  over  this  ground,  attempted  to  include  the  effect  of  the  terms 
of  three  dimensions  with  respect  to  eccentricities  and  inclinations.*  But 
when  his  method  was  applied  to  the  four  interior  planets  of  the  solar  system 
it  led  to  results  that  were  nugatory.  This  method  being  that  of  successive 
approximations,  the  expressions  for  the  unknowns  obtained  in  the  simplest 
form  of  the  investigation  were  substituted  in  the  terms  of  three  dimensions  ; 
in  consequence,  he  arrived  at  the  same  linear  differential  equations  as  before, 
but  now  augmented  by  known  terms.  His  diflBculty,  in  the  case  of  the  four 
interior  planets,  arose  from  the  appearance  in  the  results  of  integrating 
divisors  which  might  receive  very  small,  or  even  zero,  values  within  the 
range  of  uncertainty  of  the  values  of  the  planetary  masses. 

As  far  as  the  general  question  is  concerned,  no  one  has  attempted  to 
push  the  investigation  further.  Under  these  circumstances  1  have  thought 
it  might  be  well  to  treat  as  completely  as  we  can  the  very  simple  case  where 
we  have  only  two  planets  executing  their  motions  in  the  same  plane. 
Although  we  see  here  at  a  glance  that  the  problem  is  reducible  to  quadra- 
tures, yet  this  taken  by  itself  does  not  constitute  a  practical  solution.  Some 
difficulties  are  encountered  in  deriving  from  the  quadratures  series  suitable 
for  calculating  the  values  of  the  unknowns.  These  diflBculties  I  have  suc- 
ceeded in  surmounting  by  a  process  which  would  not  suggest  itself,  I  think, 
at  first  sight. 

In  the  application  which  I  have  made  to  the  case  of  Jupiter  and  Saturn 
with  neglected  mutual  inclination,  I  have  carried  the  approximation  to  quan- 
tities of  the  fifth  order,  inclusive  ;  and  it  is  not  difficult  to  see  what  must  be 
done  if  it  is  desired  to  go  further. 

*AnnaleR  de  rObservatoire  de  Paris,  Tom.  II,  pp.  105-170  and  pp.  [88]-[51]. 
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I. 

The  first  thing  to  be  done  in  this  investigation  is  to  find  a  proper  devel- 
opment of  the  potential  or  perturbative  function.  Quantities  belonging  to 
the  interior  planet  will  be  denoted  by  symbols  without  an  accent,  and  those 
belonging  to  the  exterior  by  symbols  having  an  accent  Let.  then,  m,  r,  a, 
g,  u,  and /denote  severally  the  mass  of  the  planet,  the  radius,  the  semi-axis 
major,  the  mean,  eccentric,  and  true  anomalies,  while  we  denote  the  distance 
between  the  planets  by  A.  The  potential  function  il  is  then  given  by  the 
double  definite  integral 

or,  if  the  integration  is  accomplished  with  reference  to  the  eccentric  anom- 
alies, by  the  double  definite  integral 

These  formulae  show  that  the  potential  function  is  proportional  to  the  average 
value  of  the  reciprocal  of  the  distance  when  the  mean  anomalies  are 
regarded  as  the  independent  variables,  or  to  the  average  value  of  the  product 
of  the  radii  divided  by  the  distance  when  the  eccentric  anomalies  are  the 
independent  variables.  As  the  eccentricities  e  and  e'  and  the  longitudes  of 
the  perihelia  •  and  a.'  are  the  variable  quantities  whose  forms  as  functions 
of  the  time  we  are  seeking,  it  is  plain  they  must  be  left  indeterminate  in  the 
expression  we  obtain  for  il.  Since  A  can  be  expressed  in  terms  of  u  and  u' 
u  a  finite  form,  the  second  formula  for  H  is  to  be  preferred. 

If  y  be  put  for  •  —  •',  the  expression  for  A,  in  the  case  we  treat,  ia 

J-f' [i-»r,  CO.  (/-/' +r) +  p,]*. 
Thua,  the  expression  for  A  becomes 

If  B)  denote  the  same  function  of  -^  that  Laplace's  b^^  is  of  a,  the  ratio  of 
the  mean  distances,  we  may  write 

[1  -  »p  oo.(/-/'  +  r)  +  p^]"'  =  i^lil  B,oMJ(f-r  +  r) 

=  J^"^*  B^if-r  *yi¥=i, 
i— • 
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£  denoting  the  base  of  natural  logarithms.     If  we  make  g"''-*  =  s,  and  put 


V-  2 


1  + Vl  — e" 


from  the  equations 

r  =  a(l  —  e  cos  m),        rco8/=a(co8w  —  e),        rsmf^ai^l  —  ^ainu, 

it  is  easy  to  derive 


■  =  a:^(l  —  ws)(l  -  ~\, 


e/»'-l  = 


S  —  la 
1  —  ws' 


Thus 


Seeking  now  an  expression  for  Bj  in  terms  of  s  and  s',  we  have 

(1— 2a  cosy  +  «')-»  =  ^■'"J°°J(^c:'*»''=^, 

(we  omit  Laplace's  subscript  ^,  as  it  is  unnecessary  for  the  purposes  of  dis- 
tinction). We  can  regard  6'-"  as  an  approximate  value  of  JBJ^,  and  the  true 
value  can  be  developed  in  a  convergent  series  by  Maclaurin's  Theorem,  if  the 
perihelion  radius  of  the  exterior  planet  always  exceeds  the  aphelion  radius 
of  the  interior ;  that  is,  if 

a'e'  +  ae 


a  — a 


'<1. 


The  augmentation  which  a  receives  is 

*^  ,'(1— V)fl-^ 


Thus 


„     *=  +  -  1    .rf***" 


V(i--V)(i-^) 
Expanding  the  latter  factor  by  the  binomial  theorem, 


V(i--V)(i--J-)_ 
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Substituting  this  value  of  5^  in  the  expresaion  given  above  for  ^  ,  and  multi- 
plying the  result  by 

and  employing  the  symbol  v  to  denote  the  operation  of  taking  the  coefiBcient 
of  «"«*  in  the  development  of  a  function  of «  and  a'  in  a  series  of  integral 
powers  and  products  of  «  and  »',  we  shall  have 

Let  us  put 

This  quantity  is  then  a  function  of  e.  Let  E'[^  be  the  same  function  of  e'  that 
E^  is  of  e.    Then  we  can  write 

This  constitutes  the  infinite  series  to  be  employed  in  this  investigation, 
and  it  remains  only  to  study  the  properties  of  the  functions  of  e  denoted  by 
E/^.  By  expanding  the  binomial  factors  involved  in  J?!-"  and  performing 
the  operation  denoted  by  Vi  ^^  ^hall  get 

B.^ = (-  iy(»->-^X» +  »)'•.(«•+.;')  ,v 

The  series  within  the  brackets  is  a  case  of  the  hypergeometric  series 

^^TTr'^     i.i.VV+l)    '^^        i.S.d.r(r  +  l)(r  +  2)     "^^■■" 

treated  by  Gauss  in  a  memoir  entitled  "  Disquisitiones  generates  circa  seriem 
infinitam,  etc."*  This  series  gives  the  value  of  E\^  in  terms  of  ri  and  <j,  but 
it  may  readily  be  transformed  into  another  expressed  in  terms  of  e.  Adopt- 
ing Gauss's  notation  for  this  species  of  series 

•8m  OsBM,  Werk*.  Band  III,  p.  tm. 
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But  from  Gauss's  equation  [100],  p,  225  of  the  volume  quoted, 


and 


*^  -  (1  +  <«')' 


In  consequence 

1  (i-Mi-j-m-j-^xi-j-^)( ey  ,     1 

^  1.2.(;+ !)(;•  + 2)  V  2)  ^  ■'■]' 

It  is  remarkable  that  when  i  and  J  are  integers  the  value  of  E\^  is  equivalent 
to  a  rational  function  of  the  two  quantities  e  and  V 1  —  e*-  For,  when  i  is  a 
positive  integer,  the  series  first  given  terminates  after  a  finite  number  of 
terms.  The  same  thing  occurs  in  the  second  series  when  i  — j  is  not  negative. 
By  Gauss's  equation  [82],  p.  209  of  the  volume  quoted, 

From  this  it  follows  that 

1.2. .y      Ui  ^       '    'L^        1.0'  + 1)       U/ 

1.2.0  + 1)0  +  2)      UJ  ^---J' 

which  affords  a  finite  expression  for  E\^  when  i  is  negative.  It  will  be 
noticed  that  E\^  =  0,  when  i,  not  zero,  is  not  greater  than/ 

In  order  that  the  symmetry  of  the  expression  for  £i  may  be  seen,  we 
will  write  the  development  of  this  quantity  at  length  without  the  employ- 
ment of  the  summatory  signs : 

Q  =  ^  i      b'^  JE^r  ^','" 

+  J  a'  ^  [^.<°'  E'i"^  —  %Ei'^  E'  Tk  +  E^^'  ^'J3  ] 

_    1   a»  ?^'  \ErE^  —  3E,"^E'2l  +  ^En'^E"^  —  J'/'^'iS] 

i.o        eta 
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mml  (  Same  expraMion  h  aboTe,  ezoept  that  b,  B,  and  \  ^y^  _ 
■*■  "jr  \  S'  DO"  *»•'•  1  "  the  upper  index  initead  of  0.  J        ''^ 

mm'  ( Same  exprataion,  except  that  b,  E,  and  ^  \  ^^^  « 
"*■  ~ff~  \  now  take  S  aa  the  upper  index  instead  of  0.  j  '' 

1'  f  Same  expreation,  except  that  b,  E,    and   E  \         . 
\  now  take  3  aa  the  upper  index  instead  of  0. )  '^^  ^ 


+  -5- 


It  may  be  noticed  that  the  terms  in  Ei^'E'%  E,^E'2i.  Et'^E"^,,  Et^E'% 
S^B'%  B^^''E'%  etc,  can  be  omitted  in  writing  the  expression,  as  the  latter 
factors  of  these  products  vanish.  However,  the  symmetry  is  more  apparent 
when  they  are  retained. 

The  following  table  exhibits  the  values  of  all  the  ^'s  required  in  develop- 
ing a  to  the  terms  of  the  sixth  order,  inclusive.  They  are  expressed  as 
functions  of  e,  and  the  finite  form  is  given  as  perhaps  more  interesting  than 
the  development  in  ascending  powers  of  0. 

B,"  =  1  ^  =  1 

^,»'  =  !  +  !«•  .fffi  =(1  —  ••)-  * 

^.'•'  =  1  +  w  +  ««•  ira =[1  +  J«^(l  —  o-  • 

.»  »  =  1  +  w  +  v«*  E'!^=[i-\-  ^•^(l  -  «•)-« 

*,<»>  =  - «  Bi'  =  -  ^-^—^ 

if,'"  =  -  f*  B<11  =  0 

.ff,<"  =  -  2«  -  *••  if2i  =  »«(!-«')-• 

.s,">--3«-|<'-|«»  -»'ii  =  [|«  +  KKi  -  ••)-» 

^.«"  =  _}«- V^— f|«*  .ffli;  =[2« +  [*•](! -O"* 

ir*  = !«»  .£3  =  0 

^  «  =  VV  +  !••  -ff^J  =  i«'(l  -  e*)-* 

^  m  =  V**  +  V**  "^S  =  l»'(l  —•')-• 

*,««  =  T*"  +  T**  +  tV*  .ffS  =  CK  +  K](i  — 0-« 

if,-  =  w  +  IV  +  fK  i?3  =  [K  +  K](i  -  «•)- V 
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j;,<"  =  -  5e'  E'li  =  0 

^m  =  _  ^  ^S  =  0 

^/"  =  —  He-"  -  ^  £-!»>  =  ie'(l  -  e»)-i 

JF,")  =  -  216^  —  i^  ii'^  =  }e»(l  -  e')-i 

^,">  =  _  30e»  -  i^'  -  |e'  ^<!>  =  [ie'  +  ^^e'](i  _  ^y-V. 

In  the  present  investigation  it  will  be  more  convenient  to  make  use  of  a 
development  of  E\''^  in  powers  of  J  f  ~  "^  ^^  =  B.  By  substituting 
in  the  formula  for  E'/^  in  terms  of  e  the  values 


(i-y=«'(i-<'')i, 


making,  for  the  sake  of  brevity,! — J  =  k,  and  carrying  the  development 
to  terms  of  the  sixth  order,  inclusive,  we  obtain 

r^(^— 1)(^  — 2)(;t;-3) 


2     1.0  +  1)^      2.4     J 

p(^  — 1)(A;  — 2)(<i;  — 3)(;fc  — 4)(ife-5) 
L        1.2.3.0  +  lXy+2)(;+3) 

2       i.2.(y  +  ixy  +  2) 

^■^     a.  4     1.0+1)  2- 4- 6       J     /• 

Or,  particularizing  with  respect  to  J, 

^r = 1  +  t(i  - 1;''*  +  t(t  -  i)p-|)(*-3)  _  i"|<^ 

t (t - 1)  (i - 2) (t  -  3) r(t  - 4)(i  -6)  _  f\^ 
1.2.1.2  L        3,3  J' 

jgj" = -  (i  +  i)g  1 1  +  p^'  -  m  -  2)  _  ^ig. 

r(»-l)(i-2)(i-3)(i-4)         (t-l)(i-2)      l.l-|p.l 
L  1.2.2.3  *         l.»  2T4J     /  • 

^j«  =  _  (iJLm±l) ,.  { 1  +  [(IzL^Mr^  _  1],. } , 

E^  _  (i  +  l)Ct+2)(t  +  3)  ^ 
'   ~  1.2.3 
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And,  specializing  still  further, 

^  «  =  1  +  8^  -  «r 
if ,"  =  1  4  6*"  -  6** 

i?.'"  =  i  +  iw-er— ij/f 
ir,"  =  1  +  so**  +  io#*— 60** 
^,"  =  1  +  so*"  +  60#*-  leo** 
jr,"  =  1  +  4W  +  i«8»*— xao** 
ir,'"  =  - #[8— ••-*»•] 

if,'»  =  -*[4+8^-V**] 

^,<"  =  _#[6  + v**-H*^] 

B,"'  =  -  »t8  +  S3«^  —  H^»*] 
Jf,"'  =  —  #[7  +  ifi**-  ifK/*] 
JP,<"  =  -  »[8  +  lie**  +  69**] 

ir  ,•  =  ^'tai  +  ai*"] 

^  •  =  •'[38  +  84*1 
^  «  =  ••(36  +  aoi**] 
^,•=—4^ 
^«  =  — 66*" 

^^  =  —  12(W 


**. 

E^ 
E^ 
B^ 

B^ 
B^ 

E?> 

£3 
Em 


=  1 


:  1   +  2*"  +   **•  +   S^* 

1  +  e*"  +  24#'  +  80** 
1  +  IW  +  78**  +  880^ 
1  +  aOff"  +  IW**  +  ISflOtf* 

1  +  8(w  +  39o»*  +  sseoc 

1  +  iStf*  +  714**  +  77«8<»' 

—  «[l  +  *«•+  I**] 
:  »[1  +  V<^  +  H^] 
:  »[3  +  19«*  +  »H«*] 

»[4  +  sa*^  +  ^»*] 

:  0'[1   +  #^ 
:  ^Tl  +  9«'] 
:»"[3    f„3»tf'] 

=  tf*[10  +  230p] 

:— »■ 

:«• 
:4<>' 
:  KW 


Through  multiplication  we  obtain 

J?,"ir,"  =  1 

ETE'n  =l  +  8«»  +  8«^  — 2**  +  4«'*"  +  4*"  +  (W  -  4#'*"  +  Sfl**"  +  8*" 
JTJf^  =l  +  6«'  +  6»"-6*'+  8M'»"  +  a4tf'*  +  O***  -  36tf*»"  +  144*'ff"  +  80*'6  — 
BTBT^  =  1  +  IZ**  +  12»^  —  6^  +  144^*"  +  78tf"  -  la^*  -  729'e^  +  936<»'<i'"  +  380#^ 
BPE'Z  =  1  +  aO*"  +  20#"  +  !()<»•  +  40(W»^  +  190»" 

—  60»*  +  200*'»"  +  3800*'»'*  +  1260*" 
SrE'm  =  1  +  30*"  +  30*"  +  60**+  900*"*"  +  390*" 

— 160**  +  1800***"  +  11700*'*"  +  8360*^ 
ErB'!^,  =  1  +  42*"  +  42*"  +  KW**  +  1764*'*" 

+  714*"  — 280**  +  7056***"  +  29988*'*"  +  7728*^ 

j?,'"^':;"  =  »»'[a— *•  +  *"- 1**-*  <^»"  +  t*"] 
E,<"E"ii  =  **'[—  4  -  a*"— aa*"  +  v*  -  "'*'"  -  H^*"] 

if.'"^'2i  =  ***[— 10— 26^— W*"  +  if***  —  H****"  — *V^»"] 
^,'"^2i  =  **■[—  18  —  99*'  -  261*^  +  H***  -  ^V^***"  -  'V^tf"] 
^."'irS  =  **'[-  88  -  266*"  —  674*"  +  41  *•  -  6463*'*"  -  iif^ »"] 
^^n'jr'Si  =**'[- 40  —  680*"  -  1 100*"  -  896**  —  15960*'*"  — 151 16*"] 
JP,<»^  =  *'*"(3  -  *•  +  8*"] 
j^ -FS  =  #"*"[15  -  6*'  +  135<in 
^  *.ra  =  *V[63  +  63*'+  819*"] 
Jr,*.r5  =  *'»"[168  +  604*'  +  8968*"] 
#  *JP2  =  *'*"[860  +  a040*'  +  8280*^ 


J56  COLLECTED  MATHEMATICAL  WORKS  OF  G.  W.  HILL 

E^^E'Hi  =  —  bee'e" 

^,"'£"i"^  =  — 1200ff'e". 
If,  in  the  expression  for  £l,  we  call  the  function  of  the  eccentricities 
which  multiplies  ^^ — n-^«'  7j~r  '^  *^®  coefficient  of  cosyy,  ilf;[^',  and  A  denot- 
ing the  characteristic  of  finite  differences  with  respect  to  the  variable  i,  it 
will  be  seen  that  we  have 

Then  the  expressions  for  M\^  can  be  derived  by  considering  the  preceding 
expressions,  taken  alternately  with  the  positive  and  negative  sign,  as  the 
successive  differences  of  these  functions  with  respect  to  the  index  i ;  and  it 
will  be  advantageous  to  apply  the  process  separately  to  each  power  and 
product  of  B  and  &.     The  exhibition  of  this  follows  : — 

Coefficients  of  cos  Oy : 

Coefficients  of  B\  Coefficients  of  0'  and  Q'\ 

1  0 

—  1  -2 

0+1  -2+6 

0—1  +4-13 

0  0+1  +2-6  +20 

0  0—1  -2+8  -30 

0  0  0+1  0+2  — 10  +42 

0  0  0  0-2+12 

0  0  0  0  0+2 

0  0  0  0 

0  0  0  0 

0  0 

0  0 

Coefficients  of  0*. 

0 
+    2 
+  2  -    6 

-  4  +6 

—  2  0  +10 

-  4  +16  —    60 

-  6  +16  —  50  +168 

+  12  —  34  +  108 

+  6  - 18  +58 

-  6  +24 
0           +6 

0 
0 
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CoeflRcienta  of  6'$". 

0 

-  4 

-  4  +86 

+  8«  -144 

+  88  - 108  +400 

-  76  +866  -  900 

-48  +148  -600  +1784 

+  78  —  844  +884 

+  84  -   96  +364 

-  24  +120 
0           +84 

0 
0 


CoefGcients  offf*. 

0 

-   4 

-    4           +24 

+  20           -    78 

+  16           -  64             +190 

-84           +112 

-390 

- 18           +68 

■200 

+  714 

+  24           -    88 

+  324 

6           -  30             +124 

-    6           +86 

0           +6 

0 

0 

Coefficient*  of  0*. 

0 

0 

0                 0 

0           +12 

0           +12           - 

60 

+  12           -  48 

+  160 

+  12           -  36           +100 

— 

280 

-  24           +62 

- 

-120 

- 12           +16           - 

20 

-   8           +32 

-  20           +48 

+  40 

+  20 

Coefficients  of  6*6'*. 

0 

+      4 

+      4             -      36 

-    32               + 

78 

—    28             +36 

+    200 

+      4  +272  -1800 

—  24  +308  — 1600  +  7056 

+  812  -  1328  +  6266 

+  288  - 1020  +  3666 

-  708  +  2328 

-  420  +  1308 

+  600 
+  180 
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Coefficients  of  d'B'K 

0 

—  8 

—  8  +144 

+    136  -    936 

+  128  -    792  +  3800 

—  656      +2864       —11700 

—  528      +  2072      -  7900       +  29988 

+  1416      —  5036       +  18288 
+  888      -  2964      +  10388 

—  1548      +  5352 

—  660      +  2388 

+  840 
+  180 


Coefficients  of  0". 

0 

-     8 

-      8             +80 

+    72              -    380 

+    64             -  300               +  1260 

-228              +    880 

-3360 

-  164              +  580               -  2100 

+  7728 

+  352              -  1220 

+  4368 

+  188             —  640                +  2268 

-  288              +  1048 

-  100              +  408 

+  120 

+    20 

Coefficients  multiplying  $6'  cos  y : 

Coefficients  of  0«. 

+  2 

0 

+  2          -4 

-4+10 

—  2         +6           -18 

+  2         —    8            +28 

0         -  2            +10           -  40 

0         +2           -12 

0              0-2 

0                0 

0              0 

0 

0 

Coefficients  of  01 

-   1 

0 

-    1           -    2 

-    2            +25 

-    3            +23           -    99 

+  21           -  74              +  266 

+  18           -  51           + 167 

-580 

-  30            +93             -  314 

- 12           +42           - 147 

+  12           -  54 

0           -12 

0 

0 
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Coe£Bcients  of  $". 

+   1 

0 
+  1         -M 

-««  4-95 

-81  +78  -S61 

+  61  - 168  +  674 

+  80  -98  +313  -1100 

-  48  +  147  -  526 

-1«  +64  -213 

+  12-66 
0  -12 

0 
0 

Coefficients  of  6*  multiplied  by  4. 

-  1 

0 

-  1     +26 

+  26      -  186 
+  26      -  169      +  513 

-  133      +  328      —  574 
— 108      +  169      —   61      — 1180 

+  36      +  267      -1764 

-  72     +  436      —1815 

+  472      -  1648 
+  400      -1112 

-640 
-240 

Coefficienta  0(6*6'*  multiplied  by  2. 

-  1 

0 

-  1     -  22 

-  22      +  476 

-  23      +  463      -  2871 

+  431      -  2396       +  10906 

+  408      — 1943      +  8035       —  31900 

- 1612      +  5639       -  20994 

-  1104      +  3696      -  12959 

+  2184      -  7320 
+  1080      -  3624 
-1440 

-  360 

Coefficients  0(6'*  multiplied  by  4. 

+   3 

0 
+   3      -  384 

-  334      +2196 

-  331      +  1861      -  8451 

+  1527      -  6256       +  24682 
+  1196      -4395      +16231       -60460 

-  2868      +  9975       -  36778 

-  1672      +  6680      -  19647 

+  2712      -  9672 
+  1040      —  3992 
-1280 

-  240 
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CoeflScients  multiplying  6^6'^  cos  2y  : 

Coefl&cients  of  0". 

+    3 

0 
+    3  0 

0  -15 

+    3  —15  +63 

-  15  +48  - 168 

—  12  +33  — 105  +  360 

+  18  -  57  +  192 

+    6  -24  +87 

-  6  +30 
0           +6 

0 
0 

CoeflScients  of  6-. 

—  1 

0 

—  1  0 

0  +5 

—  1  +5  +63 

+      5  +68  —    504 

+      4  +73  -    441  +2040 

+    78  -373  +1536 

+    82  —  300  +  1095 

-  222  +  722 
— 140             +  422 

+  200 
+    60 

CoeflBcients  of  0'*. 

+   3 

0 
+   3         0 

0      -  135 
+   3      -135      +  819 

-  135     +  684      -2968 

—  132     +549      —2149      +8280 

+  414     — 1465      +  5312 
+  382     -  916      +  3163 

-  502     +  1698 

—  220     +  782 

+  280 
+  60 

Coefficients  of  B^Q'^  cos  3y. 

+  4 

0 
+  4         0 

0         0 
+  4         0      -  56 

0      —  56      +336 
+  4     -  56     +280     -1200 

-  56      +224      —864 
-52     +168     -584 

+  112      —  360 
+  60     — 192 

-  80 

—  20 
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We  can  now  write  the  explicit  development  of  A  u  follows : 


mm 


+  i^f^lit^  +  8^«  _  2r  +  28#'#^  +  16*" 

+  0*»-8W*^  +  laStf**"  +  64*"] 
+  ji^  «•  ^  [6<r  +  4W»"  +  18»'*  -  IS** 

+  »4r*^  +  62W»"  +  164*"] 
+  j-^  a*  ^  [6«*  +  a*^^'*^  +  6*"  —  120* 

+  288^ff^  +  88W»"  +  188»*] 
+  ^  g^^  ^ a*  ^ [M**  +  «0r»"  +  660^»"  +  100»"] 

+  ^  g^^  ^ a«  ^1^' [80»*  +  180***^  +  ISO*"*"  +  20<»"]  I 

+  |/A")_a^)r2-#'  +  »^-i»*-i»'*^+l*"] 

—  lo*^'  r2  +  3tf*  +  21ff"  -  y  tf*  +  V*"*"  +  H^»""| 
_  gl^  a»^"'  [iw  +  80*^  -  270*  +  204^*"  +  299»"] 

—  j-^  a*  ^  [la**  +  12*"  +  1 W  +  652»'«"  +  418*"] 
_  g-g^^pg  «•  ^'  [100**  +  640*"*"  +  260<»"] 

-2.3. 15.6°' W^^^  +  '^'•*'  -^  ^^'"'^  }  '"  '""  ' 

■^o:4''*w'[«-«^  +  *«'''''^ 
.{4."-4-^.2.^^;-K^-v-^^: 


11 
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In  order  to  have  as  few  functions  of  a  to  deal  with  as  possible,  we  gather 
together  all  the  terms  having  the  same  powers  of  $  and  &  as  factors.  Also 
it  will  serve  our  purposes  better  to  have  the  development  of  Q,  in  powers 
of  cos  y  than  in  cosines  of  multiples  of  y .     For  convenience  in  writing  we 

denote  a'  -^-^  by  {j,  i).    We  then  put 

^/•'=(0,l)+i(0,2), 

A,">  =  -  (0,1)- J  (0,2)  +  i(0,3)+  i(0,4), 

J.(°)  =  2(0,1)  +  7(0,2)  +  4(0,3)  +  }  (0,4)  -  3(2,0)  +  3(2,1) 

-1(2,2)- 2(2,3) -i(V), 
A,n  =  2(0,1)  +  4(0,2)  +  1(0,3)  +  i(0,4), 

A,m  =  _  (0,3)  -  i  (0,4)  +  tV  (0,5)  +  ^  (0,6) , 

A,m  =  _  2(0,1) -7(0,2)  +  2(0,3)  +  6(0,4)  +  J  (0,5)  +  4  (0,6) 

+  (2,0)  -  (2,1)  +  i  (2,2)  +  S  (2,3)  -  ^  (2,4)  -  i  (2,5)  -  ^  (2,6) . 

^,«  =  4(0,1)  +  32(0,2)  +  44(0,3)  +  Af  (0,4)  +  ^^^0,5)  +  J  (0,6) 

-  3(2,0)  +  3(2,1)  -  f  (2,2)  -  22(2,3)  -  ^  (2,4)  -  V"  (2,5)  -  tV  (2»6), 
A,'")  =  4(0,1)  +  16(0,2)  +  V  (0,3)  +  ti(0,4)  +  ^(0,5)  +  7V  (0,6), 
^„C)=2(1,0)-2(1,1)-(1,2), 

^/')  =  -  (1,0)  +  (1,1)  -  f  (1,2)  -  3(1,3)  -  i  (1,4), 

-1/'  =  (1,0)  -  (1,1)  -  ^  (1,2)  -  5(1,3)  -  J  (1,4), 

A,0)  =  -  \  (1,0)  +  i  (1,1)  +  ¥  (1,2)  +  I  (1,3)  -  f  (1,4)  - 1  (1,5)  -  tV  (1,6) , 

Ap  =  -  i  (1,0)  +  i  (1,1)  -  ^^  (1,2)  -  34(1,3)  -  23(1,4)  -  f  (1,5)  -  J  (1,6) 

-  12(3,0)  +  12(3,1)  -  6(3,2)  +  2(3,3)  +  J/ (3,4)  +  f  (3,5)  +  ^V  (3,6), 
^,0)=}(l,0)-|(l,l)-4fi.(l,2)-i|4(l,3)-^(l,4)-Y(l,5)-TV(l,6), 

i  4.«  =  3(2,0)  -  3(2,1)  +  f  (2,2)  +  2(2,3)  +  J  (2,4), 

i  ^,0  =  -  (2,0)  +  (2,1)  -  J  (2,2)  -  §  (2.3)  +  ^  (2,4)  +  i  (2,5)  +  ^  (2,6), 
i  ^,<')  =  3(2,0)  -3(2,1)  +  f  (2,2)  +  22(2,3)  +  ^  (2,4)  +  ^(2,5)  +  ^  (2,6), 
i  A,m  =  4(3,0)  -  4(3,1)  +  2(3,2)  - 1  (3,3)  -  i^  (3,4)  -  J  (3,5)  -  ^  (3,6). 

Then,  neglecting  the  term  which  is  independent  of  6,  &,  and  y  for  the 
reason  that  it  is  useless  for  our  purposes,  we  shall  have 


mm 

+  ^,<"<?V''  +  ^,<»'5'/*  +  J,"y» 

+  [^."'  +  ^,"'«'  +  ^,"'<^'  +  A,^'e'  +  ^,<"e'(?"  +  A^''o"]0e'  COB  r 

+  A^'^ei'e'*  cos'  r- 

In  order  to  make  an  application  of  the  method  to  the  case  of  Jupiter 
and  Saturn,  we  take  from  Runkle's  Tables  of  the  CoeflBcients  of  the  Pertur- 
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battve   Function   the  values  of  log  (J,  i)  corresponding  to  the  argument 
loga  =  9.7367414. 


». 

j  =  0. 

y  =  i. 

>=>• 

y  =  8. 

0 

a8885M7 

9.7939633 

9.4112303 

9.0731143 

1 

9.6447549 

9.9080185 

9.7803244 

9.6982418 

% 

9.98S8689 

9.8807630 

0.0203420 

0.0219693 

3 

0.2948863 

0.3204379 

0.3188238 

0.3995660 

4 

a8787099 

0.8718079 

0.8884960 

0.9011936 

6 

1.6671487 

1.6610671 

1.6668343 

1.6798073 

6 

8.8403886 

3.3412199 

3.3463289 

2.3633961 

Making  use  of  these  values,  we  obtain  for  this  special  case 

-^a  =  0.8693176  («•  +  O  +  1.05019**  +  11.86269(rff"  +  8.19486*" 

fftfH 

+  3.307*»  +  46.136*'*"  +  167.464tf'»"  +  89.730*" 
-[1.1865063  +  10.94348^  +  28.34085*"  +  42.856*' 

+  336.361*'*"  +  362.413*'*]**'  co«  r 
+  2  [6.63740  +  86.288**  +  333.228*"J*'*''  cot*  y 
-  178.887*'*"  co^r* 

n. 

The  portion  of  the  subject  which  treats  of  the  integration  of  certain 
differential  equations  is  now  to  be  attended  to.  Denoting  the  mass  of  the 
sun  bj  M,  and  putting 

/.  =  !/  +  «»,    /.'  =  jr+m',    0  =  ms^',/n^,    O' =  wi'-v^m'? \/r^^, 

the  differential  equations  which  determine  the  eccentricities  and  positions  of 
the  perihelia  of  the  two  planets  are 

dO_dg  du  _      da 

ar~a3' 


dw 
W 


30' 
da 


dO  _  do 
But  since  CI  involves  at  and  w'  only  through  y  :=  w  —  a/,  vre  have 


Hence 


3ei      dia' 


O  +  0'  =  tk  constant 


is  an  integral  of  the  problem.     This  integral  equation  may  be  more  suitably 
expressed  in  terms  of  the  variables  d  and  ff  which  we  have  before  employed. 

*  Ab  arror  which  UteeU  th«  lut  two  Horn  of  thi*  fomnla  in  th«  original  mamoir  It  corraeUd  bar*. 
Many  of  the  followtng  nnmban  ara,  to  toma  extant  TtUatad  b;  thia,  bat  I  bava  not  thoagbt  It  worth 
whlla  to  recompata  them. 


164  COLLECTED  MATHEMATICAL  WORKS  OP  G.  W.  HILL 

Then  K  denoting  an  arbitrary  constant,  and  denoting  the  constant  quantities 
m  V(ia,  m'  "/[I'a'  by  p ,  ^  • 

The  value  of  K  is  ascertained  by  substituting  in  the  left  member  of  this 
equation  for  6  and  &  the  values  they  have  at  a  definite  epoch.  We  can  now 
reduce  the  number  of  variables  in  the  problem  from  four  to  three  by  adopt- 
ing a  variable  v  to  replace  6  and  6',  such  that 

e  =  >i\/y  sin  h,       e'  =  /lV2"cos  h . 

\v  remains  always  in  the  first  qua  >ant.  Denoting  the  angles  of  the  eccen- 
tricities by  ^  and  ^',  the  eccentricities  are  determined  by  the  formulsB 

e  =  Bin  ¥»,  e'  =  sin  <p , 

sin  i<f  =  ilVX^sin  h,        sin  }?>'  =  A'-v/iTcos  h. 

Making  the  substitutions  in  II  necessary  to  make  it  involves  instead  of  0  and 
0',  we  put 

0*  =  hX^E(\  —  cos  0 .        «"  =  i-l'  -ff'Cl  +  cos  v) ,        ee'  =  m'K  sin  v . 
The  function  fl  becomes,  then,  divisible  by  K,  and,  in  order  to  simplify,  we 
shall  put  £l  :=  KR.     Therefore,  if  we  write  x  for  cos  v  and  put 

J5.<°'  =  :^'  J  }  (—  A'  +  A")  J,'"'  -  i  (AM,'""  —  A'M/"')  K 

+  K-SAM,'"^  — A*A"^,«  +  A'A'M;")  +  3A'M,P0-fi''}, 
^,C)  =  ^  I  J  (AM,'")  —  )}k'*A^^  +  A'M  «)  JT 

+  i(3AMjW  —  A*A'M,m  —  A'A'M,m  +  3A"JgW)ir'  I, 
5,(»)  =  ^  I  J(_  ^M.m  +  A«A'»^,«  —  A«A'M,n  +  A'M,«) 5"'  | , 

5/)  =  '?^^|  J,C)  +  i(AM,C)  +  A'M/))ir-|-  J(AM,0)  +  A'A'M.P)  +  A'M/))^' J, 
B<»  =  ^^l-U{-  A'^.P)  +  A'M,m)^+  i(-AM,0)  +  A'M,P))ir'|, 
J,0  =  !?^  ^  J  i  (AM.C)  -  n"A,(f)  +  A'M,C))  JT* } , 
^^O  =  ^  ^-^'  /  ^^«  JT  +  J  (AM,n  +  A'M,(^)  Z*  I , 
^^m  =  ^'  ^'  (  _  A«J.«  +  A'M,c))ir', 
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we  shall  then  have 


R=BP  +  B^^z  +  fi,<nx*  +  BJ^  +  . .  . 

+  [B/)  +  fi.CHr  +  J?/''«»  +  . . .  ]  "in  K  oot  r 
+  [BJ^  +  ^.i^*  +  . . .  ]  lin*  *  ooi'  r 
+  [i?,<^  +  . . .  ]  •in* »  ooi' y 


With  this  expression  for  R  it  is  readily  seen  from  the  preceding  differ- 
ential equations  that  the  differential  equation  determining  v  is 

rf»__    1    dR 
or 

(rt--trr' 

Since  i?  =  a  constant  is  evidently  an  integral  of  the  problem,  we  shall  have 

dR  d>  ,dRdr_n 

Whence  is  derived 

dr^_l_dR 
tU      no  v'JT' 

We  still  need  an  additional  equation  giving  the  value  of  some  other  function 
of  (u  and  a/  than  w  —  ib'.     If  we  select  di  +  d/  we  have 


d{pt  -»-  A")  _      do     do 

dt     -~i^-i&' 


If  K  is  kept  evident  in  the  expressions  for  the  various  B'b,  bo  that  the  par- 
tial derivatives  of  them  with  respect  to  this  quantity  may  be  taken,  we  shall 
have 


Whence 


do_d(KR)dK  ,    ji-dRdo  _      ,d(KR)  1       dR 

dQ-  dir  su'*' ^irriR?-~*-inh~r—-Tip 

do  _  djKR)  dK  ,   f.dR  d*  _      .  djK-R)  ^  .  ..„  ►  dR 


djA  +  A')  _  djKR)      OModR 
~«B  dK     "^  •ITi  "37 
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In  making  our  numerical  application  we  take  the  mean  distance  a'  as 
the  unit,  when  a  becomes  the  same  as  a  previously  given,  and  assume  for 
the  masses  the  values 

m  =  .^l .         m'  ^ 


1047.879 '  3482.2 

These  give 

log  ;  =  1.5758667 ,  log  X'  =  1.7708956 . 

The  values  adopted  for  the  eccentricities  at  the  beginning  of  1860  are 

e  =  0.04825801 ,  e'  =  0.05606467 . 

These  furnish  the  equations 

0  =  [8.4778154]  sin  -^  ,  6'  =  [8.6728444]  cos  ~  , 

and  the  function  R  becomes 

R  =  0.0005906465  +  0.0002543964a;  +  0.00000196780a;' 
+  0.000000019394a;' 

—  [0.0003548741  +  0.00000629406a;  +  0.00000008731a;']  sin  v  cos  r 
+  [0.00000148778  +  0.000000Q4479a;]  sin'^  cosV 

—  0.000000006560  sin'v  cosV- 

The  value  of  the  constant  in  the  integral  equation 

R=0 

is  ascertained  by  substituting  in  the  expression  for  R  the  values  which  v 
and  y  have  at  a  definite  epoch,  as  1850.  C  being  determined,  the  equation 
R-=.  C  can  be  solved,  regarding  sin  v  cos  y  as  the  quantity  whose  value  is 
to  be  obtained.  This  value  can  be  supposed  developed  in  powers  of 
COSV  =  X,  and  we  write 

sin  V  cos  r  =  S=  D,  +  D^x  +  B^  +  Z),ar'  +  . . .  . 

The  readiest  method  of  obtaining  the  Z)'s  is  by  substituting  the  last  expres- 
sion in  R  and  then  equating  the  resulting  coefficients  of  each  power  of  x  to 
zero.  We  thus  have  a  system  of  equations  determining  the  Z)'s.  These  can 
be  solved  by  successive  approximation.  If  G  is  allowed  to  appear  as  an 
indeterminate  in  the  expressions  for  the  Z)'s,  JBTcan  be  partially  differentiated 
with  reference  to  this  quantity. 

We  can  now  make  H  play  the  role  of  R ;  for  we  have 

%^d^,         J^  =  -f,         and         ,  =  arcco8_=£^. 
di      dy  dl  dx  njl—n? 
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Thus 

dH 
dt  _dr aC 

where  the  radical  in  the  deDominator  must  receive  the  sign  of  sin  y ;  for  we 
have 

■in  ■>  OM  r  -  B"  D,  +  A*  +  ^r**  +  A**  4-  . .  .  , 
•in  y  tin  r  =  <  l-r«  — IT. 

If  we  suppose  the  orbits  are  always  ellipses  x  cannot  pass  the  limits  d:  1. 
Thus  X  must  oscillate  between  a  maximum  and  a  minimum  value,  while 
dHjdC  remains  constantly  of  the  same  sign.  The  maximum  and  minimum 
values  of  X  are  evidently  the  two  consecutive  real  roots  of  the  equation  in  x 

i-z'-£r'  =  o, 

which  contain  between  them  at  any  time  the  actual  value  of  x.  Calling  these 
roots  a  and  b,  we  may  write 

1  _a*_  ^  =  (a  _  i)(x— b)  0, 

where  Q  is  positive  for  all  values  of  x  lying  between  a  and  b ;  and  when  the 
eccentricities  are  always  small,  the  variation  of  Q  is  slight  in  comparison  with 
its  magnitude.     In  the  place  of  x  we  can  adopt  a  new  variable,  ^,  such  that 

Then 

dx  ,. 

and  the  differential  equation  giving  4'  i"  terms  of  ta 

dtt 

dt  __W 

To  Me  how  all  this  applies  in  the  case  of  Jupiter  and  Saturn  we  assume 
the  following  values  of  the  longitudes  of  the  perihelia  at  the  epoch  1860.0: 

«  =  11"  M'  31".18,        «'  =  90"  6*  6r.65. 

The  value  of  the  constant  C  being  now  determined,  and  the  equation  K=C 
modified  in  such  a  way  that  it  becomes  more  suitable  for  solution,  we  have 

0.4021266  =  -  0.7168638r  —  0.00654512'  -  0.0000546*' 
+  [1  +  0.01773601  +  0.0002460ir']  sin  »  cof  r 
-  [0.0041924  +  0.0001262x]  sin*  »  cot'  r 
+  0.0000186  sin' »  coa*  r- 
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When  this  equation  is  solved  with  reference  to  sin  v  cos  y  as  the  unknown, 

we  obtain 

ff=  0.4028046  +  0.7121389a;  -  0.0050141a:'  -  O.OOOOOSOar". 

And  when  we  ascertain  what  increment  H  receives  from  an  infinitesimal 
increment  in  the  quantity  C,  it  results  that 

~W~  ^^^"^'^^^  -  33.179a;  +  0.005a;'. 

The  equation  1  —  x'  —  5^  ^  0,  in  this  case,  is 

0.8377485  -  0.5737057a;  —  1.5031028a;'  +  0.0071447ar'  —  O.OOOOlSOa;*  =  0. 

The  consecutive  real  roots  of  this  which  contain  between  them  the  value  of 

X  at  1860.0  are 

a  =  0.5803236,        b  =  -  0.9586738. 

We  derive  from  these  the  limiting  values  of  r,  which  are 

54°  31'  36".14        and        163°  28'  14".01. 

Thus,  when  y  =  0°,  the  minimum  e  of  Jupiter  has  place,  which  is  0.02752623; 
as  also  the  maximum  e'ofSaturn,  which  is  0.08362800.  And,  when  y  =  180°, 
the  maximum  e  of  Jupiter  has  place,  and  is  0.05944555 ;  and  the  minimum 
ef  of  Saturn,  which  is  0.01353514. 

The  remaining  factor  of  the  equation,  two  of  whose  roots  we  have  just 

obtained,  is 

Q  =  1.5058180  —  0.0071522a;  +  0.0000180a?. 
Whence 

-^  =  0.8149177  +  0.0019353a:  +  0.0000020a;'. 

Substituting,  then,  for  x  the  expression 

x=—  0.1891751  -  0.7694987  cos  ^, 
we  get 

~  =  2304.1185  —  21.5662a;—  0.0543a;' 

=  2308.1802  +  16.6794  cos  <p  -  0.0161  cos  Zi//. 
Integrating  this,  c  being  the  arbitrary  constant, 

i  +  c  =  2308.1802<«'  +  16.5794  sim^  —  0.0080  sin  2</>. 

Inverting  this  series  and  changing  the  numerical  coeflScients  into  seconds  of 

arc  we  get 

<f>  =  19".05825(<  +  c)— 1481".57  sin  [19".06825(<  +  c)] 

+  6".04  sin  2[19".05825(<  +  c)]. 
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From  the  value  which  4>  must  have  at  the  epoch  1860.0,  t  being  counted 

thence, 

1»".06825«  =  877»  V  V'.li. 
Also,  we  have 

oof  y  =  -  0.18917S1  -  0.7694987  OM  ^, 
■io  >•  OM  r  =  +  0J}679068  —  0.M94490  OM  ^  —  0.0039673  oot*  ^ 

+  0.0000023  o(m'^, 
•in  » tin  r  =  [0.9446898  +  aOOlTteS  cm  0  +  0.0000018  cm*  ^]  tin  *. 

These  equations  enable  us  to  determine  the  eccentricities  and  difference  of 
the  longitudes  of  the  perihelia  at  any  given  time. 

It  remains  to  find  the  longitudes  of  the  perihelia  themselves.    We  have 

d(S  —  iCt)_      xjrdr    .l±xdr 
d(A'-iCf)_      ij^dr      1-xdr 

jrdH     f.   ,     .dH       Hz 

dx  =* V{l-*^-5') 

g.dH  ,f.        .dH   .     Hz 

dx  V(l— a*  — ^') 

Here  K  must  be  left  indeterminate  in  the  coefficients  Z>,,  Z)],  etc.,  of  H,  in 
order  that  we  may  get  jj^.     In  the  next  place,  we  derive 

p-dB      ,,   ,  ^\dH        Hx 
K-rp-  —  (l  +  X)- 


Or 


Or 


V     =* 7^ 

d(A'— icn_. ^dF^^^    '^'d^^rm 
"^ftT ♦ 7^ 

When  B,  which  is  an  infinite  series  in  integral  powers  of  x,  is  divided  by  1  — x 
or  1  +  ai^.  remainders  independent  of  x  are  left  over  which  are  equivalent  to 
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what  E  becomes  when  in  it  we  make  x=l  and  x  =  —  1.     These  remainders 
we  denote  &&  H{1)  and  H{ —  1).     Then  we  may  write 


H(l) 


y 

i  =  0 


d<l>         ~' 

_._g(-l)      <>" 
d{w'-\Ot)_,        l  +  x   ^  <^o 
lip 


^  IK  -  («■  - 1)  A  -  iA+,  +  A+.  +  A+,  + 


VG 


dD, 


K  "-^  -{i  -  i)A+  »A+i+  A+,- A+S+ 

v^ 


The  difference  of  these  equations  gives 


dr  ^ 

liji 


-  *  ^  +  i  ?^  +  i7-'^'+'+  ^'+' + ^'+'^^ 


VG 


Since  y  returns  to  the  same  value  after  4'  has  augmented  by  a  circumference 
it  follows  that  when  the  right  member  is  expanded  in  an  infinite  series  con- 
taining, besides  two  terms  in  the  form  of  fractions  having  1  —  x  and  l  +  x 
as  denominators,  a  set  of  terms  proceeding  according  to  cosines  of  multiples 
of  '^,  the  coefficient  of  the  zero  multiple  of  ■^  must  vanish.  This  is  not  imme- 
diately evident  from  the  form  of  the  expression.  Hence  I  proceed  to  prove 
it  to  the  degree  of  approximation  we  adopt.     Let 

1 


V"^ 


=  E„  +  E^x  -1-  E,x^  + 


then,  omitting  the  two  terras  in  the  form  of  fractions  and  having  1  — x  and 
\  -\-  X  for  denominators,  it  will  be  perceived  that  we  have 

^  =  D,E,  +  (A  -h  A)S.  +  AS.  -  [AS,  -  Z)^,]  X  -  [W,E,  -  D,E,]x\ 

Substituting  for  x  its  value  in  terms  of  ■4',  if  our  proposition  is  true  we  ought 

to  have 

la  +  b 


D,E,  +  (Z)„  +  A)S.  +  D,E,  -  [D,E,  -  D.E,-] 


But  if 


-[W,E,-D,E,-]  [f(*-+-^)  -  Jab]=  0. 


E,  =  M,-  i,        E,  =  -\M,-iM„       E,=  -i  M,-  tM,  +  I  M.-hM*, 

and  Mf„  M^,  M^,  a,  and  b  are  determined  by  the  equations 

abil^„  =  Do'  -  1. 
(a  +  h)M^  —  ab^,  =  —  %DJ)^ , 
if,  -(a  +  b)  M,  +  &hM,  =  1  +  A'  +  ^AA. 
if,  -  (a  -t-  b)^,  =  2(AA  +  AA), 

M,  =  A'  +  2AA- 


But 
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By  substituting  the  values  of  E,,  Ei,  and  E,  and  multiplying  by  Mff,  our 
equation  becomes 

{_/).!^  +  A[i-8C-+^)'+.b]}ir. 

kM,  =  AA  +  DA  +  '-j^J^.. 
-  J  D^,  =  -  AAA  -  A*  A  -  A  ^^  -«;  • 
By  substituting  these,  the  equation  becomes 

-A'A  +  A[i-8(4^J  +  .b]jf.-*A[i-|(^)'  +  |.bJl^.] 

-»A[ir.-i^;]-A'4-^[ii/.-i^;]=o. 

This  may  easily  be  transformed  into 

-  A'A  +  a[i  +  A'  +  3Z)  A  ^  +  A'- 1] 
-AA'[i-lC-^)'-f.b] 
-  \  A  [a*  +  2AA  -  8  ^*|^'] 

_A!^[|A'  +  8AA-f^]  =  o. 
Which  reduces  to 

-['  *  »H-^^^  »^]  W).--.'>.[A--3«i^-] 

_I>.«_+J'[|i).--,^]=0, 
and  thence  to 

which  is  perceived  to  be  identical. 
When 
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is  divided  by  1  —  x  the  remainder  is  equivalent  to  what  -j^  becomes  when 
X  is  put  equal  to  1.     But 


consequently  this  remainder  is 


L-    /(a-a:)(x-b) 
-  V    1-3?  -  H'   ' 


,    V(l-a)(l-b) 
~       BO)  ' 

the  ambiguous  sign  being  so  taken  as  to  render  the  quantity  positive.    In  like 

manner  it  is  shown  that  the  remainder  of  --y-  divided  by  1  +  x  is 


■    V(l  +  a)(l  +  b) 
Then  ^__^^__ 

where  the  upper  or  lower  sign  is  to  be  taken  according  as  ^(1)  is  positive  or 
negative.     And 


where  the  upper  or  lower  sign  is  to  be  taken  according  as  H{ —  1)  is  positive 
or  negative.  The  expressions  for  the  L  and  L',  correct  to  quantities  of  the 
order  of  the  fourth  power  of  the  eccentricities  inclusive,  are 

2A  =  [Z^*  +  A  +  A  +  a]  Eo  +  Ha)  {.E  +  E,-], 
2A  =  \^£:^-D,  +  a]  A  +  [^32-'  +  Do  +  a]  E,  +  il(l)£., 
2A  =\jK^-D,-  2A  ]  J5.  +  [^^  -  a]  Er  +  D,E„ 
2U=^E^  +  D,  +  D,-D,'^E,-Hi-1)[E^-E,-], 

2z;=  [e:^  +  a+  a]  a  +  [^^  +  A  +  a]  A-^(- 1)  A, 
2z;  =  r^^- A  +  2a]  a  +  [^^  +  ^.]^«  +  A^«- 

By  substituting  the  value 

a  +  b      a  —  b        , 
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and  putting 

jy.  =  A  +  A'-^4.x.[|(4^)'-*.b]. 

A,  SB  —  1«, J—  —  Ltt  — I I 

/T'.  =  z;  H- A'4-S  l;  [I  (i^y  -  *  ab] . 

v»  _       r.a  — b      r.a*  — b* 
where  we  have,  as  has  been  proved  above,  the  relation  Nq  =  ^g',  we  get 

Integrating,  we  have 


«8-JC<  =  CT»«!tan  f^/rirB*"-!-"]  +  -^.i*  +  -^.  "in  v>  +  J  j>^,  iin  V  +  . .  .  , 
A'-JC<  =  «'qF»«5tan  rJJ^tan-^"!  +  JV>  +  A;  siinJ  +  JA','iin2<fr+  .... 

The  quadrant  in  which  the  arc  correspondent  to  the  tangent  is  to  be  taken 
is  found  by  dividing  the  number  of  the  quadrant  o{  -^  by  2,  if  it  is  even ;  or 
by  augmenting  the  number  of  the  quadrant  of  -^  by  unity,  if  it  is  odd,  and 
then  dividing  by  2. 

By  taking  the  sine,  we  have,  ^  being  any  arbitrary  angle, 

tfT^x  lin  (•  —  J  (7/  +  ^ 


=  T  VI  -  a  sin -J- ooe  [JV,v>  +  e  +  /9+  JV,  giinJ  +  iJV.iin  2v>  +  . . .] 
+  VI— b  cos  I"  sin  \N,<^  +  c  +  /J  +  JV;iiinfr  +  iJV,Mn2<>  +  ...], 
Vmiin(«'  — JCT  +  /9) 

=  T  VTTTiin  -J  OM  \W^  +  o*  +  A  +  J(r,'iunl>  +  I JV;  «n  V  +  . . .  ] 

+  VTTboo«ysin  [JV;<^  +  c*  +  ^  +  JV:  tinvfr  +  JA,'iin  2Vk  +  . . .] 
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or,  as  they  may  be  written, 


V 1  —  »  sin  (di  —  ^Ct  +  /J) 


=  i[Vl  —  b  If  VI  — a]sin[(iV„  ■\-  V)<1'  +  c  +  ^  ^-  N^sin  <p  +  }JV,8in  2^^'  +  .  . .] 
+  J[Vl-b±  tJl  —  a\aml{N^  —  h)4>  +  c  +  /3  +  iV,8iin;'  +  hN^sin%4-  +  ...]. 
ijl  +  x  sinCw'  —  } C<  +  /S) 


=  J[  VI  +  b  T  VTTa]sin  [(iV;  +  })^ir  +  c'  +  /?  +  ^,'  sin  4'  +  JiV,'  sin  2^  +  .  . .] 
+  i[Vl  +  b  ±  VTTa]8in[(iV";  — J)<i'  +  c'  + /J  +  iV,' sin  <J  +  }  JV,' sin  2<f' +  ..  .]. 

The  expression  for  the  auxiliary  angle  i^  in  terms  of  the  time,  which  has 
already  been  obtained,  we  will  denote  as  follows  : 

iP  =  e^{t  +  c„)  +  K^  sin  e,(J,  +  c„)  +  K,  sin  2^„(f  +  c,)  + 

Substituting  this  for  '«|'  in  the  preceding  formulae,  and  putting  in  succession 

p=\Ct,       /S  =  90°  +  JCT, 
we  get 

+  P,  sin  5„(^  +  Co)  +  P,8in  2»,(^  +  c.)  +  . .  .] 

+  6,  sin  fl,(^  +  c„)  +  g,  sin  2fl,(<  +  c.)  +  .  . .  ], 
VTT^ciTs a'  =  i[ VT+T q:  VTn]Jj,''g[(/',  +  D'^.C^  +  c,)  +  d 

+  P/ sin  e,{t  +  c.)  +  Pi  sin  20,(<  +  c.)  +  . . .] 
+  }  VirT¥  ±  VT+i:]'jj°  [(P, -  J) e,{t  +  c.)  +  c- 

+  Qi  sin  e,(<  +  c.)  +  Qi  sin  25,  («  +  c.)  +  •  •  •  ]  • 

P.  =  iV.  +  i  ?, 

p.  =  iv,  +  (jv.  +  j)z;, 
p,  =  i[jv.  +  iv;^i  +  2(w.  +  })if,], 
C.  =  iv;+(iv.-})ir., 
e.  =  JC-^v,  +  iv,^.  +  2(jv.-  i)ir,], 
p.'  =  jv/  +  (jv.  +  i)ir„ 
P.'  =  WNi  +  jv.'z;  +  2(iv.  +  j)ir,], 

C.'  =  iV.'+(JV.-J)^., 

It  is  evident  from  the  equivalent  of  sin  v  cos  y  derived  from  these  equa- 
tions that  </  =  c  or  c'  =  c  +  180°,  according  as 

^(b)=  Z),  +  D,b  +  D,b'  +  Ab'  +  . . .  =  ±  7T^^' 


Here  we  have  put 
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is  positive  or  negative.     Hence  the  latter  of  the  two  equations  may  he  written 

+  Pi  nn  \{i  +  <v)  +  Pi  "in  2*,(/  +  «;)+...] 

+  C  lin  »,(/  +  cJ4-  C,'  "»  2#,(<  +  O  +  •  •  •] 

where  the  upper  or  lower  of  the  newly  introduced  ambiguous  signs  is  taken 
according  as  J7(b)  is  positive  or  negative. 

Let  UD  put 

,=(P, +  *)»,(< +  c,)+c, 

J'  =  ±*[v'TT^T  VTTl], 
4/  =  ±  KVT+Tdb  VT+1]. 


Then 


+  [*JP.  + J,  (»;?,•+»«.)]  ^(2/-/) 
+  [-  JJ.O.  +  ^(»^.'  -  *^.)]'j^(V  -  ;r) 

+[jj'p,'  +  j/cie."  +  *«.')]  ^(2/-/) 

+  ^.'(lC,''-iC.')Si(8/'-»;r)- 
It  is  evident  that  e        (D  and  e'        "*  can  be  expressed  in  series  of  the 

cos  008  ^ 


same  form. 
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In  applying  to  Jupiter  and  Saturn  these  equations,  it  is  found  that  by 
varying  the  value  of  K, 


Also 


^^=  +  0.0101629,         K^—  ■{■  0.0009178,         ^^=  ~  0-0050568. 


Whence 


Also 


log  [-  V  (1  -  a) (1  -  b)]  =  9.9574334W,  log  V(l  +  a)(l  +  b)=  9.4074864, 
Z.  =  +  0.1672973,    A'  =  +  0.1655301, 
X,  =  +  0.0028107,    A'  =  -  0.0012760, 
i,  =  —  0.0000071,    U  =  —  0.0000250. 

JV.  =  +  0.1667632,  JV,'  —  +  0.1667632, 
N,  =  —  0.0021649,  N^  =  +  0.0009746, 
JV^,  =  —  0.0000021,    JV/  =  —  0.0000074. 

P.  =  +  0.6837293,  P,'  =  -  786".82, 

P,  =  —  1434".41,  P,'  =  +   2".54, 

P,  =  +   5".41,  g.'  =  +  694".76, 

Q,=  +      47".17,  ft'  =  -  3".50, 
^,  =  —   0".63. 

log  J  =  9.5750158,  log  A'   =  9.8634412», 

log  J,  =  0.0101623,  log  J,'  =  9.7217366, 

(P,  +  *)».  =  22".55981,  (P„  —})<'.  =  3".50156. 

sTT^lr.  ^'°  ^i  =  +  0.3759635  ^^°  y      +  1.0249824^^°  / 

^008  COS  ''  COS  "^ 

—  0.0013085  ^'°  (2y  — /)  —  0.0001196  "°  (2/  -  y) 

cos  COS 

+  0.0000072^'°  (3/  —  Z-/)  +  0.0000016  ^'°  (3/  —  2;^), 

COS  COS 

JT+x  "°  S>'  =  —0.7293089  ""^  y       +  0.5255160  ^^°  / 

^       COS  COS  COS  "^ 

+  0.0013889  ""  (2/  — /)  —  0.0008842  ^^^  (2/  —  ;^) 

COS  COS 

—  0.0000058^'°  (3/  -  2/)  +  0.0000052  ^^°  (3/  -  2/). 

COS  008 

The  value  of  c  is  found  to  be 

c  =  340"  8'  50".26. 

Hence  the  expressions  for  the  two  arguments  are 

X  =  308°  13'  15".13  +  22".55981^ 
X'=    31°    4'    5".98+    3".50156^ 

The  following  expressions  for  e  and  e'  were  obtained  : 

'       =  [8.6282138]  V(l  -  [6.5410419]  cos  V), 
y  1  —  a; 

-_f! —  =  [8.8231642]  V  (1  +  [6.9312571]  cos  if) , 
VI  +  a; 

,  *_    =  [8.6282135]  |1  -  [6.24001]  cos  (x  —  x')  +  [3.7900]  cos  2  (/-/)} , 

-_£—  =  [8.8231648]  U  +  [6.63023]  cos  C^—/)  — [4.1982]  cos  2  C^  — /)} . 

iJl  +  X 
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By  means  of  these  we  can  pass  to  the  expressions  for  the  following  functions 
•  Jij  aJ  =  +  a01596828  jjj  x  +  0.043M278  jjj  / 

-  aooowew  Jjj  (>/-/)   -  0.00000886  *^^  w  -  x) 

+  0.00000031  JJ  (3,  -  2j:)  +  0.00000009  J^"  (3^'  -  2^), 
•  ^  dJ*  =  -  a04«2990  Jjj  /  +  0.03496407  JjJ  /' 

+  0.00008205  J'j;  (2/  -/')     -  0.00005134  jj^j  (2/  -z) 
—  a00000033  ^  (3/  —  2/')  +  0.00000031  'J^  (3/'  -  2/) , 

It  will  be  observed  that  these  expressions  are  as  convergent  as  could  be 
wished.  The  form  of  these  integrals  being  discovered,  another  and  more 
direct  method  of  arriving  at  them  is  suggested.  The  coefficients  being 
assumed  as  indeterminate  as  well  as  the  rates  of  movement  of  the  two 
arguments  together  with  the  constants  which  complete  the  values  of  the 
latter,  the  expressions  could  be  substituted  in  the  difTerential  equations,  and 
thus  would  arise  twelve  equations  of  condition,  which  along  with  the  values 
of  the  four  variables  at  the  origin  of  time  would  determine  the  sixteen 
unknowns  involved.  But  on  trial  it  seems  this  way  of  proceeding  would 
necessitate  aa  long  computations  as  the  method  we  have  followed. 

In  conclusion,  it  may  be  observed  that,  if  terms  arising  from  the  squares 
and  higher  powers  of  the  masses  wore  taken  into  consideration,  the  form  of 
this  investigation  would  not  thereby  be  changed ;  the  only  efTect  produced 
would  be  that  the  values  of  the  various  constants  involved  would  receive 
slight  modifications. 


IS 


MEMOIR  NO.  48 

DETERMINATION  OF  THE  INEQUALITIES  OP  THE  MOON'S  MOTION 
WHICH  ARE  PRODUCED  BY  THE  FIGURE  OF  THE  EARTH 

A  BCPPLIMKNT  TO  DKLAUNXT'S  LUNAB  TBZOBT 

(Aitnmonueal  Pmpen  of  the  American  Ephemerii,  VoL  m,  pp.  201-344,  1884.) 


PREFACE. 


Since  its  appearance,  Delaunat's  Theory  of  the  Moon's  motion  has,  very  gen- 
erally, lKM?n  regarded  by  a^itronomers  as  a  great  advance  on  any  previous  treatment 
of  the  subject  Especially  is  it  admired  on  account  of  the  orderly  and  metltodical 
amuigenient  of  the  matter  and  the  elegant  processes  employed  in  its  elaboration. 
Hence  it  has  been  reg^tted  that  this  theory  was  left  unfinished  at  Delaunat's  death. 
Tlie  solar  ))erturbations  were  quite  fully  treated,  but  the  subordinate  portions  of  the 
subject  were  either  incomplete  or  untouched.  At  the  time  it  was  hinted  that  some 
of  tlie  French  astronomers  would  undertake  to  611  up  these  gaps.  But  more  than  ten 
years  have  elapsed  and  nothing  has  appeared  except  a  very  elaborate  treatment  of  a 
Iong-|)eriod  inequality  due  to  the  action  of  Mars,  by  M.  Gooou. 

Under  these  circumstances  it  has  seemed  that  it  might  be  permitted  to  me  to  take 
up  a  portion  of  the  subject  untouched  by  Delaunay,  viz,  the  perturbations  which  the 
moon  undergoes  on  account  of  the  figure  of  the  earth. 

The  sensible  character  of  these  inequalities  was  discovered  by  Laplace;  but  he 
and  his  immediate  successors  contented  themselves  with  determining  the  coefficients  of 
two  periodic  terms;  one  of  the  fourth  order  in  the  longitude,  the  other  in  the  latitude 
and  of  the  tliird  order,  whose  periods  depend  on  the  position  of  the  moon's  node  with 
reference  to  the  equinox.  The  most  elaborate  treatment  of  this  subject,  we  at  present 
have,  is  by  Hansen.  It  appears  in  his  memoir  entitled  '^ Darlegung,  rfc."*  The  coeffi- 
cients of  about  twenty  terms  are  computed,  and  all  that  can  l)e  of  utility  for  the  forma- 
tion of  the  most  exact  tables  are  supposed  to  be  there  contained.  But  these  coefficients 
appear  in  the  work  only  as  numbers;  hence  it  is  impossible  to  see  to  what  cause  they 
owe  their  magnitude.  Moreover,  no  regard  has  been  paid  to  the  algebraic  order  of 
magnitude  in  retaining  or  rejecting  terms.  Thus  it  will  be  seen  that,  in  this  portion  of 
the  subject,  we  have  nothing  to  compare  with  Deljidnay's  splendid  treatment  of  the 
solar  perturbations. 

The  problem,  then,  which  I  propose  to  solve  in  this  memoir  is  to  determine,  in 
a  literal  form,  all  the  inequalities  of  the  moon  which  arise  from  the  figure  of  the 
earth,  to  the  same  degree  of  algebraical  approximation  as  Delau.vay  has  adopted  in 
determining  the  solar  perturbations,  viz,  to  terms  of  the  seventh  order  inclusive.  It 
might  be  thought  that,  as  the  numerical  factors  in  this  case  are  much  smaller  than  in 
the  case  of  the  solar  perturbations,  this  is  a  degree  of  approximation  greater  than  is 
needed  for  practical  purposes.  However,  we  note  that  the  largest  term  of  the  seventh 
order  which  appears  in  our  expressions  has  the  value  o".029i ;  and  that  three  or  four 
of  our  coefficients  are  probably  in  error  more  than  o".oi  from  neglected  terms.  Hence, 
it  has  appeared  better  to  retain  seventh-order  terms  and  submit  to  the  inconvenience 

*  Abh»aJliiagrp  der  KflirigUch  gfcthdtrlwB  OiwUrnihaft  df  WlatMelmfteo,  Biid  XI.  »«7>-3«. 

in 
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of  determining  a  multitude  of  terms  which  are  practically  insignificant.  The  methods 
of  proceeding  and  the  notation,  with  one  exception,  which  will  be  pointed  out  here- 
after, are,  as  nearly  as  I  can  imagine,  those  which  Deladnay  would  have  employed. 
Hence  I  hope  there  is  no  impropriety  in  entitling  this  memoir  a  supplement  to  Delau- 
nay's  Theory. 

The  term  which  ought  to  be  added  to  the  perturbative  function  R,  in  order  to  take 
into  account  the  figure  of  the  earth,  is,  employing  the  usual  notation, 


3  M+«t  c^     A  +  B\  3 


) 


'  —  siii»  S 


~W 


To  follow  Delaunay's  method,  we  must,  in  the  first  place,  substitute  for  r  and  <S 
their  values  in  terms  of  the  six  quantities  a,  e,  y,  I,  g  and  h,  deduced  from  the  formulae 
of  elliptic  motion.  This  g^ves  rise  to  an  expression,  which,  written  to  the  degree 
of  approximation  we  require,  contains  twenty-seven  periodic  terms.  At  this  point 
Delaunay  would  undoubtedly  have  made  in  the  expression  the  transformations  which 
he  has  called  "Operations,''  and  numbered  from  i  onwards,  and  then  retained  only 
such  terms  as  were  necessary  for  his  purpose.  But,  in  this  way,  it  is  often  difficult  to 
see  what  terms  may  be  neglected.  In  some  of  the  coefficients  of  R  the  approximation 
must  be  pushed  to  terms  of  the  eighth  order,  in  others  to  the  ninth  or  tenth,  and  in  one 
even  to  the  eleventh  order.  Thus,  employing  Delaunay's  values  of  the  solar  pertur- 
bations of  the  three  co-ordinates  of  the  moon,  given  at  the  end  of  his  second  volume, 
I  have  preferred  to  make  use  of  Taylor's  theorem  extended  to  tliree  variables.  Here 
it  is  found  unnecessary  to  go  beyond  terms  of  two  dimensions.  This  is  the  only 
deviation  I  have  permitted  myself  from  what  would  probably  have  been  Delaunay's 
method  of  proceeding. 

In  this  way  an  expression  for  R  is  obtained  which  contains  one  hundred  and 
twenty-two  periodic  terms.  Following  Delaunay's  process,  these  terms  must,  in  suc- 
cession, be  removed  from  R  by  a  series  of  operations.  The  number  of  these  opera- 
tions is  one  hundred  and  three.  These  substitutions  must  also  be  made  in  the  values 
of  the  three  co-ordinates  of  the  moon  as  they  are  aff'ected  by  solar  perturbation,  and 
which  Delaunay  has  given  at  the  end  of  his  second  volume.  When  the  new  terms, 
which  thus  arise,  are  reduced  to  their  simplest  expression,  it  is  found  that  the  pertur- 
bations of  the  moon's  longitude,  due  to  the  figure  of  the  earth,  contain  one  hundred 
and  sixty-five  periodic  terms,  the  perturbations  of  the  latitude  two  hundred  and  nine 
terms,  and  the  perturbations  of  the  horizontal  parallax  five  terms.  In  the  last  I  have 
adopted  the  same  degree  of  approximation  as  Delaunay.  The  motions  of  the  perigee 
and  node,  due  to  the  figure  of  the  earth,  are  then  determined,  and  correct  to  quantities 
of  the  eighth  order  inclusive. 

It  remains  now  to  turn  these  literal  expressions  into  numerical  formulae.  For  this 
purpose  we  need  the  value  of  the  constant  factor 

3  M  -I-  m  ^        A  +  B^ 
which  multiplies  the  whole  of  each  expression.     Here  three  independent  sources  oflfer 
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themselves,  from  which  this  value  may  be  obtained.  First,  it  may  be  obtained  from 
a  discussion  of  the  observations  of  the  moon,  which  method  has  been  followed  by  Har- 
8KN.  But,  to  do  this  properly,  requires  an  exact  knowledge  of  certain  inequalities  pro- 
duced by  the  direct  and  indirect  action  of  the  planets,  and  having  nearly  the  same 
periods  as  tlie  terms  arising  from  the  figure  of  the  earth.  This  also  is  a  [x>rtion  of  the 
luntir  tlieor}-  left  untouched  by  Delaunat.  The  value  of  the  constant,  derived  in  this 
wuv,  would  not  have  a  high  degree  of  precisioo.  In  the  second  place,  tlie  value  may 
be  obtained  from  geodetic  measures.  Lastly,  which  appears  to  me  the  preferable 
method,  and  is  the  one  I  have  adopted,  it  may  be  obtained  from  the  measures  of  the 
intensity  of  gravity  made  at  stations  supposed  to  lie  on  a  level  surface. 

When  the  subject  is  treated  in  the  most  general  manner  possible,  we  get  a  system 
of  four  equations,  from  which,  if  we  eliminate  three  unknown  quantities  denoting  the 
co-ordinates  of  the  point  in  8|>ace,  we  have  an  equation  giving  the  value  of  the  intensity 
of  gravity  in  terms  of  the  geographical  longitude  and  latitude  of  the  station.  These 
equations  involve  the  potential  of  the  attraction  of  all  points  of  the  earth's  mass.  In 
the  ignorance  in  which  we  are  of  the  peculiar  figure  of  the  earth's  bounding  surface 
and  of  its  interior  constitution  as  regards  density,  the  triple  integ^tion,  which  this 
potential  demands,  is  accomplished  by  the  aid  of  an  infinite  series  consisting  of  spher- 
ical or  harmonic  functions.  Each  of  these  functions  contains  a  certain  number  of  con- 
stants not  necessarily  having  any  dependence  on  each  other.  Hence  the  series  will 
contain  a  certain  number  of  constants,  which  is  greater  or  less  according  as  the  series 
is  extended  to  a  greater  or  less  length.  Having  observations  of  the  intensity  of  grav- 
ity at  a  certain  number  of  stations,  the  series  could  be  given  such  a  length  as  to  con- 
tain as  many  constants  as  there  were  stations.  The  observations  would  then  determine 
all  these  constants ;  and  the  formula,  thus  obtained  for  g,  would,  on  the  substitution  in 
it,  of  the  appropriate  longitude  and  latitude,  exactly  regive  the  observed  value.  But, 
in  this  way,  the  elimination  would  be  an  almost  impracticable  task,  and  we  are  obliged 
to  be  content  with  a  far  less  number  of  disposable  constants.  The  expression,  which 
I  have  employed  as  the  value  of  the  triple  integral  involved  in  the  potential,  contains 
twenty  constants ;  and  as  we  have  more  equations  than  unknowns,  the  method  of  least 
squares  is  used  to  obtain  a  solution. 

These  unknown  constants  are  really  the  values  of  the  series  of  definite  integrals, 
contained  in  the  general  formula 

where  p  denotes  the  density  of  the  earth  at  the  point  a:y/,  and  »,  j,  and  it  positive  integers, 
and  the  integration  must  be  extended  to  all  points  of  the  earth's  mass.  Hence  it  will 
be  seen  that  the  constant  factor,  whose  value  we  need  in  getting  the  perturbations  of 
the  moon  produced  by  the  figure  of  the  earth,  may  be  regarded  as  being  one  of  these 
constants.  Thus,  in  conducting  the  elimination  of  the  unknowns  in  the  normal 
equations  the  method  of  least  squares  furnishes,  we  get  rid  of  the  unknowns  whose 
values  are  unnecessary  to  our  purpose,  and  obtain  a  single  equation  affording  the  value 
of  the  special  constant  we  need. 

In  obtaining  fonnulse  for  representing  the  intensity  of  gravity  over  the  earth's 
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surface,  previous  investigators  have  confined  themselves  to  two,  or,  at  the  most,  to 
three  disposable  constants.  And  Thomson  and  Tait*  have  discouraged  the  adoption 
of  more  complex  expressions.  In  their  view  the  outstanding  deviations  are  very  local 
in  their  character,  and,  consequently,  in  order  to  their  being  wiped  out,  the  addition 
of  spherical  functions  of  a  high  order  would  be  required.  But  such  a  conclusion 
should  be  di-awn  from  the  results  of  an  actual  investigation.  On  account  of  the  ex- 
tremely unequal  distribution  over  the  earth's  surface  of  the  stations,  at  which,  up  to 
the  present  time,  gravity  has  been  measured,  it  certainly  appears  possible  that  very 
different  values  of  the  particular  constant,  necessary  in  the  determination  of  the  lunar 
perturbations  arising  from  the  figure  of  the  earth,  might  be  obtained,  according  as 
more  or  less  of  disposable  constants  were  admitted  into  the  formula.  As  matter  of  fact, 
the  use  of  twenty  constants  has  given  nearly  the  same  result  as  the  use  of  two.  This 
coincidence,  however,  must  be  regarded  as  accidental. 

Although  the  values  of  the  eighteen  additional  constants,  obtained  in  my  investi- 
gation, have  extremely  small  weight,  and  are  sure  to  be  overturned  when  determina- 
tions of  gravity  shall  have  been  made  in  regions  at  present  uncovered  by  stations,  I 
have,  nevertheless,  written  down  the  resulting  formula  for  the  length  of  the  second's 
pendulum.  It  is  of  interest  as  showing  that  the  determinations  we  have  at  present, 
can  be  as  well  represented  by  a  fonnula  containing  quite  large  terms  involving  the 
longitude  of  the  station,  as  by  a  formula  which  is  a  function  of  the  latitude  only. 

By  direction  of  Professor  Newcomb,  Mr.  Heney  Meier  has  made  a  duplicate  of 
the  somewhat  tedious  computations  of  Chapter  V. 

*  Treatise  on  Natural  Philosophy,  Part  II,  p.  365. 
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CHAPTER    I. 

DETERMINATION  AND  DEVELOPMENT  IN  PERIODIO  SERIES  OF  TBB  PART  OF 
THE  PERTURBATIVE  FUNCTION  WHICH  DEPENDS  ON  THE  FIGURE  OF  THE 
EARTH. 

If  M  and  m  denote  severally  the  masses  of  the  earth  and  moon,  and  cfM  and  dm 
their  elements,  and  A  the  distance  between  the  latter,  the  potential  function  fl,  for  the 
interaction  of  these  bodies,  will  be  determined  by  the  equation 


"=// 


the  summation  being'  extended  so  as  to  include  every  pair  of  elements  of  the  two 
masses.  Again,  if  /I  be  so  expressed  as  to  involve  the  rectangular  c4)-ordinates  x,  t, 
and  z  of  the  center  of  gravity  of  the  earth,  and  also  those  of  the  center  of  (gravity  of 
the  moon,  viz,  ^,  17,  and  <?,  the  differential  equations  of  motion  of  these  centers  of 
gravity  will  be,  for  the  earth, 


and  for  the  moon, 


„«px  _  an 

„d»T      dn 

^d^  _  an 
"a?  ~  a«' 


tpg     dn 
'»  ^  ^' 

(P^     dn 
'w  '  Si,' 

d»C  _  dn 

'a?  ~  JS^" 


Let  X,  y,  and  t  denote  the  rectangular  co-ordinates  of  the  center  of  gravity  of  the 
moon  relative  to  the  center  of  gravity  of  tlie  earth,  so  that  we  have 

if  —  X  =  «, 

»;  -  Y  -  jr, 
C  —  z  *  «. 
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If  £1  is  now  80  expressed  as  to  involve  the  variables  x,  y,  and  e,  we  shall  have 


dn 

dS 

dn 

dx 

dn 

dn 

drf 

dn 

dn 

dY~ 

dn 

dn 

-dy' 

dn 

And,  consequently, 


a^x 


'Sz  dz     HI' 


_  I  dn i^  dn  _  M + 1»  dn 


dt*  ~  m  dS      M  dx  ~    M»»    iLc 
d^  _  I  dn  _  I  dn_'M.  +  mdn 
di^~  m  dr)      M  dY         Mm    dy' 
d^z  _  I  dn  _  I  dn  _  M  +  »M  dn 
dt  ~  m  dQ      M  dz  ~    M»»     dz  ' 


If  we  suppose  the  co-ordinates  of  dM,  relative  to  the  center  of  gravity  of  M,  are 
denoted  by  x',  y'  and  z',  and  those  of  dm,  relative  to  the  center  of  gravity  of  m,  by 
^',  7',  and  ^,  we  shall  have 

/»  p dM  dm 

^^  J  J  [(X  +S'-  x'Y  +  {y  +  if  -  x'f  +  («  +  c  -  z'f  ]* 

But,  as  we  do  not  propose  to  take  into  account  the  inequalities  arising  from  the 
figure  of  the  moon,  we  shall  assume  that  the  bounding  surface  of  this  body  is  spherical, 
and  that  its  mass  is  either  homogeneous  or  that  the  density  of  the  element  dm  is  a 
function  of  its  distance  from  the  center  of  the  bounding  sphere.  In  this  case,  the  in- 
tegration involved  in  the  last  expression,  relative  to  dm,  can  be  accomplished;  and  the 
known  result  is 

_        n dM 

•"  =  '"  J  [(X  -  X')'  4-  (y  -  Y')^  +  («  -  z')»]*  ■ 
If  we  write 

r»  =  a;»  +  y» -I- a»,  r"  =  x'»  +  y*  +  z'», 

we  have 


|-(._x')'  +  (y-v')'-h(.-z')']"^  =  i[x-.^-?l±^?  +  f?'  +  ^'] 


1 
-J 


The  second  term  of  the  radical  of  the  right-hand  member  of  this  equation  is  a  quan- 
tity of  the  order  of  the  ratio  of  the  dimensions  of  the  terrestrial  spheroid  to  the  radius 
of  the  lunar  orbit,  and  the  third  term  is  of  the  order  of  the  square  of  this  ratio.  Hence, 
developing,  in  a  series,  this  radical,  and  agreeing  to  neglect  terms  of  the  order  of  the 
cube  and  higher  powers  of  the  mentioned  ratio,  and  remembering  that,  by  the  proper- 
ties of  the  center  of  gravity,  we  have  the  equations 

/I'dM  =  o,  y  Y'dM  =  o,  yz'dM  =  0, 

we  may  write 

n  =  mj^  [i-^  +  l  ^^^'  +  y  +  '''^*} 
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Here  it  may  be  noted,  timt  when  we  suppone  the  hounding  Burfaco  of  tlio  earth, 
M  well  as  the  surfaces  of  equal  density,  to  be  of  revolution  about  a  coninion  axis,  and 
that  tliese  surfaces  ore  cut  by  the  plane  of  the  equator  into  symmetrical  halves,  we 
shall  have  the  equation 

//(X',T',E')dM-o, 

when^  /  denotes  any  rational  integral  function  composed  of  terms  of  odd  dimensions 
with  reference  to  x',  v'  and  z'.  In  this  case,  therefore,  all  terms  of  odd  orders  vanish 
from  the  development  of  fi  in  series,  and  the  expression,  given  above,  for  this  quantity, 
is  correct  to  terms  of  the  fourth  order.  We  also  assume  that  the  earth  rotates  about 
the  axis  of  maximum  moment,  and  consequently  that  the  two  other  principal  axes  lie 
in  the  plane  of  the  equator.  Hence  a  denoting  the  moon's  right  ascension  and  8  its 
declination,  we  may  have 

«  as  r  COS  6  008  <r, 
y  K  r  oos  <}  sin  a, 
«  M  r  sin  6. 

Moreover,  ao  denoting  the  right  ascension  of  the  point  of  the  heavens  which  is  met  by 
the  prolongation  of  the  axis  of  aif,  we  may  assume  a  system  of  co-ordinates  x',  \/  and  / 
referred  to  the  principal  axes  of  the  earth,  such  that 

X'  =  x'  oos  <0  +  y'  sin  (0, 
T'  =  x*  sin  (»  —  /  oos  00) 
C  »  t'. 

We  shall  then  have 

/i'y'dM  =  o,  fx't'dil  =  o,  /y'«'dM  =  o, 

and,  in  the  usual  notation, 

/(,«  +  0«ttI  =  A,  /(««  +  ««)dM  =  B,  /(*«  +  jr«)dM-0. 

On  making  these  substitutions  in  the  expression  for  il,  we  obtain 

fl-«[!^+3(c-^)iz^_l(A-B)^*oos(.«-.«)]. 

But  it  is  evident  the  last  term  of  this  expression  can  g^ve  rise,  in  the  lunar  co-ordi- 
nates, only  to  inequalities  whose  period  is  about  half  a  day,  at  least  when  quantities 
of  the  order  of  the  square  of  this  disturbing  force  are  neglected,  as  we  propose  to  do. 
Moreover,  as  the  motion  of  the  arguments  of  these  inequalities  is  about  fifly-five  times 
more  rapid  than  that  of  the  moon  in  its  orbit,  integration  will  cause  the  coefficients  of 
these  terms  in  the  expression  of  the  forces  to  be  divided  by  the  large  divisor  55*.  In 
addition,  the  difference  A  —  B  is  known  to  be  very  small  in  comparison  with  the  dif- 

ference  C j —     Hence  we  shall  reject  the  term  in  question. 


188  COLLECTED  MATHEMATICAL  WORKS  OF  G.  W.  HILL. 

Thus  the  term  which  ought  to  be  added  to  the  perturbative  function  R,  on  account 
of  the  figure  of  the  earth,  is 


E  =  3M+m/         A  +  BX 
2     M     \  2    y 


-  —  sin*  S 
3 


In  order  to  follow  Delaunay's  method,  we  must,  in  the  first  place,  substitute  for 
r  and  6  their  values  in  terms  of  the  six  quantities  a,  e,  y,  I,  g,  h  deduced  from  the  form- 
ulae of  elliptic  motion.  Let  V  denote  the  longitude  of  the  moon  measured  from  a  fixed 
equinox  upon  the  corresponding  fixed  ecliptic  of  a  certain  date,  as,  for  instance,  of  the 
beginning  of  1850.  Let  U  denote  the  corresponding  latitude,  and  e  the  obliquity  of 
the  equator  of  date  upon  the  mentioned  ecliptic,  and  ^  the  luni-solar  precession  from 
1850.0  to  date.     Then  we  shall  have 

sin  6  =  cos  f  sin  U  +  sin  f  cos  U  sin  (V  +  ip). 

Denoting,  with  Deladnay,  the  angular  distance  of  the  moon  from  its  ascending  node 
by  V,  and  the  inclination  of  its  orbit  to  the  plane  of  the  mentioned  ecliptic  by  i,  we 
shall  have  the  equations 

sin  TJ  =  sin  t  sin  v, 

cos  U  cos  {Y  —  h)  =  cos  v, 
cos  U  sin  (V  —  A)  =  cos  i  sin  v. 

Substituting  these  values  in  the  expression  for  sin  <5,  and  adopting  Delaunay's  y  in 
place  of  i,  we  get 

1 

sin  (J  =  2^  (i  —  y*)^  cos  f  sin  r  +  (i  —  ;/*)  sin  «  sin  {f  ■\-  li  •\-  r)  +  y*  sin  e  sin  (^  +  A  —  v). 

Squaring  this  expression  we  have 

-  -  sin'  S=Q---if'\-  2y*\  Q -\  8in»  e\ 
+  2/*  (i  —  y*)(  I  —  -  sin* «  J  cos  2v 

—  ;/  (i  —  2y^)  (i  —  ^)2  sin  2fcos  (^  +  h) 

3 
+  y  {i  —  y^)^&va  2eco8  (^  +  A  +  2v) 

—  y^ (1  —  y^Y sin  2f  cos (ip  ■{■  h—  2v) 

+  ^*  (i  —  y*)  sin'  f  cos  (2'/)  4-  2A) 

+  i  (i  _  y»f  sin*  f  cos  (2^'  +  2A  4-  2v) 
2 

-{■  L  y*  sin*  e  cos  {2^  +  2h  —  2v). 
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For  brevity's  take  we  will  put 

A-fi(c-:^)*..., 

With  Delaunat  we  will  denote  M  -f  ♦>•  by  ^,  and  for  (i  —  y*)*  and  (i  —  y*)i  will 
•ubHtituto  their  expressions  in  powers  of  y,  neglecting  nil  powers  above  the  fifth. 
Then  tljo  pertarbntive  function  has  the  following  expression: 

+  ^-[r-^y'  +  ir*]^'^  (*■  +  ''  +  ''') 

Dklauvat  has  determined  all  the  lunar  inequalities  arising  from  the  solar  action 
to  the  seventh  order  inclusive,  without  exception,  with  some  of  the  eighth  and  ninth 
orders,  calling  e,  y,  and  m  quantities  of  the  first  order  of  smallncss.  The  large  numer- 
ical factors,  which  the  terms  of  high  orders  often  have,  renders  necessary  this  extended 
d^ree  of  approximation.  Although  this  circumstance  does  not  exist  in  the  class  of 
inequalities  we  propose  to  determine,  and,  hence,  we  might  content  ourselves  with  a 
lower  degree  of  approximation,  yet,  for  the  sake  of  uniformity,  I  have  set  the  seventh 
order  as  the  degree  of  the  terms  we  shall  stop  witli.  However,  no  terms  involving 
the  squares  or  products  of  the  three  quantities  /?„  /S,,  and  /?,  will  be  considered.  I 
have  made  no  investigation  of  the  order  of  these  terms,  but  presume  that  they  are  of  no 
significance.  This  convention  demands  we  should  neglect  in  e  the  lunar  nutation  of  the 
obliquity.  This  quantity  contains  also  a  very  small  term  proportional  to  t*,  which  we 
shall  neglect  Hence,  we  regard  e  as  a  constant  The  three  quantitira  >S„  fi„  /?,  are 
then  constants,  and  it  is  evident  that,  with  our  conventions,  the  three  portions  of  R, 
severally  factored  by  tbeiUi  give  rise  to  three  classes  of  inequalities  in  the  moon's 
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co-ordinates,  which  are  entirely  independent  of  each  other;  the  first  having  arguments 
independent  of  V>  the  second  having  arguments  involving  the  simple  multiple  of  ^, 
and  the  third  having  arguments  involving  2^.  Our  convention  would  demand  that  in 
integrating  we  should  neglect  the  motion  of  Vj  hut  I  have  written  in  the  coefficients 
the  few  terms  which  thus  arise,  calling  this  motion  divided  by  the  moon's  mean  motion 
a  quantity  of  the  fifth  order. 

If  D  denote  the  equatorial  radius  of  the  earth,  it  is  evident  that  the  order  of  the 
constants  yffi,  ft^t  y^s  ought  to  be  regarded  as  the  same  as  that  of  the  quantity 

The  first  factor  of  this  is  nearly  equivalent  to  (  go  /  ~  ^iSoo'  *"^  ™^y  ^®  regarded  as 

of  the  third  order.     The  second  is  the  order  of  the  compression  of  the  earth,  which  is 

nearly  — '  and  may  be  called  of  the  second  order.     Hence  yffi,  ft^,  13^  and  R  are 

quantities  of  the  fifkh  order. 

In  order  to  get  all  the  inequalities  belonging  to  the  first  seven  orders,  it  is  neces- 
sary to  push  the  development  of  R  in  general  to  terms  of  the  eighth  order,  and  to  include 
besides  all  ninth  order  terms  whose  arguments  do  not  contain  ?,  and  all  tenth  order 
terms  whose  arguments  contain  neither  I  nor  V.  In  addition  to  this  one  arguipent  has 
presented  itself,  viz,  xp  -\-  2h-{-g  —  h!  —  ^',  whose  movement  is  a  quantity  of  the  order 

of  -7^ ;  hence  its  coefficient  must  be  determined  correctly  to  terms  of  the  eleventh 

order  inclusive. 

It  will  be  observed  that  the  elliptic  expansion  of  R  depends  on  that  of  the  two 

functions  p  and  ^  cos  (or  —  2v),  where  a  denotes  any  arbitrary  angle,  here  to  be  put, 

in  succession,  equal  to  o,  —  (V"  -f  ^),  V*  +  ^,  —  (2^+2^),  2xl)-\-2h.  The  development 
of  these  functions  has  been  given  by  Delaunay.*    They  are  as  follows: 


P  =  '  +  I^+8 


i^e^ 


+  (f«»-l-je*)co8  2J 


77 
+  -j^  c*  cos  4< 

+  i^e»C08si; 


•  M^moires  de  I'Acad^mie  des  Sciences  de  Paris.    Tom.  XXVIII,  pp.  27-28.    They  may  be  fonnd  developed  two 
orders  farther  in  a  Memoir  by  Professor  Cayley,  Mem.  Roy.  Astr.  Soc,  Vol.  XXIX. 


LUNAR  INEQUALITIES  PRODUCED  BV  THE  FIGURE  OF  THE  EARTH.  191 

^  eo«  («  -  ar)  ■  ^1  -  5  ^  +  1|  «•  Jooe  (a  -  >^  -  a/) 

+  (o^+  o«')ooe(ar  —  ap) 

+  ^«*oo«(a-  ap+  aO 

81 

+  J^g5«*«»(«- V  +  3O. 

When  these  two  expreMions  are  substituted  in  the  last  expression  for  R,  and  only 
the  terms  which  can  be  useful  to  us  preserved,  we  g^t 

+  «^r»ooe(ay+aI) 

-^r*«o«i(ap+0 

+  ^[''-J>^-|  ^••]  «*<^ +  *+»»  + ■*> 

7  Am 
+  5  ^  >"  «» (Ifr  +  *  +  »y  +  30 

-  ^[l>'«- fy'' -  iir«']  «»(ifr  +  *  +  V  +  0 
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-^[ly'-'iy''>+'iy^]'^^('P  +  ''-^) 
-^[lr^-fy'^  +  lye'~\coB{.l,  +  h-2i) 

-^y'cos(tf>+h-2g-2l) 

+  ^\l-y'-l^~\<ioa{2,/,  +  2h  +  2g  +  2l) 

+  ~a^[i^-  ly'"  -  ^^]  "^^  <'^  +  2h+2g  +  3?) 

+  ^  %""«*  cos  (2^-  +   2A  +   2^  +  4J) 

+  ^^e>cos(2i-+2h+2g+sl) 

-  ^\j,^  -  ^  >^*  -  P^]  •'•^^  (^'Z*  +   2/1  +   2<7  +  I) 

I  j8iW 
+  ^  ^<^ <^^  (^'^' +  ^'^  + '^  -  ^) 

+  f^y'eco8(2^-  +  2A  +  0 

The  readiest  method  of  getting  the  additional  terms  of  R,  which  are  produced  by 
the  action  of  the  sun,  appears  to  be  the  employment  of  Taylor's  theorem.     Let  us 

call  the  preceding  value  of  R,  Ro,  and  put  r  for  -•     Let  <5r,  (5V,  <5U  denote  the  incre- 
ments of  r,  V  and  U  due  to  the  solar  action.     Then  we  shall  have 

B  =  R.  +  ^.yr  +  ^.JV  +  ^dU 

As  5r,  <SV  and  <5U  are  quantities  of  the  second  order,  the  three  terms  of  the  preceding 
equation,  which  involve  these  quantities  to  one  dimension,  give  rise,  in  R,  to  terms 
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which,  at  thu  lowest,  are  of  the  seventh  order.  And  tlie  six  termo,  whicli  involve  tlieir 
Bqimros  and  products  of  two  dimensions,  f^ive  rise  to  terms  which,  at  the  lowest,  are  of 
the  ninth  order.  The  terms  involving  products  of  ir,  dV  and  6\J  of  three  dimensions 
are,  at  lowest,  of  the  eleventh  order;  and  hence  need  only  be  considered  for  the  term 
whose  argument  is  fp  •{■  2k  •{■  g  —  k'  —^.  But  the  coefficient  of  this  term  has  the  quan- 
tity rr  as  a  factor;  and,  on  inspection,  it  will  be  found  that  the  terms  of  «$r,  <5V  and 
4U,  which  have  this  factor,  are,  at  lowest,  of  the  third  order.  Thus  the  terms  of  prod- 
ucts of  <$r,  <$V  and  <JU,  of  three  dimensions,  having  ^  as  a  factor,  are,  at  lowest,  of  the 

seventh  order,  and,  consequently,  can  give  rise  in  K  to  terms  which  are,  at  lowest,  of 
the  twelfth  order.  Hence  the  preceding  expression  for  R,  as  written,  has  all  the  exten- 
sion necessary'  for  our  purpose. 

We  will  consider  the  terms  of  this  expression  in  their  order. 

I.  We  have,  omitting  all  terms  of  orders  higher  tlian  the  eighth, 

+  ^  [f  -  ^y*\  ^*«»  (»<«'  +  »*  +  »-)• 

a'         a* 

The  development  of  this  function  depends  on  those  of  the  functions  ^  and  ^  co8(ar— ar). 

We  have,  to  the  degree  of  accuracy  necessary, 

a*  I  ( 

pOO«(a  —  jk)  »r  I  —^ a') 008 (a  —  ly  —  al)  —  «OOS((r  —  »y  —  I) 
-|-3«00s(a- JP-3I). 

Substituting  these  values,  and  preserving  only  the  terms  that  can  be  useful, 

4.>^«oo.l  (•) 

+  J^^-*cos,I  (S) 

18  +6^;,'',^oo.(a^+iJ)  (4) 
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+  3^yCO8(^+fe+2flr+20  (S) 

-3,^yeca6{>p  +  h  +  2g  +  l)  (6) 

-^[}y-Ty'+iY^^<^^(i'  +  ^)  (7) 

-3^recos(^  +  A  +  I)  (8) 

-3^yeco8{>p  +  h-l)  (9) 

+  ^  [f  -  •'X'  -  7 e"]  cos  (2^  +2h+2g+  2l)  (lo) 

-i^eco»{2f  +  2h+2g+l)  (12) 

+  3  ^7' COS  (2^+  2ft).  (,3) 

"We  take  now  from  Delaunay*  the  value  of  <5r.  The  following  is  a  statement  ot 
the  rule  which  must  guide  us  in  the  selection  of  terms  to  be  retained.  First,  all  terms 
of  the  second  and  third  orders  without  exception ;  second,  all  terms  of  the  fourth  order 
whose  arguments  do  not  contain  I  or  contain  2I,  or  which,  wanting  I',  contain  ±i  or 
-4-3Z ;  third,  all  terms  of  the  fifth  order,  which,  not  containing  l'  in  their  arguments,  do 
not  contain  I  or  contain  ±2^.     The  term  in  R  having  the  argument  t(>-^2h-{-g—h'—g' 

needing  special  consideration,  it  is  readily  seen  that  the  factor  from  -gp,  producing  it, 

is  of  the  sixth  order ;  hence  it  will  be  sufficient  to  take  into  account  terms  of  Sr  to  the 
fifth  order ;  and,  to  this  degree  of  approximation,  it  is  found  that  only  one  term  of  Sr 
can  produce  it,  viz,  that  having  the  argument  h-\-g-\-l  —  h'—g'. 

--e'w'cosl'  (2) 

2  * 

-2e'»»»»co8  2l'  (3) 

4 

-(^m»  +  ^«m=)co8  7  (4) 

2 1 

+  -g-  ee'm  cos  (I  —  I')  (s) 

21 
— g-  e&m  cos  {I  +  V)  •  (6) 

-  Q  e'm*  +  ^  c»to'^  cos  2I  (7) 

+  —  ^e'm  cos  {2I  -  I')  (8) 

4 

*  M^moires  de  I'Aoadtoiie  des  Soiencea  de  Paris,  Tom.  XXIX,  pp.  914-924. 
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-ii«»«'«o«i(«J  +  J')  (9) 

(srV-'f  rV«-i;^«  +  3;^»)o«i(2p+aO  (to) 

X  0«i(2*  + j^+ i/- a*'- ap*- ai')  (la) 

+  Q^  «V«  +  5«'«»+  ^•'•i')co«(a*  +  ap  +  ai  -  a*'  -  ig' -  3/')  (13) 

+  ^e^'oo* (a*  +  ap  +  al  -  a*'  -  a^  -  4J')  (14) 

-  (^^  ••e'«i  +  i«'«i»  +  21  ^«>)  ««  (aA  +  a^  +  al  -  a*'  -  a/  -  /')  (15) 
-(^^«^  +  l«^*)oM{2k+2g+2l-2k'-2g>)  (16) 
+  ^«i'<»B(a*+ap  +  3J-a*'-ap'-an  (17) 
+  (^m  +  ^«n')oo«  (a*  +  ai/  +  /  -  a*'  -  a/  -  al')  (18) 

+  ^e^UOM{2k+2g+l-2k'  -Zit-il')  (19) 

-  ^08^111008(3*+ 3^4- '- 2A' -  ay' -C)  (ao) 
~^etf*mo(M(2k+2g+l-2k'-2g')  (ai) 

-  ^  «•»•  OOB  (a*  4-  ap  -  a*'  -  ay*  -  ai')  (aa) 

-  3  ;^»  008  (a*  -  a*'  -  ay*  -  ai')  (33) 

+  ^«»»»008(4*  +  4P+aJ-4*'-4^-4«')  (M) 

-Tl"r'«*(*  +  «  +  '-*'-''-''>  <»S) 

-^m|,008(»  +  y  +  a/-V-y-t')  (37) 

The  terms  of  R,  which  arise  from  the  multiplication  of  the  two  factors  just  given, 

and  which  ought,  in  accordance  with  our  conventions,  to  be  retained,  will  be  found  in 
the  expression  given  hereafter,  with  the  indication  of  the  terms  of  the  two  factors  from 
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whose  combination  they  arise;  thus  the  terms,  underscored  in  the  manner  [I .  ii 7], 

result  from  the  multiplication  of  the  term  numbered  (11)  in  -g— °  by  the  term  numbered 
(7)  in  Sr.     The  same  indication  will  be  given  in  all  the  multiplications  which  follow. 
II.  We  have 

I  6tU 

+  -'^yesai(,'P^h+zg  +  l)  (2) 

+  ^K8in(V.  +  A)  (3) 

+  f%^>"'«'°('^  +  *  +  ')  (4) 

+  f%^r««n(^  +  A-J)  (5) 

-^\j-^y'-\'^^^^^{^^  +  ^h-¥^9  +  ^i)  (6) 

-J^«8in(2^  +  2A+2<7  +  30  (7) 

I  6-tu, 

+  -^C8m(2^/-+3A+2flf  +  J)  (8) 

-2^3^>^8in(2^  +  2A).  •  (9) 

We  take  now  from  Delaunay*  the  value  of  SY.  The  rules,  which  guide  us  in 
the  selection  of  terms  to  be  retained,  are  as  follows.  First,  all  terms  of  the  second  and 
third  orders  without  exception;  second,  all  terms  of  the  fourth  order  whose  arguments 
contain  ±2^,  or  which,  wanting  I' ,  contain  ol,  ±?  or  ±3^;  third,  all  terras  of  the  fifth 
order,  which,  not  containing  I'  in  their  arguments,  contain  ±  2?.  And,  in  order  to  get 
the  coefficient  of  cos  (^+  2h-\-g  —  h' — g')  to  the  required  degree  of  approximation, 
it  is  found  necessary  to  include  in  the  coefficient  of  sin  (h-\-g  —  h!  — g')  the  term  of 
the  fifth  order. 

rfV  =  -  3  e'w sin  J'  (i) 

—  -e"w8in  2V  (2) 
4 

+  ^-etfmsax{l-V)  (3) 

21 

—  —  eefm  sin  {I  •\-  V)  (4) 


4.^«»«'m8in(2J-i')  (6) 

-  ^  e&m  sin  (2i  4.  V)  (7) 

•  Tom.  II,  pp.  803-661. 
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-iy*0'm»in{ig+  al  -  ¥) 
+  J^e'm8in(»p  +  aI  +  f) 

+  ^r*e'  sin  tg 

+[(-i^+fl')-+(V-S^+'r'-^'0-+??-+>] 

X  ain  {ak  +  tg  +  al  —  tk'  —  agf  —  ]{') 

+  [(- J  rV  +  ^  e-e*)  «•  +  Jl  «'«•»  +  ^j"*  •'«']  sio  (2*  +  a„  +  ,/ -  aV  -  ap*  -  an 

187 
+  7^«^*  »ln  (»*  +  ap  +  2*  -  a*'  -  ap*  -  4I') 

+  [(^y*«'  -  H*^)"  -  7? •'"•-  W «'"*]•*'»  (»*  +  »ff  +  at  -  aV  -  ap*  -I') 

+  ^«»»  sin  (a*  +  ap  +  3I  -  a*'  -  ap*  -  al') 

+  [^«»  +  ^  «•*]  ain  (a»  +  ajf  +  I  -  a»'  -  ay*  -  a/*) 

+  ^ae'm  sin  (a*  +  ap  +  J  -  a*'  -  a/  -  3J') 

-  ^••'■1  sin  (a*  +  ap  +  J  -  aV  -  aff  -  V) 

-  j|  ««m  Bin  (2*  +  2y  +  I  -  aV  -  2/) 
+  ^«»w  sin  (a*  +  ap  -  a*'  -  ap*  -  a/') 
+  J>^«in  (a»  -  aV  -  ap'  -  2J') 

+  ^«*»«*«n  (4*  +  4P  +  a/  -  4*'  -  ♦p'  -  4J') 

-  5  >'***  "*°  (**  +  V  +  »'  -  4*'  -  -W  -  4I') 

-  ^ »|  sin  (*  +  p  +  i  -  V  -  p'  -  J') 

+  [5*' _«e'».]|rin(A  +  p +  »-*'-/) 
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(•> 
(9) 

(to) 

(") 
(««) 

(»3) 
(U) 

(«S) 
(.6) 

(«7) 
(18) 

(19) 
(ao) 

(aa) 

("4) 

(>5) 
(t6) 

(«7) 
(•»> 
(«9) 
(30) 
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III.  We  have 

W  =  -  ^^'«'"  "^  -  ^P«°«  ^^«i^(^  +  '/')  -^^&'«^°  ^'^'^^  2  (V  +  ^). 

In  developing  this  expression  it  is  found  that  it  is  unnecessary  to  retain  any  powers  of 
y  above  the  second.     To  this  degree  of  approximation 

Bin  2U  =  \y  sin  r, 

cos  2U  =  I  —  4;/'  +  ^y^  cos  2  K, 

sin  (V  +  ip)     =  sin  ('/'  +  fc  +  v)  +  - ;/» sin  (i/>  +  A  -  v)  -  - ;/» sin  ((/>  +  A  +  31^), 

cos  2  (V  +  f)  —  cos  {2<p  +  2A  +  2v)  +  y* cos  (2'/j  +  ih)  —  y* cos  (2/-  -f  2A  +  4v). 

On  making  these  substitutions  we  get 

dRo  Aw    a'  . 

-^i'f'-4r*]p8in(f +  A+V) 

/83M    a? 

-  ^  r  p  sin  (2//.  +  2A  +  3 v) 

+  ^ri3  8in(2^  +  2A  +  »').       . 

The  principal  term  of  this  expression  depends  on  the  expansion  of  ^  sin  (a  +  »')• 
Preserving  only  the  terms  which  can  be  useful,  we  have 

p8in(«+  y)  =  \^  +^e»^8in(a  +  «'  +  0 

+  (f«-|e')8iu(«  +  flf  +  20 

+  ie8in(«  +  flr) 

+  |e»8in{«  +  fli-J). 

a' 
In  the  remaining  terms  it  will  suffice  to  put  p  r:  i ,  and  v  •==.  g  -\-l.     Then  preserving 

only  the  terms  which  can  be  of  use,  we  have 

W  =  -4  a3  >'8in(«/  +  0  (1) 

-^[i-4r'  + J«*]8iu('/-  +  A  +  P  +  /)  (a) 

-f%^«8"'('/'  +  '^  +  i'  +  2«)  (3) 
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-^^••ill(^  +  *  +  #)  (4) 

-j^«»llll(i^  +  A  +  p-l)  (5) 

-Jv^r*«in(ifr  +  *-f-i)  (<) 

-^y^{>i>  +  »h  +  3g  +  st)  (7) 

+  ^)'•^^>(«^^  +  »*  +  y  +  0.  («) 

We  take  from  Delaunay*  the  value  of  <Jtr.  The  following  rules  guide  us  in 
•electing  the  terms  of  <5U  to  be  retained.  First,  all  terms  of  the  second  and  third 
orders  without  exception;  second,  all  terms  of  the  fourth  order,  which  have  ±/  in 
their  arguments,  or  which,  being  free  from  f,  contain  o/,  rb^/  or  :i:il;  third,  all 
terms  of  the  fifth  order,  whose  arguments,  being  free  from  f,  contain  :i=/.  In  addi- 
tion, in  order  to  have  the  coeflBcient  of  cos  (if>  +  2h  +  g  —  h'  —g')  correct  to  the  pro- 
posed degree  of  accuracy,  it  is  necessary  to  include  in  the  coefficient  of  sin  (A  —  h'  — ^) 
the  term  of  the  fifth  order,  and  in  the  coefficient  of  sin  (h  —  l  —  h!  — ^)  the  term  of  the 
sixth  order. 

dU  =  Q  r&m  +  ^  ;'«'iii«)  Bin  (y  +  i  -  V)  (I) 

+  ]Sr«^  •*»(*  + '-»'')  («) 

-Qy«'lIl  +  ^y«'■l»)sin(y+l  +  ^)  (J) 

-^>'«««8in(^  +  l+al')  (4) 

-\r«m*nn(g  +  2t)  (5) 

+  (-S)^«  +  J>'«*+^>'««')»inp  (6) 

^.(_5;V-.oyV  +  J|,'««-».^y«^+^^^«^,«)«iD(p-/)  (7) 

-^re'»\ix(g-2l)  (8) 

-5>^8in(3^+»n  (9) 

+  J>^«»»in(3^  +  0  (,o) 

-»- jy«»'8iii(j*  +  3p  +  3l-.»'-2^-al')  (II) 

+  ^y«»dn(a»-J-3^+ aZ-aV-ap'-aJ')  (ta) 

-^r«''"»in(aA  +  3^  +  /-2»'-a/-a<')  (13) 
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+  [(!  ^^  +  8  >''  +  tI  >"^  -  y  ;'e^)'»  +  f|>"»*  +  ^f§ym']sm(2h+g  +  l-2h'-2g'-2l')     (,4) 

+  Q  ye'm  +  ^  ye'm'^  sin  {zh  +  g  +  I  -  2h'  -  2g' -  3I')  (ij) 

-^^ye'*mBin{2h  +  g+l-2h' -2g' -4')  (,6) 

-f^ye'm  +  ^ye'm'^s\Q(2h  +  g+l-2h' -2g' -I')  -  (17) 

+  -  ;/ejn  sin  {2h  +  g  +  2I  —  zh'  —  2g'  —  2I')  (19) 

+  3  yem  sin  (2h  +  g  —  2h'  —  2^  —  2I')  (ao) 

+  ^  ye»t»  sin  {2h  +  g-l-2h'  -  2g'  —  2I')  (ai) 

+  8  y^^  sin  {2h  —  g  —  I  —  2h'  —  2g'  —  al')  (aa) 

+  lye'^,sin(h+2g+2l-k'  -g')  (as) 

-|yee'^8in(A  +  2flf  +  J-A'-fir')  (34) 

+  (¥ X«^-  l¥ r^e'"*)  ^  sin  (fc  -  I  -  V  - 1^).  (a7) 
IV.  In  obtaining  the  term  factored  by  (<5r)^,  it  will  be  sufficient  to  take 

+  f—  e»m  +  »»'  +  ^  m' I  cos  (2h  +  2g  +  2I  —  aA'  —  2^  —  al') 
+  jg  ewi»  cos  (2A  +  2flr  +  3I  —  afc'  —  2g'  —  2I') 
+    Y  *"*  +  —  *"*'    cos  (aA  +  ap  4- 1  —  aA'  —  ajr'  —  2I'). 
Squaring,  and  preserving  only  the  terms  we  need, 

(<yr)»  =  fye»m'  +  ^e»»'  +  i|«'  +  ^m»  (i) 

+  ^  CT»^  cos  J  (a) 

+  f25e»^>C08a«  (S) 
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+  iii«oo«(j»  +  ip+W -.*'-«/-»!')  (4) 

+  |«i'oo«(»*+«p+l- J*'-i^-aO  (S) 

+  Jj|#h»«00«(4*  +  4#+t»-4A'-4^-4n.  (6) 

The  value  of  the  other  factor,  omitting  two  terms,  of  the  sixth  order,  with  the  argu- 
ments if>  +  k+7g+  2I  and  2^+3^  +  3^  +  3/,  because  they  contribute  nothing  to  the 
sought  product,  is 


a 


ip'-^  (0 


-i^rf>o»(t  +  h)  (s) 

+  l^OM{2t  +  2h+2g+»t)  (4) 

-J^»oo8(t^+a*  +  if  +  0.  (S) 

V.  The  value  of  the  first  factor  of  the  term  multiplied  by  (<5V)*,  omitting  two 
terms  of  the  sixth  order  with  the  arguments  ^^  +  A  +  3^  +  2/  and  2^^  +  2*  +  39  +  3^ 
because  they  contribute  nothing  to  the  sought  product,  is 

-^OM{2i>  +  2k+2g-^-7l)  (a) 

+  i^«oos(a^  +  a*  +  a»  +  l).  (3) 

In  order  to  obtain  the  value  of  (<5V)'  it  will  be  sufficient  to  take 

-^f^BinaC 

4 

+  ^■t*aiD  (aA  +  af  +  >i  -  aV  -  2g'  -  af) 
—  ||«'»i»  sin  (a*  +  a^  +  al  -  a*'  -  2g'  -  V) 
+  y  e«»8in  (a»  +  ay  +  3J  -  a*'  -  ap'  -  2I') 
+  ^aMsin  (aA  +  a;  -h  {  —  aA'  —  ay'  —  al') 
+  yI^m  Bin  (aA  +  ay  -  aA'  -  a/  -  af) 
•t- 1  ><*»  siD  (aA  -  aA'  -  ay'  -  ar). 
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Squaring,  and  preserving  only  the  terms  we  need, 


(*V)»  =  ^e»m^  +  fe'*m*  +  i|im* 


225 
32 

.   J65      ,       , 
+ , — -  etn^  cos  I 
32 

+  Y^  «*"»'  cos  2I 

+  ^  y*w?  cos  {2g  +  2I) 

—  ^  Cm'  cos  {2h+  2g+  2I-  2h'  -  2g'  -  3I') 

+  ^e'm' cos  (2A  +  2g  +  2I-  2h'  —  Mf'  -  I') 

+  ^  e^TO'  cos  (2fc  +  2^;  +  2j  -  2ft'  -  251'). 


(I) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 


VI.  We  have,  rigorously, 


i  rfUS-  =  -  -^pcos  2U  +  -^a-p  Bin  2Usin  (V  +  ^)  -  -  ^pcos  2UCO8  2  (V  +  f). 

Omitting  four  terms,  of  the  sixth  order,  whose  arguments  are  I,  ip  -\- h  +  2g  +  2I, 
2ip  -{-  2h  -\-  2g  -\-  ^l,  and  2^^  +  2^  +  25-  +  ^,  because  they  contribute  nothing  to  the 
sought  product,  the  sujficiently  approximate  value  of  this  factor  is 


2  dV^  -  ~   a' 


+  2^y<M6{>}^  +  k) 


2  a? 


cos  (2'|fr  +   2A  +   2p  +  2I). 


(0 

(») 

(3) 


In  obtaining  the  value  of  (<JU)^  it  will  be  sufficient  to  put 
*^  =  y  ym^  sin  (2A  +  3^  +  3?  _  2A'  -  2g'  -  2I') 

+  [I  yw  +  ?| ywi'J »m{2h  +  gJfl-  2h'  -  2g'  -  2I'). 
Squaring,  and  preserving  only  the  terms  we  need, 


64 


33 


+  f^  r^m^  cos  (2g  +  2I) 

-  Ji  r^m'  cos  (4A  +  2f?  +  2J  -  4ft'  -  4p'  -  4?'). 


(0 

(») 
(3) 


VII.  Omitting  three  terms  of  the  sixth  order,  whose   arguments   are  ^  +  h, 
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^  -f  A  -I-  27  -f-  2/  and  a^^  -f  2*  +  2^  +  3/,  because  they  contribute  nothing  to  the 
sought  product,  wc  have 

+  3^««in(a,^  +  t*  + V  +  l).  («) 

In  deriving  the  product  «Jr«5V,  it  is  Ruificient  to  take 

+  «•  00«  {2k  +  if+2l-  th'  -iff  -  »!') 

-  j#'«i*00B  (a*  +  a^  +  aJ  -  a*'  -  vf  -I') 
+  ^e«i»oo«  (a*  +  2g  +  3I-  aV  -  ag'  -  al') 

+  ^««  00a  (a*  +  ay  +  J  -  a*'  -  a^  -  a*'), 

and 

*V«-3«'m8ini' 

-  ^  e'*m  ain  al' 

+  y  M*sin  (ah  +  ag+al-  ak'  -  ag'  -  at) 
+  ^«ii« sin  {ah  +  ag+3l-  ah'  -  agf  -  aV) 
+  ^«m  mn  (a*  +  ay  +  I  -  afc'  -  ap'  -  aV) 

4-  j|aSiBiu  (a*  +  >y  -  *^'  -2i  -  *V) 
+  2  )^  sin  (a*  -  a*'  -  agf  -  al')- 
And,  preeerving  only  such  terms  as  we  need,  the  product  is 

(Jr(JV  = --^wn'sinl  (i) 

I  20 

_J^«»»>sinaJ  (i\ 

- 1  y*m^  sin  {ag  +  aZ)  (3) 

+  ij  in«  mn  (a*+ ay +  al -»*'-«/ -an  (4) 

+  |«'«»8in{a*+ap+ al-a»'-ap'-3»')  (S) 

-  |«'«»Bin(a*  +  ap+a/-a*'-aa'-J')  W 
-|«^'8in(a*  +  ap  +  aJ-a*'-a^)  (7) 
+  ^«Ni'»in{4*  +  4«+aJ-4*'-4*'-4'')-  W 
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VIII.  Omitting  two  terms  of  the  sixth  order,  whose  arguments  are  ip -^  h -\- g -{- 2I 
and  2iff  -\-  2h  -\-  ^  -\-  ^l,  because  they  contribute  nothing  to  the  sought  product,  we 
have 

-3^8iii(^  +  A  +  «7  +  0  (a) 

+  3^r»iri(2tp  +  2h  +  g  +  l)  (S) 

In  obtaining  the  product  <Sr<JU,  it  will  be  suflScient  to  take 
<jr  =  gw' 

+  U^  e'm  +  m'  +  ^  mM  cos  (2ft  +  jg  +  3I  —  2h'  —  ay'  —  aJ') 


and 


+  -J  cm  COB  (afc  4-  ay  +  i  —  aV  —  ay'  —  aJ'), 

tfU  =  -  ^  ve»  sin  (y  -  0 
4 

+  -g-  y»i'  sin  (a/i  +  35  +  3J  —  aA'  —  ay'  —  2I') 

+  —  yem  sin  (aft  +  jy  +  2?  —  zA'  —  ay'  —  aJ') 

+  I  -  ;/m  +  II  ym*    sin  (aA  +  y  +  J  —  aA'  —  2g'  —  aV) 

4-  -  yem  sin  (afc  +  y  +  aJ  —  aA'  —  ay'  —  al') 
+  3  >/c»n  sin  (aA  +  y  —  aA'  —  ay'  —  al'). 

And,  preserving  only  the  terms  we  need,  the  product  is 

-^K«''»*8in(y-0  (a) 

+  5  ym?  sin  (aA  +  y  +  J  —  aA'  —  ay'  —  al'),  (3) 


IX.  Omitting  two  terms  of  the  sixth  order,  whose  arguments  are  ^  -f-  *  +  5'  +  2Z 
and  2^+2^  +  3^  +  3/,  because  they  contribute  nothing  to  the  sought  product,  we 
have 

d'Ro        d'Ro  ^t^i       , ,      r  « 


a   a' 


fl008(^  +  A  +  y)  (a) 


+  »^^>'COs(a^+aA  +  y+l).  (3) 


LUNAR  INEQUALITIES  PRODUCED  BY  THE  PIGURB  OP  THE  EARTH.  206 

In  obtaining  the  product  SWiU,  it  will  be  bufficleut  to  take 
tfV -t  -  3  e'M  Bin  r 
—  2  fl^wi  Bin  aK 

+  [(- J  X^  +  tI  •»)•  + T  «•  + ff  «']  "n  (»*  +  »» +•!-«*'- Jf*  -  Ji*) 

+  ^Misin (jA  +  tg  +  l-ih'  -ig'  -  il') 

+  ^i^aia(2k  +  If  -  ak'  -  tg'  -  a/') 

+  J  y%i  rin  ( J*  -  jV  -  j/  -  if), 
and 

+  y  y«i»8in  (2A  +  3^  +  3'  -  a*'  -  jp*  -  al*) 
+  ^  ymn  Bin  (a*  +  3^  +  »'  —  a*'  -  a^  -  aJ') 

+  [J  >^  +  ll  >""*]  "°  (a*  +  »  +  »  -  a*'  -  a^  -  «!') 
— ^  ^'•'m  sin  (aA  +  0  +  (  —  aA'  -  a/  —  J') 

+  ^  >'«ai  sin  (aA  +  p  +  al  -  aA'  -  a/  -  af) 
+  3  J'**  Bin  (aA  +  p  -  aA'  -  a^  -  aJ'), 

and,  preserving  only  the  terms  we  need,  the  product  is 

+  ^yem*eMg  (a) 

-|y«'»«00B(aA  +  y  +  J-aA'-a^-3r)  (4) 

+  |>'«'»»ooB(aA  +  p  +  J-aA'-2p'-i')  (5) 

-^yf'*m^eo%{7k  +  g  +  l-2k'-2g').  (6) 

On  investigation,  it  is  found  that  none  of  the  six  terms  involving  the  squares  and 
products  of  ir,  <IV,  and  S\J  contributes  anything  to  the  coefficient  of  the  term  whose 
argument  i»  ^H-  aA  +  y  — A'— j^. 
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In  arranging  the  periodic  series  for  R,  I  adopt  an  order  similar  to  that  of  Delau- 
NAY.  Let  ^^tf>-\-h-^g-\-l=.  the  mean  longitude  of  the  moon  counted  from  the  mov- 
ing mean  equinox,  and  let  D  and  F  have  the  same  significations  as  with  Delaunat. 
The  general  form  of  the  occurring  argument  is 

Jcz  4.  fciD  +  fc"F  +  k"n  -  ¥"1, 

k,  J^,  AF,  J^  and  Jc^  being  integers.  We  arrange  our  series  in  three  divisions  accord- 
ing as  A;  is  o,  I  or  2.  The  following  table  exhibits  the  order;  the  columns  to  the  right 
having  the  preference. 


First  Division,  k  =  o. 


¥  = 

0, 

fc'  = 

2, 

fc'  = 

—  2, 

¥  = 

I, 

*"  = 

—  ij 

fc'  = 

0, 

*■  = 

2, 

v  = 

—  2, 

v  = 

-4> 

¥  = 

I, 

v  = 

—  I, 

*-'=       0, 

k"'  =      0, 

fc"=       2, 

fc"'  =       1, 

fc»=-2, 

fc""  =      2, 

fc>"  =      3, 

fc"'  =  -  1, 

¥"  =  -  2, 

Second  Division,  k^i. 

V^=      I, 

*;"'  =       0, 

*"=       3, 

¥"  =       1, 

fc"  =  -  I, 

fc"'  =       2, 

fc°=-3, 

ifc"'  =  -  I, 

fc'"  =  -  2, 

Third  Division 

,A;=2. 

ifc"=      0, 

it'"  =      0, 

fc"=      2, 

¥"  =      I, 

fc"  =  -  2, 

fc"'  =      2, 

*"■  =      3, 

*•"  =  -  I, 

¥"  =  -2, 

¥"  = 

0. 

k"  = 

i> 

k"  = 

2) 

k"  = 

-   h 

¥"  = 

—  2. 

¥"  = 
¥"  = 
¥"  = 
¥"  = 


¥"  = 
¥"  = 
¥"  = 
¥"  = 
¥"  - 


¥"  =  -  3, 

In  the  designation  of  the  source  from  which  the  portions  of  the  following  expres- 
sion arise,  the  Roman  numerals  indicate  which  of  the  nine  multiplications  produces  the 
terms  in  question.  When  no  designation  is  given  the  terms  belong  to  the  elliptic  value 
of  R  exhibited  on  pages  215-216. 


n^  fi^n'^--  2y*  +  le'  +  2y*  -  3y*<»  +  le*  +  Q-  y'  +  ^e'  +le'*)m'  -'- 


m* 


■ 4]        iiv I ^] 


.1] 


12 

[I. 


liv. ..»...»)      [VI I]     [vm......,ii 
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(I.  1.  •)     [!...•  ...1]     p. ..•...<]     pii..  •...ii     fin...i...d 

(3)  +/»,•»  j-J«««»j  00.  .^ 

(1.  •..  ») 

(4)  +A"*(«-«>^+|«'-n*^  +  3«"*|«** 

tl       .     .4)       p.     t.l] 

(5)  +A«**{T«^"»}oM(l-r) 

U.  .1-.  I] 

(6)  +/»,»»{ -^••'«  I oo«(l  +  l') 

n   • ^ 

(7)  +/»,ii«j5a»[o«i»l 

(9)  +  A»*{»>^|eo«{2p  +  aI) 

(II)  +/J,,,»j  _^_5y»«[oo«(jp  +  l) 

p..  ...) 

P • "l      pn..... 7) 

(«3)  +  /»,«» j  ii  «•«,  +  «,«  +  i? «i»  +  ^  «»«,  +  ^  ^  [  oo«  ( J*  +  ay  +  al -  a*'  -  a^  -  a/') 

P I n]        p....  It]        pil    ■    14] 

(14)  +  /»,•»!  ^«'«»  |co*(aik  +  ay  +  aJ  -  a*'  -  a/  -  jO 

p  •   .j) 

(15)  +  An*  I  -  J  •'«»  [  008  (a*  +  ay  +  aJ  -  a*'  -  a/  -  J') 

p  I.  Id 

(i6)  +  A«*  {  "  «•'  +  «»H  j  oo«  (a*  +  ay  +  3l  -  a*'  -  ay'  -  al') 

p.. I.  .7]    p.  ...a] 

(17)  +  />,»»{  ^«i  +  ^m»  +  «•»  (oo8(a»  +  ay  +  I  -  a»'  -  ay*  -  aO 

P     » ••]    P  •  ••) 

(18)  +A«»{y<»'«}«»(a*+ay+I-a»'-ay'-3l') 

p. ■Hi 

(19)  +/J,ii^j-^«'«|co«(a*  +  ay  +  I-a»'-ay'-l') 

0....i....«i| 


208  COLLECTED  MATHEMATICAL  WORKS  OF  G.  W.  HILL. 

(to)  +  /?,«» j  -  ^c»»i»  +  ^  e»m  +  ^c^m'  +  |e»»t'  }  cos  (2^  +  2^  -  2A'  -  2^^  --  ?«') 

[1....1....M]    [1 3 18]    [1..3..H] 


(ai)  +  /?,»» I  ^  e'e'm  |  cos  (2A  +  231  -  2A'  -  2g'  -  3I') 

[I.. .a.. .19] 

(33)  +M'{  -  Y*'^"'l<^*('*  + »^- 2^' -  ^i''- '') 

[I.. .a 20] 

(»3)  +  A»*  {  -  p  c'e"*"  }  cos  (aA  +  2^  -  zh'  -  2/) 

ri....3 ji] 

(24)  +  A»*  {  -  ar^*  +  3y*m*  -^y*m~^  ym^  J  cos  (2*  -  aV  -  ijr'  -  2V) 

ii...i...»3]     [I. .4..")       [ni...i Ml 

(»S)  +  /?!«*  I  -  \  yVw  I  cos  (2A  _  2ft'  -  2i^  _  3J') 

[UI........5] 

(36)  +  /?in»  1 1  ^/'e'OT  I  cos  (2ft  -  2 A'  -  a^  -  I') 

[III, .....7) 

(37)  +  /9,n'  1 1  y V'm  I  cos  (2A  -  2A'  -  a^) 

[111. ..I. ...18] 

(a8)  +  /9,n»  {  -  ^  m  J  j  cos  (A  +  fli  +  I  _  A'  -  p*  -  /') 

[I. ..I. ....5] 

(39)  +An'{|c'|}co8(A  +  i/+J-A'-flr') 

[I.. I. ..6] 

(30)  +/?!»•{  -j|e'»|}cos(A  +  i>- A'-(7'-P) 

ri.. ...... ..5] 

(31)  +/?i«*{^ee'^-^ce'm^  jco8(A  +  j;-A'-^) 

(I » as] 

(3»)  +  /?.n»  j  ;/  -  J  ^  - 1  ^e»  +  i ;,»,»  }  cos  (-/•  +  A  +  ap  +  af) 


II...S...1] 


(33)  +  A«*  I  f  K»»  +  I  K^^w  I  COS  (if  +  A  +  2ff  +  2i  -  i') 

[II..1..1]      [lll..a..i] 

(34)  +  Ptn*  I  -^ye'm  -  |  ^e'*"  |  cos  (^  +  A  +  2flf  +  al  +  V) 

[11.. .......J    [III.. .,...3] 

(35)  +A»»'{|>'eJco8(^fr  +  A  +  2^  +  3Q 
(37)              +/»!'»*{ -jre}«>8(^  +  A  +  2^  +  I) 
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(I  I      »)   (I  •4)   a  ».  ...0  III... (I   ni  »  "1 

PI-  ■!■'  ••)    tUl..... f]     |III..j..fl 

lui 4 •)   tvm.........j    iix. .  1..  ..a   PX....1 •) 

(39)  +/»«»•( -r  +  J>^-Jr^-|r*  +  ^rV-^>'«'-^>v  +  3y»««  +  ^>^ 

n i K>i  ii  «  111 

n » t)    (I.  ..•....«)  (I    9....4J 

m I J)  rn.»-itl  ini..s...ii  on 4 «l  im  1.  t) 

Uv 1 0    IV I .1    |vi.   ,   .  ,| 

(vui • 0     (IX t 

0  («..........) 

(40)  +fi^\^^y^m*-lre'm  +  ^yi^m  +  ^ye'm*\ooB{i>  +  k-r) 

D ...» ....)  tn...i...o  (lu..... ji 

(41)  + /JP^  {  -  I  >'«^"»  +  ^  r«^  j  oo«  (5^  +  *  -  aJ') 

|U....,  ■)     oil. ......  4] 

(41)               +  A»*{  J  y^^  +  i  >'«'"»-|K««  -6^  yfm'jcoBC^  +  *  +  «') 
(I...,....)  (II.. .J....]  pn • .) 

(4J)  +/M'{|y«^-^>'«^[oo«{^  +  *+jZ') 

tU..j...l     IUI.......J 

(44)  +A«*{-|;'«}oo6(^  +  »  +  l) 

(45)  +/».»'{-J>'«» +  !>'«»  I «)«(^  +  »+«l) 

lin..i..Ti 

(46)  +fijn*l-lye\oM{i,  +  k-t) 

(47)  +A»»j-J>'€»}00il(f +  *-tO 
(4l)  +  fi^)  -  y>\  COB(f  +  k-  tg  -  tl) 

14 
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(49)       +/32»i'{  '-fr"^  +  1}^^ -'-}r'^-lr'^  +  ^rV  +  fl^'e* }co8(^  +  h-2g) 

[I..8..11I     [II..3..ia)     [II..4..H]     [III. .3. .10]     [III. .3. .9]      (III. .6. .7] 

{50)         +  /?2tt»  {lym'  +  ^rm^  +  ^  ym'  }  cos  (^  +  3^  +  4<7  +  4^  -  2h'  -  2g'  -  2l') 

[I. .5. .13]     [11.. I. .13]     [III. .a. .11] 

(SO  +  /?j«»  j  ^  xm  +  ^  /m  +  ^  xcm  }  cos  {ip  +  ^h  +  4g  +  ^l  -  2h'  -  2g'  -  2?') 

[I. .5. ..18)    111..1...19I    (III. .2. ..12] 

(52)  +  PiV?  ^-^ym^  -~ym'  +  ^ym  -'r'^ym?^  cos  {ip  +  3A  +  2*7  +  2?  -  2A'  -  2g'  -  2I') 

(I. ..7. ...2]       [II. .3. ..13)       [HI. ..2 Ml 

(53)  +  A»'  {  I  ye'm  }  cos  (il>  +  3A  +  2<7  +  2J  -  2h'  -  2g'  -  3I') 

[III. .2. 15] 

(54)  +  An^  {  -  I  ye'm  }  cos  (^  +  3^  +  251  +  2i  -  2h'  -  2g'  -  I') 

[111..2....7I 

(55)  +  /*»»"  {  i  ^^  +  l6  y^^  \  ^^^  {'P  +  3^+  2g  +  3I-  2h'  -  2g'  -  2V) 

[III..2...9I     [III. .3  -Ml 

(56)  +  M'  {  -  76  ^^  ~  ^  y^  +  ^  ^'m  +  ^  ^ero  I  cos  («/•  J^  2,h  +  2g  +  I  -  2h'  -  2g'  -  2V) 

(I. ..7. ...8]      [II. .3.. ..9]     [III. .2. .20]     [III. .4. ..4] 

(57)  +  A«^  \-^y^^  -f^y^^  -  rgK*"  +  ^re^wi  +  |K»t  +  s|r«''» } 

[l-    -9 18]     [II. ..3. ...23]     [II. ..5. ...19]     [III.. .2. .21]     (III.  4..*,)     [III. .5. ..,4) 

X  COS  (f  ■\-  zh  -\-  2g  —  2h'  —  2g'  —  2I') 

(58)  +  M'  {  -  fr""*  +  tI  r'»»  +  tI  >'"'"  !  *^^  (^'  +  3''-  2*'  -  2i/'  -  ^n 

[II. .3. ...24]       [III.    2.22)       [I1I..6...I4] 

(59)  +  fitn^{^^ym'  +  fye'm  +'-fym^  -^y^M  ^(^y^-11yi^m-  i|^m'  _g^«» 

II....5 "]    [I...6....18I     [II ■ ,,' 

[11. ..2. ...19]   [II. .3. Ml    (in 2 ,4i 

I  c  3  3  ) 
6  y^^  ~  ±  y^^  ~  fs  y^'  ( ^^^  {ip  —  h  +  2h'  ■{■  2g'  +  2I') 

(III. .3. .19]       [III. .4. .20]       [VIII. .2. .3I 

(60)  +  Am'  {  -  J  ye'm'  +  ^  y&m*  +  |  ye'm  +  ^  ye'm*  -  ^  ye'm*  J 


n     -S-.-s)       (n...i .6]       (III.. ..2 .7I       [IX. . ..!.... 5J 

X  COS  (it  —  A  +  2h'  +  2g'  +  V) 


(61)  +  /J,n'  {  ^  yef*m  +  ^  ye'*m*  +  ^  ye'^m*  }  cos  (^  -  A  +  2h'  +  2g') 

[111... 3 18I       [IX... .....6] 

(62)  +  /?,n»  {  y  ye'm*  -  ||  >/e'm»  -  ^  k«''»  -  ^  r*''"'  +  76  y^^*  \ 

[I. ..5. ....3]     (II...1...14I     (III » tsJ   [IX. ...... ..4] 

X  cos  {ip  —  h  +  2h'  +  2g'  +  3^') 

(63)  +  fttn*  {  - 1^  ye'*m  [  cos  ('/>-»+  »A'  +  2g'  +  4«') 

(III. ...>....!«] 
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(64)  +^x'\]lyem  -^ ym -^yem  - '-ly«m^ef»(i> ^ h  + I  +  th' +  ig' +  tf) 

li..»    rf)   (n  ,. ...itj  (in..«..H   (in..|..Mj 

(65)  +A»i'j-|>'«»-^>'ein}oo«{^-»-l+j*'  +  a^  +  ,|') 

(Ut...  ..Itl    (in..4...i4] 

(66)  +/>.•••{- fr^  + Tjr"' -  13  >^  )«»(^ -»- ay -al+aV  +  f,^  4- an 

(t.t.fi  tn..i....is)  iui. •...••! 

(67)  +  Ai«»  j  -  tI  r«i  +  ^  >'«•  -  y  yem  I  OM  (^  -  *  _  ay  -  i  +  aik'  +  a^  +  a/') 

n      F ""l   III    J.    i»)   (in.  *..n| 

(68)     +p*^*\-Uy'^  +  f2y'^  +  iir'^  +  '6ly^-Uy^\ 

(I    •• m   (n.i...«i)  (II. ..«....•♦)  (III.  •..!»]  IUI.  J  .1,1 

X  oo*  (^^  -  *  -  ay  +  aA'  +  ay*  +  a/') 

(1 t •«)     fn 3 jii    (II J... 

••J     li» • •;)    (lU 4 n\ 

XCOS(<+a»+p-»'-y') 

(I   -s     ••!     (I.  . «     .61     (II    I....,.!      (II  ..  ..«|     (III    ,    ,61     [m..4...,j) 
X  COB  (^  +  y  +  *'  +  /) 

(I       •....rfl        (II    .1       ,.1        (II      4.      -I        (Ml    ,       h)      (III      j       ,j) 
X  COS  (^  -  p  +  *'  +  /) 

(7a)         +  /»,«•  j  ^  -  >^  - 1 «•  +  ^  »••  1 006  (a;;-  +  »*  +  ay  +  al) 

(I.to.il 

(7J)         +  /»^^••  j  -  I*'*'  +  f  «'■»  (oos(a^  +  a*  +  ay  +  al  -  y) 

(I...»...t1        [II. .«...!] 

(74)  +/»,ii'j|«i^[co8(ay+a*+ay+ai-a*') 

(n  .«...( 

(75)  +A«'j  -  I  e'm' -  J  e*-*  [  cos  (a^+ a*  +  ay +aZ+r) 

n   .10  ..J     (H. .«...! 

(76)  +  /3,«'  I  -  !«"■!  J  oo«  (a^fr  +  jik  +  ay  +  jj  +  ,/') 

ni ...... 1 


(77)  +A**(J«-J>^-^«»-j^«>«'  +  J«»'|co«(a^  +  a*+  a^  +  3/) 

(I..-..4J       (I.tl.tl 

(7»)         +  A"'  j  p  <«'••  +  ^ae'-i  +  jW*  I  cos  (a^  +  a*  +  ay  +  3/  -  I') 


P.».Sl      (U.  .«...!]      (U...J....1 
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(79)  +  /^3»*  I f  ee'm  —  ^  ee'm  —  ^  ee'm  \  cos  {2t/}  +  ih  +  2g  +  yl -\- 1') 

[I. ...10 6]    in..6.  .4I     [n...7...i] 

(80)  + /33n^^^e'^cos(2tp+2h+ 2g  +  4l) 

(81)  +  ySan^  {  ^  e^  }  cos  (21/^  +  2ft  +  2Sf  +  sO 

(82)  +  fijn^i  -^e  +  ly*e+  -^^--^em'- ^etn^^  cos  {2tf.'+  2h+  2g+r) 

[1...0...4]    [I. .»...] 

(83)  +  /Silt'  I ^  ee'm  +  ^  ee'»i  —  |  ee'm  i  cos  (2^  +  2ft  +  2*/  +  ^  —  I') 

[I. ...10.. ..6)       (II...6...4I       (II. .8....] 

(84)  4-  /?3n*  I  -^  ce'wi  —  ^  ee'm  4-  -  ee'm  \  cos  (2^  +  2^  +  251  +  J  +  i') 


[I...0...5]       [II. ..6.. .3]       [II. .8. ..i] 


(85)         +  P.n^  {  - 1  e»m»  -  "°i  e^m'  +  ^  e^»»'  -  ^  e^*"'  +  |  X***  -  "^  r'«^ »»  +  3^^  ^'»' 

[1 10 7]       [I " 4I       [11 6 

+  fi<^m^  +  lr^^-'-iir'<^m+'f^e'm^-'-i^e^m^-^e^m^ 

5]      [III 8 7I     [IV. ...4 3]       [IV..5...3J      (V....2 3I 

i^^^3       "5^^3^S8S, 


[V...3...a]        [VII. .J. ...i]      [VU..i....a] 

(86)  +  fizn^  I  —  -|  e'e'm  +  —  &e'm  +  ^  e^e'm  —  ^  &e'm  J  cos  (2^  +  2ft  +  2^  —  J ) 

[I     .10 9)       [I...1J...6]       [II. ...6 7)       [II...8....4I 

(87)  +  /?3»'  I  yI  ***'*"  ~  "^  *^*''"  ~  ^  ^^^'^  +  l5  ^^'^  I  ^^  (^^  +  2ft  +  2p  +  i' 

[I. ..10.. .8]      [I...H....5]      (II. ...6. ...6]       [II....8....3I 

(88)  +  /?3«'  I  -^  C^  I  COS  (2^  +   2ft  +   2<7  -  J) 

(89)  +  An^  j  -  ^  ^^e  -  I  >/»e  }  cos  (2^  +  2ft  +  4«f  +  3O 

[I...«o     .11]       (II..6..1I] 

(90)  +  M'{  r'  -  y'  +  f  r'**  -jr'e'  +  ^r'***"  +  f  k'"*'  -^r'*"'  +  t^'*^ 

[1 10 10]  [I. ..13... 

-^K'e^m  +  ir'm'  +  ^^V-^yVm-^r'm^  +  g/m' 

[I..13...1]       (II 6 8) 

-  f  r*«'  +  ^5  ^Vm  -  g  x'*"'  -  jk  y'"^'  +  76  ^''"'  -  A  ^*'«'  +  S4  ^'''«'  ! 

(II 8 ii)       [V...a....4]       [VI..  3        »1       |VII ..,   ..3I       IVIII..3..1]       (IX. .3     .1) 

X  cos  (2^  +  2ft) 

(91)  4-  /?3W»  I  -  I  r*«''»  +  3>^«'»»  -  i  >''«''»  }  COS  (2//-  +  2ft  -  «') 

[II. ...6. ...10]      [II..9...1I       (III. .8. .3] 

(92)  +  /S3«'  I  I  r^Cw  -  3;/»c't»  +  I  ^/Vm  |  cos  (2»/;  +  2ft  +  V) 

(n..6...9j    [n.9...ii    (111..8...0 

(93)  + /?3»*{f  y*c-^r*«+  f  A  }  COS (a>/>  +  2A  +  i) 

[I..10..11I      [II. .6. .1.1 


LUNAR  INEQUALITIES  PRODUCED  BY  THE  FIGURE  OP  THE  EARTH.  S18 

(94)  +ft^\\y*«\tM{,f+,i~t) 

P m. n]     |l.   ••...a)      III • Ill 

m.. ...... Hi  lui,  Ml 

(96)  +  /:<yi»  j  y  •'••  +  g  •'■i»  I  ooe  (»,fr  +  4*  +  4*  +  4'  -  a*'  -  »^  -  in 

P-W..U1       (II.  (Ml 

(97)  +  /»,«» {  _  I  «'«t  _  11  e'«»  1 00.  (If  +  4*  +  4»  +  4I  -  »*'  -  tp*  -  I') 

|i...i....i»l  (11. ..•..•fl 


(98) 
(99) 


+  A^{  g**'  + 1^*  +  tJ  «»•+  ^  «»•  |oo«(»f  +  4*  +  4^  +  s'-  »*'  -  »^  -  tn 

n ..••..t»|  (1.  II   Ml  in.r  itl  III.  r  III 

(I M 1(1     (I  .M.nJ     (U < It)     (II.  til] 

X  oot(2<H.  4*  +  4^  +  3/  -  a*'  -  jp*  -  at') 


(too)         +  /Jjn*  {  ^  «'«  +  ^ e^m  J  00.  (af  +  4A  +  4»  +  3/  -  aik'  -  ay'  -  3I') 

(I.   .le  .  i«|    |II..«..  H 

(101)  +  /S.H*  {  -  JJ  ae'«  -  ^  a»'«  }  008  (af  +  4A  +  4P  +  3'  -  a*'  -  ap*  -  '') 

|l     .ia....n|       |ll..«..*0 

(loa)  +/»,«*(-j^«^  +  |-J«^-7|«H«}oo«(af +  4A  +  4y+a'-»*'-ay'-aJ') 

(I. I*,  .a)   [II.  <...>i|    (II   I     i«| 


(103)  +  /»,«»  j  I  ;^»iii  -  I  ,'»w  }  00.  (a<-  +  4*  +  ay  +  at  -  aV  -  a^  -  a/') 

(II.  «.  .,)     (Ill    I.  Ml 

-,*!'- 5f;'«+(i^'-il'>-G-!->'+b'-V)-' 

(I It _i«i    (n • 

*♦       144    ~  3a  *^+ 16^+64  ^^  -r6>^  +|r» 

isl  rn.. ...... Ill  (n 1 .«]  (in.  7.  .0  [iii..«... 

+  ^  y^*  +  J  ■•*  -  ^  «•*  [  oo«  (af  +  a*'  +  ay*  +  a/') 
Ml  (vr..4..4l  (vn..i..4i 

n •• n)    (i..t...  .«l  (U < 

+  ^  «'•«  -  {|  «»Cm  -  I  A**  -  fi  «'•»*  +  J  •'"•' I  oo.  (af  +  a*' +  ap' +  ^) 
.^ if]  pi.  I.... h]   (IU..I...I7)   iv..t....(]   (vn..(..«i 
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{io6)       +  p,n^  j  -  ^  e^e'^m  -  ^^  e'W  +  ^  ^e'^m  -  ( J  y^e'^  -  ff|  e'e")  m  +  g  e'W 

[I lo i6)       [I....H ail       [II 6 17) 

-  g^  ^e'^m  —  -^  yV^OT  —  1^  e'^m'  +  ^  e'^w^  |  cos  {21P  +  2A'  +  2g') 

III. ...8 12]       [III. .8. ...18]      [V...»....7l      [VII. .1.. .7] 

(107)        +  /3,n^  {  ^ «'«''»  +  ¥ ^'"^  +  ^  ^'»'  -  ^ ^'^w*  +  (I  >''^  -  ^ ^'0  "* 

[1 10 13]       [I...   12. ....9)       [11 6 

_  77g/    2  _479^    3  ^  ^^e'm  +  |  vV»»  +  f| Cm'  -  ^e'm^  \ 
32  32  ^16  ^8'  '10  4         J 

14]      [II.,8...2oJ      (III. .8. .15]      [V...2.,.5l      LVII..1..5I 

X  COS  (2^  +  2h'  +  2g'  +  3?') 


(io8)        +  yffaw'  |  y  «"'»»''  -  ^  e^TO*  |  cos  (2^^-  +  2/1'  +  2g'  +  4^') 


187 

( 

[I..,o..i4]       [II...6....15I 

( 1 09)        +  //jn^  {  ^  em  +  fll  cm^  +  I  m^  -  ^  em  -  ^^  m«  -  p  ew^  } 

[1 10 18]     [I..11..12J     (II 6 19]      (II..7-«3l 

X  COS  (2i/-  +  I  +  2h'  +  2g'  4-  2I') 


(no)        +  /Sjw^  I  —  ^  e&m  +  ^  ee'm  \  cos  (2^  +  i  +  2A'  +  zg'  +  Z') 

[I. ...10. ...20]       [II. .6. .21) 

(in)        4-  ySjn'l^ee'm  — yce'OT|cos(2;/'  +  i  +  2^'  +  2g'  +  2>V) 

(I..10...19I       [II. .6.. .20] 

(112)  +  /?3n2 1  ^  e'TO  -  ^  e^TO  -  ^  e^m  I  cos  (2^  +  zi  +  2A'  +  2g'  +  2^') 

(  32  32  ^"         / 

[I. .11. .18]      [II. .6. .23]      [II. .7. .19] 

(113)  +  /?3«'  I  g^  m^  -  ^  em^  -  i|  m'  +  ^  m^  |  cos  (2;/-  -  I  +  2/*'  +  2g'  +  2?') 

[I. .10. .17]     [I. .12. .12]     [II. .6. .18]     [II. .8. .13) 

(114)  +  IS^n^  I  -  I  y^m  —  |  y^m  \  cos  (2//'  +  25r  +  2/  +  2/t'  +  2/;'  +  2I') 

[II.. .6.. .24]     [III  .7. ..4] 

(115)  +  yS3«'  {  ^ e^nt*  -  ~^ ^^^  +  J7I e^'^'  "  S ^'"' !  *'°''(='^' -^^-^9-\- ^h'  +  ^g'  +  ^l') 

[I. .10. .14]       [II....6....25I       [IV. ..4. ...6)       [VII.. I. .8) 

(116)  +  /Sjn'  j  ^  y^m^  +  ^  y^m^  }  cos  (2//.  -  2/t  +  4/1'  +  4i/'  +  4«') 

[II...6,..2«)       [VI. ..3. ...3] 

(H7)        +  A»*  {  -  g| »» ^,  -  fl »» |,  }  cos  (2^  +  3A  +  3<,  +  3/  _  /,'  _  fl,'  _  Z') 

(I. ...10... .25]      [II..6...27] 

(118)  +  A«'  j  ^  c'  ^/  +  f  e'  ^,  }  cos  (2^  +  3ft  +  3i,  +  3i  _  A'  _  <,') 

[I. .10.. 36)     [11. .6. .381 

(119)  +p,rf'^  -^m  ~  +  j^m~,^co3(2i>  +  h  +  g  +  I  +  h'  +  g'  +  I') 

[I. ..10.  .  as)      [II. .6. ..27! 

(120)  +^,n'^'^e'^,-^e'^,^coa{2tp  +  h  +  g+l  +  h'+g') 


[I..io..a6]    (II..6..«8] 
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(1...  I...   wj   [l,....t  ....jj   III..4     •»!  Ill  i.    nl 


•••1    II ■• ••)    I" 

m • ••) 

Before  giving  the  reduced  value  of  the  preceding  expression,  wo  note  that  the 
signification  of  the  symbols  a,  e  and  y  it  contains  ure  those  of  Delaitnay  after  the 
transfomihtion  of  Tom.  II,  p.  8oo.     If  these  variabU's  should  be  retained,  tlie  final 

expressions  for  ^j^,  jq.  ^jj.  &c.,  given  by  Delaunay,  would  need  nuxlification.  On 
trial,  this  is  found  to  complicate  these  expressions  so  much,  that  it  ap|)earH  a  saving  of 
labor  would  be  effected  by  reverting  to  Delaunay's  variables,  such  as  they  were  before 
the  transformation  just  mentioned.  Consequently,  after  summing  the  various  parts  of 
the  coefficients  of  the  preceding  expression,  we  make  the  following  transformation,  the 
reverse  of  that  given  by  Delaumay  (Tom.  II,  p.  800).     We  replace 

y°y  r\*  -gy^    TS'^Vias    128^  +  256*^+  12&'  J  n*  +356  «^    3276S  ««  r 

In  order  to  be  reminded  that  this  change  has  been  made,  we  shall  discard  m,  writing 

n' 
everywhere  ^  in  its  place.     It  will  be  noted  that  this  change  affects  only  those  coeffi- 
cients which  have  three  or  more  different  orders  of  quantities  in  their  terms;  that  is, 
the  coefficients  of  the  terms  numbered  (i),  (4),  (32),  (38),  (39),  (59),  (72),  (77),  (82), 
(90),  (104). 

The  following,  then,  is  the  reduced  expression  for  R: 

(a)  -i«'S«»'' 

(3)  -Je^-fcosaf 

(4)  +[«-6A  +  I«'-f|f«v]«»' 

(5)  +y«'^'o«i(I-J') 
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(7)  +je»C08  2l 

(8)  +^e>  COB  3I 

(9)  +  2y^coa(2g+  2I) 
(10)  +jy*ecoa{2g+  3I) 

(ii)  -lr^ecoB(2g+l) 

(")  +  [sr"^  +  ^  y'^  I]  COS  2g 

(13)  +  [(i  >''  +  ¥«*)  I'  +  S?  +  ^  S]  <^«  (==*  +  2</  +  2i  -  2*'  -2g'  -  2V) 

7     w" 

(14)  +  i  e'  -^  COS  (2A  +2g+  2I-  2h'  -  2^  -  3i') 


1    .W 


/2 


(is)  --e'^cos{2h+2g  +  2l-2h'-2g'-l') 

(16)  +  tI  ^  ¥»  ^^^  (**  +  2fl'  +  3^  -  2^'  -  2g'  -  2?') 
,    .  fi';    «'      210    n'*l 

(«r)  +  Ls  * »  +  ^^^J <^8 (2*  +  ^fl'  + ' -  ='^'  -  2</'  -  2«') 

(18)  +  ^  ee'  ^  COS  (2fc  +  2flr  +  J  _  2h'  -  2g'  -  3I') 

(19)  —  ^  ee'  ^  cos  (2^  +  29  +  J  -  2h'  —  23'  -  I') 

(20)  +  [-jc^l'  +  ^c^y  cos  {2h  +2g-  2ft'  -2g'-  2I') 
(ai)  +  ^  e^e'  ^  cos  (2ft  +  2f^  -  2A'  -  2g>  -  ^l') 

IK  W' 

(aa)  ~S^^T  ^®  (**  +  ^9—  2h'  —  2g'  —  I') 

(23)  -^e»e'»|'co8{2A+2i/-2ft'-2<;') 

(34)  -  [?  >^  J'  +  ¥  >''  S]  ^«  ('*  -  ='^'  -  '^  -  '*') 

(as)  -  J  y'«'  ^  cos  (2ft  -  2ft'  -2g'-  3I') 

(a6)  +  5  ^c'  ^  cos  (2*  —  2ft'  —  2g'  —  I') 

{21)  +  I  ^'V'  ^'  COS  (2ft  -  2ft'  -  2g') 

<»*)  -||j'|/C08(ft  +  pr+l_ft-s,'.-r) 

(39)  +ie>^,(MB(h  +  g+l-h' -g') 
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(3«)  +/».»•(  [r  -  J  y*- J  r**- Til  >'v]<»*<'^  + *+•'  +  •'> 

(34)  -V>'«'J'oo«(^  + *  +  »#  +  !<  +  J') 

(35)  +;y»c«i(^fr +  *+»*  + 30 

(36)  +^y««oo««-  +  ik+ap  +  40 

(37)  -;>^00t«  +  »+2^+J) 

(3«)  +[-iy«'  +  ^rV-P>^+^>^"-  +  M-fJ>"*$]«»«(ifr  +  *  +  v) 

(39)  +[->'  +  ir'-Jr«'-gy*  +  7r'«*-fM^"' 

(40)  +[-ir«'^'  +  ^r«'5]oo«(<fr  +  *-*') 

(4«)  -^ye^j'o«i(^  +  *-an 

(4*)  +[|y«'J  +  ^>'«'$]oo6(^  +  *  +  l') 

(43)  +j;r^J«o.(^+ *+»'') 

(44)  -|y«00«(^  +  *  +  <) 

(45)  -^r^etM{i>  +  k  +  ati 

(46)  _|^eooe(^  +  »-l) 

(47)  -Jy«»oo«(^  +  fc-8l) 

(48)  -  >^0M  (i^  +  k  -.  39  -  al) 

(49)  +i^>^co«(<.+  *-ap) 

(50)  +  ^r  S»  «*(1^  +  3*  +  41;  +  4'  -  «*'  -  a^  -  a»') 
(S«)  +  7^  y*^'c«i  (iH-  3»  +  4P  +  3«  -  a*'  -  */  -  »n 

(5»)  +[irJ'-||ri?]«»«(i^  +  3*  + »*  +  »'-»»'->»'-»'') 
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(53)  +  |r«'^co8(^  +  3k+  2g+  2I-  2ft'  -  2g'  -  si') 

(54)  -^yC-cos  (ip  +  3fc  +  2flt  +  2J  _  2h'  -  2g'  -  V) 

(55)  +  7g  r«  ^  cos  (ifr  +  3^  +  2?  +  3^  —  2*'  -  29'  -  2I') 


(56)  -  sye  -  cos  (^t  +  3/t  +  2fl(  +  J  -  2h'  -  2g'  -  2V) 

(57)  -  ^  ^'e*  -  cos  (^  +  3^  +  2fl'  -  ^^'  -  29'  -  2I') 

(58)  +  I  ^  ^'  cos  (f  +  3ft  -  2h'  -  2J/'  -  2I') 

X  cos  {ip  —  h+  2h'  +  2g'  +  2I') 

(60)  +:^ye'^coB{<p-h+2h'+  2g'  +  i') 

(60  +  [^  re''  i  +  §  ye"  ^y]  cos  (^.  -  A  +  2A'  +  2g') 

(62)  ■       +[_|^e'^-g^c'5]cos(^-/i+2A'  +  2</'  +  3«') 

(63)  -  |J  r«"  ii  cos  (^  -  A  +  2/t'  4-  2P'  +  4I') 

(64)  _  I  ^e^  cos  (^  -  A  +  J  +  2/.'  +  2^  +  2«') 

(65)  -  ^  r^^cos  (^-  -  A  -  i  +  2/i'  +  2fl-'  +  2I') 

(66)  _  I  ;,-^  cos  (^  -  A  -  2«if  -  2l  +  2A'  +  2g'  +  2l>) 

(67)  -  tIk*  Jcos  (^'  -  A  -  2^  -  I  +  2h'  +  2<7'  +  2/') 
(^^)  -  ^  K^'  cos  (^  -  A  -  2flr  +  2A'  +  2<7'  +  2I') 

(69)  -[lV'^|  +  A''^^'a']''°«(l''+  2A  +  f/ -  A' -  jr') 

(70)  -lyeC^^coaitp  +  g+h'  +  g') 

(71)  _5^ce'^,co8(^-i/+A'+<7')} 

(72)  +  ;J3„«  j  l^i  _  ;^>  _  I  e»  - 1  ^f]  cos  (2./-  +  2A  +  2!7  +  2I) 

(73)  +  [f  «*  ¥  -  I  '^  S]  ^^8  ("'/^  +  2A  +  2fll  +  2J  -  «') 

(74)  +  I  ^'  J  cos  (2>P  +2h+2g+2l-  2l') 

(75)  -  [2  '^  ii'  +  I  ^  y  <^«  (^'^^  +  2A  +  a?  +  2J  +  «') 
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(8a) 
(83) 


(«S) 


.» 


(76)  -If^     cM{2t+tk+2g+al+,l') 


(77) 


(7»)  +  j^«»'j'o(»(af +»*+ jy  +  3/-i') 

(79)  -^••'j'oo.(iy  +  aA+ay+3/  +  <') 

(80)  +^^c(»{tf+ah+7g  +  4l) 
(*•)  +^«*oo6{a^+aA+ay+sO 


(84)  +^««'j'oos(a^+a*+ap  +  J  +  J') 


(88)  +^«'oo«(a^  +  a»  +  ap-f) 

(«9)  -^;^eoo«(3^+a*  +  4F+30 

(91)  +Jy»e'^'co«(a^  +  a*-J') 

(9«)  -2yV^'oo«(a^  +  a*  +  J') 

(93)  +^y*ecfM{2i>+2k+t) 

(94)  +Jy*«co«(a^+a»-0 

<«)  +  [^••i'  +  Tg-*?  +  T  i']«>«(»/-  +  4*  +  4P  +  4i  -  »*'  -  JP'  -  aO 

(96)  +  ^•'$00«(a^  +  4*  +  4^  +  4I  -  jV  -  ap'  -  3»') 

(97)  -  |f  «'  ^  COS  (a^  +  4*  +  4P  +  4<  -  a»'  -  a^  -  I') 
<9*^  +^«$0«»(a^  +  4*  +  4ff+5»-J*'-ap'-an 

(99)  +  [^^  J'  +  lS^«$]«H»(»^  +  4*  +  4*  +  3'  -  a*'  -  »ir'  -  an 

(too)  +  *^«^  Joo.  («^  .+  4*  +  4^  +  3'  -  »*'  -  »i^  -  Sn 
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(loi)  -  ^ee'l  cos  (2^-  +  ^h  +  ^g  +  ^l  -  2h'  -  2g'  -  V) 

(102)  _  £ig«l  cos  {2,l>  -\-^h  +  ^g+  2I-  2h'  -  2g>  -  2I') 

(103)  +  4  y*  ^  cos  (2^-  +  Ah  +  2g+2l-  2h'  -  2g'  -  2I') 

^    ^>  ^L4^n  +  V.i6      i6>'  -32^  ^«»       12  n^  -^^J 

X  COS  {2ip  -\-  2h'  +  2g'  +  21') 

(105)  +  [-  I  ^'«'  ^'  -  ^  ^^  %  +  4^  ^  5]  C08  (2^  +  2h'  +  2g'  +  I') 

{106)  _^^e'»^C08{2^+2A'+2^') 

(107)  +^-y^e'^  +  ^e'^-^e'  ^J  cos  (2,/.  +  sfc'  +  2g'  +  3!') 

(io8)  +^e'^^cos(2^  +  2A'  +  25f'  +  4<') 

,    ,  .  r   's  «'    "jii  w"~i 

(109)  +L"  3^''«  ~7^*"^J*'°^("'''  +  '  +  2*'  +  'i''  +  2«') 

("O)  +^Ce'^C08(2^  +  «+2A'  +  2flr'  +  i') 

('")  -|fee'^cos(2^  +  i+2A'  +  2i;'  +  3J') 

(112)  -^e'~^co8{2,p  +  2l+2h'+ 2g' +  2I') 

("3)  +^«^C08(2^-I+  2A'  +  2fl('  +  2j') 

(114)  -ly*~coa{2ip  +  2g  +  2l+2h' +  2g' +  2I') 

^"S)  -  ^e*^  cos  (2^  -  2A  -  2j/  +  4A'  +  4J,'  +  4{') 

(ii6>,  +i^y*^co8{2,p-2k  +  4h'  +  4g'  +  ^l') 

("7)  -  -^  J|«>8(2^  +  3't  +  39  +  3I-  h'  -  <7'  -  J') 

(118)  +7|«'|/Cos(2^-|-3A  +  31'  +  3'-A'-^) 

("9)  +s|i^|co8(2^  +  A  +  i,+  i+A'  +  ^  +  j') 

(120)  -i|e'^C08(2»/-|-A  +  ^+i+A'  +  j;') 

("2)  -l^««'Hco8(2^  +  A  +  iir  +  A'  +  p')}. 


CHAPTER    II. 

DETAIL  OP  THE  OPERATION8  NE0B8SABT  FOB  BEMOVINO  FBOM  THE  PEBTUBB- 
ATIVB  FUNCTION  THE  PEBIODIC  TEBM8  WHICH  ABE  PBODUCED  BY  TUB 
FIOUBE  OF  THE  EABTH. 

The  differential  equations,  which  the  variables  a,  e,  y,  I,  g,  and  A  satisfy,  are 

Ai       a  4B       I  (  IS*'*       167 N'*  )<IB 

H'a'nel'  "  •*  +  iTl?  +  -STl?  fa?  "Jiiii  i  '  "  i«*  +  ^  .-»  +  64  «M  .^ 
j./^±       ''^a.*'-«a.'-'-«^"'*       »7«''       57  ««»•'♦(  rfB 

-Wr'-'f^+?x'^)";+(w-?.v):%(f-'::r,v)";! 

a  dB      I    «   dB         «     i  «    .      «    . .       »7    . ""       '43    . ""  MB 


/  9       »7    .      81   .       13  -N***       J711'*      S7iiii'«» 


•ax. 
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This  great  extent  in  the  differential  equations  is  required  in  only  one  of  the  fol- 
lowing operations,  viz,  the  3  2d.     In  general  much  shorter  forms  of  them  suffice.     The 

value  of  the  partial  derivatives  jv-,  3^,  sn,  -J-,  j^,  so  will  be  found  in  Delaunay, 
^  dh'  dG'  dH'  dL'  dG'  dH  ' 

Tom.  I,  pp.  834,  835.     Those  of  the  derivatives  gj,  jq,  gg,  Tom.  I,  pp.  857,  858. 
The  portions  of  g^  and  ^,  which  are  independent  of  the  partial  derivatives,  are  given, 

Tom.  II,  pp.  237,  238;  and  the  similar  portion  of    -'     jf  ^    >  Tom.  II,  p.  799. 

In  integrating  we  generally  disregard  the  motion  of  ^.  But  in  two  operations, 
viz,  the  3 2d  and  79th,  our  convention  of  retaining  all  quantities  to  the  seventh 
order,  inclusive,  demands  that  we  take  it  into  account.     For  this  purpose  we  denote  it 

as  Ji,  and  call  ^  a  quantity  of  the  fifth  order. 

In  taking  the  partial  derivatives  it  must  always  be  borne  in  mind  that  n  is  only 

an  abbreviation  for  — /t .     In  each  of  the  operations  we  find,  first,  the  values  of  the 
ava 

augmentations  of  a,  e,  and  7  from  the  first  three  differential  equations,  and,  afterwards, 

having  obtained  the  corresponding  augmentations  of  the  terms  of  the  right  members 

of  the  three  last  equations,  which  are  independent  of  the  partial  derivatives  of  R,  we 

add  to  them  what  results  from  the  terms  which  involve  these  partial  derivatives.     And 

thus,  after  integration,  we  have  the  proper  augmentations  of  h-\-g-\-l,  I,  and  h. 

After  the  integration,  we  make  the  same  transformation  in  the  expressions  of  the 

coefficients  as  Delaunay  has  given  (Tom.  II,  p  800),  and  which  is  the  reverse  of  that 

we  made  before  giving  the  final  development  of  R;  that  is,  we  replace 

^      )  '  +  128  n'        2s6Wr 

r  "y  )  )  '  +8^^  +  128^  +V'28      128^  +256^  +  128®  y  n»       256  n^      32768  n*  ( 

Consequently  the  transformations  we  give  in  the  detailed  operations,  which  fol- 

low,  a^  directly  applicable  to  Delaunay's  expressions  of  V,  U,  and  -,  which  are  given, 

Tom.  |I,  pp.  803-924.     It  will  be  perceived  that  this  transformation  affects  only  the 
operations  which  are  numbered  ^i),  (25),  (31),  (32),  (52),  (65),  (68),  {73),  (79). 

Operation  1. — Term  (4)  o/R. 
We  replace 

obyaj  i  +  2^cco8l>, 


c  by  e  +  §[i  -  6r'  +  ^ e'  +  ^ m']  cos Z, 


h  +  g  +  lhyh  +  y  +  l  +  l^eBinl, 
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y  doM  Dot  chAng& 


*bj*-3p«dBl, 


Operation  2. — Term  {$)  qf  SL. 
We  repUce 

0hj«  +  j^e'm  COB  (I- lf)y 

*»  Xi  A  +  ^  +  ^  <uid  k  do  not  change. 

Operation  3. — Term  (6)  qf  R 


We  replace 


<*>  Xf  A  +  ^  +  '<  <wd  A  do  not  change. 

Operation  4. — Jerm  (7)  qf  R 
We  replace 

*  +  P  +  JbyJk+y+/  +  35«»Bini(, 

y  and  A  do  not  change. 

Operation  5.— Term  (8)  <{/"  R 
We  replace 

«by«  +  gg«»o«i3Z, 

a,  y,  A  +  ^  +  /,  and  A  do  not  change. 

Operation  6.— Term  (9)  <{/"  R 
We  replace 

•  by  •{  I  +  4pV«»(V  +  »0  I , 


e  and  /  do  not  change. 


»by»  +  i|}«in(v+aO, 
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Operation  7. — Term  (10)  0/  R 


We  replace 


e^je+\^r'coa{2g  +  3l), 


3 
7/3: 


hhyh  +  l^eBm{2g  +  3l), 
a  and  h-\-g-{-l  do  not  change. 

Operation  8.  —  Terw  (11)  qf  R. 
We  replace 

>'byx-J-^r<'oo8(2fir  +  i), 

a  and  h-^g-\- 1  do  not  change. 

Operation  9. — Term  (12)  o/R. 
We  replace 

ehye+  ^\_jy*e  -  ^y»m]co8  2g, 


a  does  not  change. 
We  replace 


Operation  10. — Term  (13)  0/  R. 
a  by  a  I  I  +  2  ^»»*  cos  (2A  +  2g  +  2I  —  2h'  —  2§'  —  2I')  \ , 
h  +  g  +  l\>y  h  -\-  g  +  I  -l^m*sm(2h  +  ^9  +  2l  -  2h'  -  20'  -  2l% 
I  by  I  —  y  ^»t  sin  (2A  +  2fir  4-  2J  —  2h'  —  2^  —  2I'), 
hhy  h  +  ^^mBm(2h+  2g  +  2I  —  2h'  —  2g'  —  2I'), 


e  and  y  do  not  change. 


We 


« »f ' -35'^i"*  <"* -^ "» + J' -  •**  -  "^  - '^ 

C^m  rfi     12.— 7b«  (17)  ^  & 
Wvr^kee 

r  and  A  do  not  cbaage. 


We 


15.— ren.Ci8)^IL 


We 


14.— rflr«i(i9)V'B. 


•♦r,  *+#+«.  Mid*  *»■* 

We 
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Operation  i6. — Term  (21)  of  R. 
We  replace 

«  by  e  +  ^^ee'  Gos  {2h  +  2g  —  2h'  —  2g'  —  3^'), 

I  by  J  +  fl  §e'  sin  (2A  +  2g  -  2h'  -  2g'  -  3!'), 
a,  y,  h-\-g-\-l,  and  h  do  not  change. 

Operation  17. — Term  (22)  of  R. 


We  replace 

e  by  c  — ^  ^iCe'  cos  {2h  +  2g  —  2h'  —  ig'  —  I'), 

I  by  J  -  ^^2«'  sin  (^^  +  z^r  -  2A'  -  2g'  -  I'), 
a,  Y,  h-\-g  -\-l,  and  h  do  not  change. 

Operation  18. — Term  (23)  0/  R. 
We  replace 

e  by  e  4-  ^  ^  -^  cos  (2fc  +  2.9  -  2A'  -  2g'), 

">  X)  ^-\-9-\-h  fl^nd  ^  do  not  change. 

Operation  19. — Term  (24)  of  R. 
We  replace 

*  +  P  +  ibyfc+ff4-i  +  3  ^r*  sin  (2^  -  2h'  -  2g'  -  2^'), 

fe  by  A  +  §  [1  +  j»»]  sin  (2A  -  2ft'  -  2^/'  -  2I'), 
a,  e,  and  ^  do  not  change. 

Operation  20. — Term.  (25)  o/'  R. 
We  replace 

^  by  y  -  ^  ^  ye'  cos  (2A  -  2^'  -  2g'  -  3I'), 

A  by  fc  +  ;i^  ^C  sin  (zh  -  2A'  -  2g' -  3I'), 
a,  e,  h-\-g-\-l,  and  I  do  not  change. 

Operation  21.—- Term  (26)  of  R. 
We  replace 

>'by  ^^  + 1  ^  K  cos  {**  -  2^'  -  2fl^  -  ^'), 


3/9. 

4  a' 

fl>  «.  *  +  ^  •+•  ^>  and  i  do  not  change, 


A  by  A  - 1  §«'  sin  (2fc  -  2V  -  2 jr'  -  I'), 


We  replace 
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Operation  32.— Term  (27)  qf  R 


*t»y*-|5^8iii(aA-iA'-.^), 


«,  e,  h-\-g  +  l,  and  /  do  not  change. 

Operation  2 y— Term  (30)  0/  R 
We  replace 

•*»>•-  ri5a' «»<*  +  '-*'  -1^  - ''), 
'  ^y '  -Teiti'^C'  +  9 - k' - g' - 1'), 
^  Xi  *  +  ^  +  A  and  *  do  not  change. 

Operation  24. — TeriH  (31)  q/"  R 
We  replace 

•  by  •  -  gjje'  -  ^  «'"•]"/ i«»(*  +  P  -  *'  -  A 
*  +  #+»  by  *+p+i  +  ^^,ee'^8in(* +„-*'-,'), 

o,  X,  and  A  do  not  change. 

Operation  25. — J«nii  (32)  </  R 
We  replace 

o  bya  j  I  +  j5^cai(y-  + A+  2^+  j/)  [, 

•  by«  -jp>'«coB(^  +  A+»y+2/), 


*  +  *  +  '  by*  +^  +  /  +  J§>'8ln(^  +  A  +  ap+aO. 
'  by  J  +45>"»">(<^  +  *  +  »?+»0. 

Operation  26. — Term  (33)  q/"  R 
We  replace 

>'by  r +  gj5«'"»«»(^  +  »  +  j^+ al- n, 

*  by  »  +  ^  5  «'"•  7>°  <  1^  +  *  +  V  +  »' - »'). 
•»  «i  *  +^  +  ^  and  /  do  not  change. 


64  a'        y 
a,  e,  h  +  g-{-l,  and  I  do  not  change 
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Operation  27. — Term  (34)  0/  R. 
We  replace 

yhy  y  -  ^^^Cmcosit  +  h  +  2g  +  2I  +  V), 

h\yyh  -^^^e'm~Bia{ip+h  +  2g+2l+l'), 
change. 

Operation  28. — Term  (35)  of  R. 
We  replace 

a  by  a  I  I  +  7  ^  /c  cos  ((/•  +  ft  +  2fif  +  3O  | , 

«  bye  +g^lyco8{^4-fc  +  2fl'+  3'), 

h  +  g  +  I  hj  h  +  g  +  I  +  J  ^iyesm  {tp  +  h  +  2g  +  it), 

I  by  J  -|y»>'^'''"(^'  +  ^+'^"*"3^)' 
A  by  fc  +  ^  §«^  sin  (^  +  A  +  2^  +  3I). 

Operation  29. — Terwj  (36)  0/  R. 
We  replace 

e  hj  e  +  J ^yecoB  {ip  +  h  +  2g  +  40> 

yby  y  +  i^^Je»co8(V'  +  fc  +  2fl'  +  40, 

I  by  I  -  ^^y  sin  {f  +  h  +  2g  +  4I), 

fc  by  A  +  ^§e'^8in  (f-  +  A  +  2j/  +  4O, 
o  and  A  4-  ^r  4.  f  do  not  change. 

Operation  30. — Term  (37)  of  K 
We  replace 

a  bj  a  i  1  -  ^ye cos  {if-  +  h  +  2g  +  I)  ^ , 

e  h^  e  +  ^^y  coa {if-  +  h  +  20  +  I), 

yby  >/  — g^eco8(^  +  fc+  2fl'+  0» 
*  +  p  +  J  by  *  +  flf  +  t  -  a  ^  ^'a  »in  (^  4-  A  +  2^  +  0» 
i  hjl  +l^y^Bm{tl,  +  k+2g+l), 
khyh-  g  J;«  ^sin  f-/--  J^  h  +  2g  +  I). 
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Openlion  si.^Term  (.^8)  qf  R 
We  replace 

a  doee  not  change. 

Operation  32. — Term  (39)  qf  R 
We  replace 

+  4608  ■•  +  110592'"       8a'»  +  9ii*ii  +  3«iiJ'*"^'^^''' 

»+p  +  iby*+,+  /+^i[f>'-7r'-yr«*-«9r«"  +  (^>'-'|^r'-8«>'«'-^?'«")« 

+  :i?5r  "  +  T7^S9a  *       8a'»  +  9«i»«  +  3«iijy'*"^'^  +  *'' 
a  does  not  change. 
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Operation  33. — Term  (40)  of  R. 
We  replace 

r  by  r  -  §  [p  e'  -  Ifg «'»»]  «o8  {,/-•  +  h  -  v), 

h  +  g+lhyh+g+l  +  ^^^ye'siui^  +  h-  I'), 

hbyh  +  §[-l^^e'-^e'm]j^sin(i.  +  h-l'), 
a,  e,  and  I  do  not  change. 

Operation  34. — Term  (41)  0/  R. 
We  replace 

A  by  A  +  ^§c'^^8in  (^  +  A  -  aZ'), 
a,  e,  A  +  5^  +  i,  and  f  do  not  change. 

Operation  35. — Term  (42)  0/  R 
We  replace 

rbyr-§[^«'  +  ^  «''»]co8  (^-  +  a  +  n, 

h  +  g+l]3yh+ff+  l  +  ^^ye'  sin  (V'  +  A  +  /'), 

hhyh  +  §[^e'  +  ^le'wjisin  (^;  +  h  +  I'), 
a,  e,  and  I  do  not  change. 

Operation  36. — Term  (43)  0/  R. 
We  replace 

« 

a,  e,  h-\-g-\- 1,  and  /  do  not  change. 

Operation  37. — Term  (44)  0/  R. 
We  replace 

a  by  a  I  i  -  3  §  r«  <'08  (^'  +  '*  +  0  |  > 

yby^  +  |§cco8(^  +  fc  +  0, 
A  +  ?+?  hy  h  +  g  +  I  -  e^yeeiiHip  +  k  +  I), 
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OperaHoH  38.— rmu  (45)  qf  R. 


We  r«.<pl 


y  by  r  +  g^5'oM(ifr  + *  +  »*), 

I  by  J  +-g^p>'Bln(^  +  *  +  aO. 

a  and  k-\-g  +  l  do  not  chaog«. 

Operation  39. — Term  (46)  (i/*  R 
We  replace 

a  byaji  -  3  $r««»«  (f  +  *  -  J) }, 

•  by«  -^^yoMC^  +  A-/), 

^-byy-ll^oMdfr+A-O, 
*  +  »+'  by*  +g+l  +  6^yenB  «-  +  A  -  J), 

*»>y*+|§^«iiili<-  +  *-0. 


We  replace 


OperatioH  40. — Tieriii  (47)  qf  R. 
•  by«  -j5>'eoo8(f +  A-aO, 

«  by  J  -?§yBiii(y.  +  *-al), 

*by*  +  ^^^«iii(^  +  *-aO, 
a  and  A  +^  +  /  do  not  change. 

Operation  41. — Term  (48)  0/  R 
We  replace 

>' by  y  - 1  ;p  >^  cos  (y^  +  *  -  »p  -  »!), 

»  by  A  +!$>'«»  (f  +  h-2g-2t), 
*t  ^  ^  +  y  +  ^  <uid  /  do  not  change. 
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Operation  42. — Term  (49)  of  R. 

We  replace 

23  fit 
c  by  c  -  -^  ai^iX'ecos  (^  +  ^  -  29), 

r^yr  +  li-^i^^y'^*''*^ {'P  +  h-  2g), 

'  **y '  +  ^wy'^^^ (^  +  A  +  25), 

A  by  A  -  fl  ^»  ye*  sin  (^  +  fe  -  2fir), 
a  and  A  +  ^  +  ?  do  not  change. 

Operatimi  43. — Term  (50)  0/  R. 
We  replace 

X  by  y  +  ^  ^jm»  cos  (i^-  +  3A  +  4flf  +  4^  -  zh'  -  2g'  —  2I'), 

fc  by  fe  +  -^ §y  siu  (^>  +  3A  +  4i/  +  4i  -  2^^'  -  29'  -  2I'), 
a,  e,  h -\- g -\- 1,  and  I  do  not  change. 

Operation  44. — Term  (51)  0/  R. 
We  replace 

e  by  e  —  ^^ym  coa  (ip  +  sh  -\-  49  +  3I  —  2%'  —  29'  —  2I'), 

r^y  r  +^^^«^<^o»{t  +  3^  +  "^9  +  3^-  ^^'  -^9'  -  ^v), 

Ihyl  -  \l^^^m»m{f  +  3^  +  4jr  +  3^  _  2/t'  -  29'  -  2I'), 

hhyh+  g^*  TO  sin  {tp  +  3h  +  49  +  3^-  ^h'  -  29'  -  2I'), 
a  and  7*  +  ^  +  ?  do  not  change. 

Operation  45. — Term  (52)  of  R. 
We  replace 

a  by  a  I  i  +  ^^rmcoB(ip  +  sh  +  29  +  2I  -  2h'  —  29'  -  2I')  | , 

yhyy-  §[^  m  -  -^-|  m»]  cos  (,/■  +  ^h  +  29  +  2I  -  2A'  -  2.9'  -  2I'), 

h  +  g+lhyh  +  g  +  I  +  ^f^ymam  {>/>  +  ^h  +  29  +  2I  -  2/.'  -  29'  -  2I'), 

hhyh+  §[^'»  -  ^w*']  y  sJn  0^  +  3^  +  29+21-  2A'  -  2j?'  -  2^'), 
e  and  ^  do  not  change. 
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Operation  46. — Term  (53)  qf  R 
We  replace 

>'  by  y  -  ^  S**"  «•  (^f  +  3*  +  jj  +  a<  -  »V  -ig'  -  it'), 

*  »>y  *  +^5»''»^»*«»(lfr  +  3*  +  iy  +  a»-  J*'  -iSf-  itf\ 
a,  e,  A  4-  9  +  /,  and  /  do  not  change. 

Operation  47. — Term  (54)  (j/*  R. 
We  replaee 

*  *»>'  *  -64  §«'"•);""('''  +  3*  +  »<'+»'  -  »*'  -  »''  - '')» 
a,  0,  A  +^  +  /,  and  /  do  not  change. 

Operation  ^S—Term  (55)  q/"  R 
We  repUoe 

•  ^'y  •  +  Ap>^***(i^  +  3*  +  *!/  +  3'  -  »*'  - »/  -  »*'). 

yby  r  -^§«»«»{i>  +  3*  +  jp  +  3'  -  J*'  -  2(7'  -  a''), 
'  *»y '  -  /e  §  fl  "• »'°  (ifr  +  3*  +  V  +  3'  -  »*'  -'9'-  >''), 

*  by  *  +^5 ^■••in(^  +  3*  +  »P  +  3'  -  '*'  -  V  -  »''), 
a  and  A  +  ^  4-  /  do  not  change. 

Operation  49. — Tiprm  (56)  of  R 
We  replace 

«  by  «  +  3  5>^oos(<fr  +  3*  +  j^  +  /  -  jV  -  j^  -  jI'), 
r by  y  +  J$«"  008 (It  +  3»  +  ay  +  /  -  J*'  -  jp*  -  al'), 
'  by  J   +  3^^m%ia{i>  +  3k  +  2g  +  I  -  2h'  -  3g'  -  il'), 

*  by  A  -  U  J«8in  (^  +  3*  +  2^  +  J  -  a*'  -a/  -  aJ'), 

a  and  A  4-  ^r  + '  <lo  not  change. 

Operation  50. — Ttrm  (57)  0/  R 
We  replace 

«  by  e  _  ii^yeoo*  (^  +  3*  +  ay  -  aA'  -  ay*  -  ai'), 

yby  r  -  Ja  §^«»(lfr  +  3*  +  »P  -  «*'  -  J/  -  'I'), 
I  by  J   -  ^§y8in(^  +  3A  +  ay  -  a*'  -  a^  -  aJ'), 

o  and  A 4-^4-  /  do  not  change. 
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Operation  51. — Teriu  (58)  of  R. 
We  replace 

>'  by  r  +  ^  ^  K*  COS  (»/>  +  3h-  2h'  -  2</'  -  2I'), 

A  by  fc  -  ^^ysm  (^.  +  3ft  -  2A'  -  2^'  -  2V), 
a,  e,  h-{-g-\-l,  and  I  do  not  change. 

Operation  52. — Term  (59)  of  R. 
We  replace 

'    '^  '       a*|_64      128'     '  16         128  512         6144     J 

X  cos  (^  —  fc  +  2/1'  +  2g'  +  2^'), 

fc  +  ff  +  i  ^y^+s'  +  '-§[ii^-^ y^ ^*° (^' - 'f  +  2^'  +  ^9'  +  2^'), 

Jbyi   +|§;/sm{,t-ft+2A'+2</'  +  2j'), 

X  sin  (^'  —  fe  +  2A'  +  2g'  +  2i'), 
a  and  e  do  not  change. 

Operation  53. — Term  (60)  of  R. 
We  replace 

r  by  ;/  +  ^^'e'mco8  (^  -  ^  +  2'''  +  2/7'  +  V), 

A  by  ft  4-  ^§  c'OT  Sin  (^  -  A  +  2A'  +  2<7'  +  J'), 
o,  c,  h-\-g-{-l,  and  ?  do  not  change. 

Operation  54. — Term  (61)  of  R. 
We  replace 

y^^y^4m\^ ""  +  ^ *""*] cos (^-  -  A  +  2/t'  +  2g'), 
A  +  J7  +  J  by  A  +  <7  +  I  -  fl  ^  r«'*8in  (^  -  A  +  2ft'  +  2.9'), 

a,  e,  and  I  do  not  change. 

Operation  55. — Term  (62)  0/  R. 
We  replace 

T'by  ,/  -  §[^  e-  +  ^Cm]  cos  {,p  -  ft  +  2ft'  +  2^7'  +  3!'), 

fc  +  P  +  i  by  A  +  <7  +  J  -  g^j/C  sin  (»/>  -  ft  +  2ft'  +  2f/'  +  3^'), 

ft  by  ft  -  §[^ (K  +  ^-g|  e'm]  J; sin  («fc  -  ft  +  2ft'  +  2</'  +  3^'), 
a,  e,  and  I  do  not  change. 
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Operatiom  56. —  Term  (63)  qf  R 
We  replace 

rby  y  -  ^§««oo«(^  -  »  +  a*' +  .f*  +  41*), 

*  **y  *- ^  py*^  <*-*  +  **'  +  '«'  + ♦*')» 

«•  «)  A  +  jT  +  /,  and  /  do  not  change. 

Operation  57. — Term  (64)  (j/"  R 
We  replace 

*  **'•  -jp>^oo«(i^-»  +  /+  »*'  +  jy'  +  a/'), 
>'»»yr-jp«»«»(lf-* +  '+»*'  +  »/+  »''), 
I  by  J  +3§^«idn(f-»  +  /+2A'  +  iy'+2''), 

*  by*  -|5^««n(^-k+I+a*'  +  a/  +  il'), 
a  and  k-^g-\-lAo  not  change. 

Operation  s%.—Term  (65)  0/  R. 
We  replace 

e  bye  -  ^^>^0O8(^  -  *  -  J  +  a*' +  a^  +  aJ'), 
y*y  r  +  ^p«»«»(^  -  »  -  I  +  aV  +  ay*  +  a/'), 
J   by  J  -^§j;m8Ui(^-A-J+aA'  +  ap'  +  ai'), 

*  by  *  +  ^5^«8ln(f  -  A  -  I  +  a*'  +  ap'  +  a/'), 
a  and  A  +  ^  +  /  do  not  change. 

Operation  59. — Jerm  (66)  qf  R 
We  replace 

y  by  y  -  ^^m'ooB  (^  -  A  -  ap  -  a/  +  aA'  +  a^  +  a/'), 

A  by  A  +  ^py  ■">  (^  -  A  -  ap  -  a<  +  aA'  +  ay*  +  ai'), 

a,  f ,  ib  +  p  +  /,  and  /  do  not  change. 

Operation  60. — r«T»  (67)  of  R 
We  replace 

•by*  +Jj5,^oo«(^-»-»p-I+aA'+ap'  +  a»'), 
y  by  r  -||5«»oo«(^  _  A  -  ap  -  I  +  aA'  +  ap'  +  ,1% 
'  by  /  -  tI^  J««in  «•  -  A  -  ap  -  /  +  aA'  +  ap'  +  a/'). 

*  byA  +g§p»i«n(,fr-A-.p-/+  aA'+  ap'4-  ^^), 
a  and  *  +y  + '  do  not  change. 
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Operation  6i. — Term  (68)  of  R. 
We  replace 

lae,  iSv 
*  ^y  *  ~  "^"^^^^^  ('''-''-  ^5^  +  2fc'  +  2flr'  +  2l'), 

y  by  r  +  ^^'e'cos  {,/,-h-2g+  2/*'  +  2</'  +  2«'), 

'   ^y  '  +  -^^r  8in  (^  -  7t  -  2j;  +  2/t'  +  2g'  +  2I'), 

hhyh-  ^-ff  -' -sin  (f  -  h  -  2g  +  2h' +  2g'  +  2^'), 
a  and  A  -j-  ^  +  ^  do  not  cliange. 

Operation  62. — Term  (69)  of  R. 
We  replace 

1  ,    5°     A        ,  <i  r  8  V*       IOC*       1771     1 

" '^y  ^  +  777^^3re'^,|_i  + -^  + -- -  ^  mjcos  (^+ 2A  +  <,-A' -3'), 

K„      ,    25    ^2     ,«r    ,    8  V*     loe*      1771     n 

A  +  f,  +  i  by  ;*  +  <;  +  ?_  M2.A_^ee,  «  sin  (y,  +  ^^  +^  _  ;,/  _^)^ 

J  K    I    ■    5°    A      e' a  r         8  y^      10 e^       1771     1 

'  ''y'  +T^-ffii?y-^a'\j+T^m+Vzm-'^'^\^^'^^'l'  +  ^^  +  9-h'-g'), 

1.  K^  I.        *S    fit  e&ar        24  y*  ,    ioe»       1771     "l  . 
a  does  not  change. 

Operation  63.  —  Term  (70)  0/  R 
We  replace 

r^yy-^  7&^  ce'l  COS  (^  +  j,  +  A'  +  J,'), 

a  and  A  +  ^  +  /  do  not  change. 

Operation  64. — Term  (71)  o/R. 
We  replace 

y^^  y  -  i^*^^'«>»  (^i-  -  <;  +  A'  +  </'), 

11.,       5   02   ye'  a   . 

*  ^y  *  +  27^7  >°  (^'  -  ^ + '*' + i''), 

oandA+^  +  'do  not  change. 
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Operation  6$.-^Term  (72)  qf  K 
We  replace 

a  by  «  {  1  +  5(i  -ty*-ii^  +  |f»')oo.(a^  +  a*  +  .f  +  j|)  }  , 
•  by  •  -  ^  ^ect»{ti>  +3k+3g+  »l), 
Kby  >'--^>'<»ii(aifr  +  a*+  »»+  a/), 

*  +  ^+Jby*+P+'  +  5[J  -»/^-f  «*  +  T  "•']*'"  ^"f'  +  »*  +  V  +  »'), 

i  by  i  +  a  pBin  (21^  +  >*  +  29  +  '<)> 
*by»  -i§slii(af +a*  +  ap+aO. 

Operation  66.— Term  {7^)0/ YL 
We  replace 

ab>  oj  1+  3~  e'm  oM(2i^  +  ik  +  ig  ^  il-l')^, 
e,  y,  h  -^-g  +  1,  I,  and  h  do  not  change. 

Qpera/tOM  67. — JeriM  (75)  <{/*  R 
We  replace 

«  by  a  j  I  -  3  §«'»  CM  (a<-  +  2*  +  *?  +  »'  +  1')  [ , 

e,  y,  A  -)-  ^  +  /,  /,  and  A  do  not  change. 

Operation  6S.— Term  (77)  qf  R 
We  replace 

a  by  a  j  I  +  |§«oo8  (a/-  +  afc  +  ay  +  jt)  }  . 

vby  >'-^py«ooe(a/  +  a*  +  ap+3/), 

*  +  P  +  ^  by  A  +  p  +  I  +  ^§«8iii  (a^  +  aA  +  ay  +  3O, 

»  by  *  -  ^  §«mn  (a^  +  a*  +  ap  +  3/). 

Operation  69. — Term  (78)  0/  R 
We  replace 

•by«  +^§,'„oo«(a^  +  a*  +  ay+3/-l'), 


*^'  -^p^»'«in(»^  +  »»  +  V+3/-»'), 


a,  y,  h-\-g-\-l,  and  ik  do  not  change. 
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Operation  70. — Term  (79)  of  R. 
We  replace 

e  hye  —  ^ -jtc'in cos  {iip  +  2h  +  2g  +  ^1+  I'), 

I  by!  +'-^§t^mBm{2^,+  ih+2g  +  3l  +  l'), 
a,  y,  h-\-g-\-l,  and  h  do  not  change. 

Operation  71. — Term  (80)  of  R. 
We  replace 

a  by  a  I  I  +  y  -|  c'  cos  (2»/>  +  2A  +  2flr  +  4^)  I , 
«  by  e  +-^^ecos{2tp  +  2h  +  2g  +  4^1), 

h  +  g  +  I  hj  h  +  g  +  I  +  ^^ie'sm(24,  +  2h  +  2J/ +  4O, 

I  by  I  -  ^  ^ein  {2ip  +  2h  +  2g  +  4?), 
y  and  A  do  not  change. 

Operation  72. — Terw  (81)  of  R. 


We  replace 

e  by  e  +  ^^e*co8  (2f/- +  2A  +  2flr  4- sO. 

i  by  I  -  ^-^esin  (a^^-  +2^+2^?+  sO, 
a,  y,  A  +5^  +  Z,  and  h  do  not  change. 

Operation  73. — Term  (82)  0/  R. 
We  replace 

a  by  a  I  I  -  ^  ^Je  cos  (2*/.  +  2ft  +  251  +  0  | , 
e  hy  e  +  ^.[j-'-y^  -  -€>  +  '0m*'jcm{2^  +  2h  +  2g  +  I), 
^'by  >'  +  i  ^  >'C  cos  {21P  +  2h+2g  +  I), 
h  +  g  +  I  hy  h  +  g  +  I  -l^eiin  {2,p  +  2h  +  2g  +  I), 

h  hy  h  +  -  ^e sin  (a^t  +  2/t  +  2j(  +  !)• 
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Operatitm  74.— Term  (83)  qf  R 
We  replace 

•  by#  +^$«'«oo«(a^+ jA  +  ap  +  i-l'), 

'  ^y '  +  ^5  i » «»n  {'V-  +  a*  +  »y  + '  -  n, 

<ii  Xi  A  +^  +  ^  <^"<^  ^  ^^  "^^  change. 

CjpMtittoN  75. — Term  (84)  0/  R 
We  replace 

•  bye  -j^^e'meM(2f+  tk  +  ag  +  t  +  V), 

'  *>y'  - ^ 5i "•«n (11^ +  »*+»^ +  (  +  «'). 
^  y I  A  +  ^  +  ^  A"^  A  do  not  change. 

Operation  76.— Term  (85)  qf  R 
We  replace 

*  +  *  +  »by*+p  +  l  +  ;^[^r*«<'  +  ]7  «**•']«"  (»^  +  »*  +  »^). 

»  by  »  +  ^[^  «»  -  ?|«»m]Hin(a^  +  a*  +  ap), 
a  and  y  do  not  change. 

Operation  77.— Term  (88)  q/"  R 


We  replace 


•  by  •  +  ^  §«*oo«  (a^  +  a*  +  ay  -  0, 

'  **y '  +  ^  §•""  ^"f' + »*  +  »P  -  0, 


<>i  X>  A  +  9  +  /,  and  A  do  not  change. 

Operation  7S.—Term  (89)  qf  R 
We  replace 

•  **y  •  +  i|p>^«»(»*  +  a*  +  4P  +  3'), 

'' *>y  y  -  S  P  >^  **•  (•'^ +»*  +  *'  + ^^' 
'  byl  +g^*^Mn(a^  +  3»  +  4*  +  30. 

*  ^'y  *  -||5«"^  (»'''  +  a*  +  4P  +  3O, 
a  and  A  +^  +  /  do  not  change. 
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Operation  79. — Term  (90)  of  R 
We  replace 

10         .         I'?'?IO  -        4-    V    f~\ 

+  jy»^'+  iioi  y'"'  +  f  ^'  y ««« (^i''  +  ^*)' 
*  ^y '  -  ^  [7  >''  +  f  ^'"*]  ^^°  "^  +  '^^' 

+  y »»'  +  4^8^  "»'  +  ^  ^»{]  «°  (^^^  +  ^*). 
a  and  e  do  not  change. 

Operation  80, — Term  (91)  0/  R 
We  replace 

r^j  r  +  l^iye'cos  {2ip  +  2A  -  i'), 

ft  by  A  -|^e'8in(2^  +  2A-J'), 
o,  e,  A  +  ^  +  ^»  aiid  I  do  not  change. 

Operation  81. — Term  (92)  0/  R 


We  replace 

yby  r+  |§ye'co8(2'/'  +  2^  +  ^'). 

A  by  fc  -  I  ^c'  sin  ( 2^  +  2A  +  J'), 
o,  e,  fe  +  ^  +  ^,  and  i!  do  not  change. 

Operation  82. —  Term  (93)  o/R 


We  replace 


«  by  c  +  ^  ^1  )/^  cos  (2^  +  2ft  +  0, 
>'by  ;'- ^ ^Jyecos (2^  +  2ft  +  0, 

'  ^y  ^  -  ¥^'^*^^°  (*!''  +  «* + ^» 

ft  by  A  +  Jl^Jesin  {2^  +  2A  +  i), 


a  and  h-{-g-\-l  diO  not  change. 
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OperatioH  83.— 7Vr»i  ^94^  <i/"  R 


Wo  replace 

•  »>y  •  +  Jp>^co«(a^  +  i»  -  0, 


a  nnd  h-\-g-\-l  A.0  not  change. 

Operation  84. — TVriw  (95)  0/  R 
We  replace 

a  byaj  i  +  ^|}«i»oo«(a^  +  4*  +  4*  +  4*  -  2*' -  JJ/' -  aJ')  j , 


»  +  P+»by»+p  +  »  -  §$»*»in  (»lf  +  4*  +  4ir  +  4'  -  a*'  -  ap*  -  aZ'), 
e,  X,  and  A  do  not  change. 


'  by  J  -  ^§i»8iu(a^  +  4A  +  4p  +  4/  _  ,V  _  jj^  _  ,/'), 


C^d/ton  85.— rem  (98)  qf  R 
We  replace 

«  by  e  +  g5lii»00«  (a/-  +  4*  +  4y  +  5'  -  »*'  -  »!7'  -  at'), 
'  *>y  '  -  6^  §T  "•"  <»^  +  4*  +  4P  +  5'  -  »*'  -  »^  -  »''), 

a,  y,  k+g  +  l,  and  A  do  not  change. 

Operation  86. — Term  (99)  0/  R 
We  replace 

a  by  «  j  I  +  ^  §«■  oo«  (ay  +  4A  +  4^  +  3J  -  a*'  -  aff-  -  a/')  | , 
«  by  «  -  §[|| «  +  ^i^  «»]  CO.  (a^  +  4*  +  4J,  +  3/  _  ,*'  -iff--  at'), 
*  +  P+tby*+p+l  +  H^emsln  (zf  +  4*  +  4^  +  3/  _  aV  _  ,^  _  »{'), 

'  *»y'  -p^w  +  y^-^'jiwnCf +  4ik  +  4P  +  3'-^A'-»ff'->n. 
X  and  h  does  not  change. 

Operation  87. — Term  (100)  0/  R 
We  replace 

«  hj  0  -^^tfmcM{2t  +  4k  +  ^g  +  3I-  2k'  -  ig'  -  3,r\ 

I  byJ  -^§^rin(a^  +  4ik  +  4P  +  3i-a*'-ap'-3J'), 

"1  y.  *  +j?  +  ^  and  k  do  not  change. 
16 
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Operation  88. — Term  (loi)  of  R. 
We  replace 

c  by  e  +  || ^e'w  cos  {2tp  +  4^  +  4gr  +  3?  -  2W  -  zg'  -  1% 

'  '^y  ^  +  |l  §^«°  (^^  +  4^*  +  4i/  +  3^  -  2A'  -  2g'  -  I'), 
a,  y,  h-\-g-\- 1,  and  A  do  not  change. 

Operation  89. — Term  (102)  0/  R. 


We  replace 

e  by  e  +  -I  ^  ew»  cos  htb  +  4.h  +  ^g  +  2I  —  2ft'  —  ig*  —  al') 

'  by  J  +  ^^w  sin  (2*  +  4A  +  4^  +  2J  -  2/t'  —  2^1'  —  2I'), 
o,  X,  A  +  ^r  +  ?,  and  h  do  not  change. 

Operation  90. — Teriw  (103)  0/  R. 
We  replace 

>'  by  X  —  ^  ^  )"»  cos  (2^fr  +  4h+  2g+  2I  —  2V  —  2g'  —  2I'), 

A  by  fc  +  ^  ^  TO  sin  (2^  +  4A  +  2flr  +  2J  —  2A'  -  251'  —  2I'), 
a,  e,  h-\-g-\- 1,  and  I  do  not  change. 

Operation  91. — Term  (104)  of  R. 
We  replace 

*  +  ^  +  I  by  A  +5r  +  ^  +  §  [f  r*  +  g »»']  sin  (="/'  +  *^'  +  'S'  +  '^')y 
A  by  A  +  §  [:^  -  ^to]  sin  (2^  +  2^  +  2(/'  +  2l% 
a,  e,  y,  and  I  do  not  change. 

Operation  92. — Term  (107)  of  R. 
We  replace 

A  by  A  +  ^^c'  sin  (2^  +  2A'  +  2*;'  +  3I'), 
a,  e,  y,  h  +  g-{-ly  and  I  do  not  change. 

Operation  93. — ^e^m  (109)  of  R 
We  replace 

a  by  o  I  1  -  ll^mcos  (2^  +  i  +  2^^'  +  zi/'  +  »l')  } , 
«  by  e  -  ^Qf™  +  rfg*"']  cos  (2'/>  +  I  +  2/t'  +  2.7'  +  2I'), 
h  +  g  +  I  hj  h  +  g  +  I  -  '^§^em6in{2,p  +  I  +  2h'  +  2g'  +  2I'), 

Ihjl  +  §[^»»  +  ^  m^y-sin  (3^  +  1+  2A'  +  2g'  +  2I'), 
y  and  h  do  not  change. 
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Openitiim  94. — Term  (i  10)  qf  R. 
Wo  replace 

o«  Yt  A  +  ^  +  '>  and  h  do  not  change. 

Operation  95. — r(fnii  (iii)  qfR. 
We  replace 

<  by/  +^§^«iii(af +  J+a*'  +  3^  +  3J'), 
a,  ^'t  A  -f  ^  +  /,  and  h  do  not  change. 

Operation  96. — Jertn  (112)  (j/"  R. 
We  replace 

«  by«  —  ^^0aicofl(a^+  ai+  a*' +  j^  +  al'), 

'  by  J  +^§«Bin(a<-+aJ+aV  +  a^  +  a/'), 
<^  Xi  A  +  ^  +  '1  <^nd  h  do  not  chang^. 

Operation  97. — JVrm  (113)  (j/"  R 
We  replace 

'  ^y '  +  64  $  T "'°  (»^  - '  +  *»'  +  'p*  +  »*'), 

'1  y«  A  +  ^  +  ^  and  h  do  not  change. 

Operation  98. — Taw  (114)  <j/"  R 
We  replace 

*  ''y  *  -|§'"''°<'^  +''+»*+»*'  +  »/  +  »''). 

^  ^  A  +^  +  A  and  2  do  not  change. 

Operation  99. — Term  (\i$)  qf  R, 
We  replace 

a,  y,  A  4-  ^  +  i,  and  h  do  not  change. 
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Operation  loo. — Term  (i  i6)  0/  R. 


We  replace 


9     ^3. 


hhjh  +  -2j^»i  sin  (2^  -2h  +  4A'  +  4^'  +  4^'), 
a,  e,  h-\-g-\-l,  and  I  do  not  change. 

Operation  loi. — Term  (122)  0/  R. 
We  replace 

a,  X,  A  +  ^f  +  ?,  and  h  do  not  change. 

After  these  transformations  are  executed,  the  mean  value  of     ^     dt         ^^  ^^ 

longer  n,  nor  do  the  coefficients  of  sin  I  and  sin  F,  in  V  and  U,  respectively,  have  the 
same  values  as  in  the  elliptic  theory.  In  order  to  make  them  have  the  same  values, 
we  perform  the  following  additional  operation: 

Operation  102. 
We  replace 

4  A 


I,  g,  and  h  do  not  change. 

The  following  operation  was  omitted  at  its  proper  plaoe: 

Operation  103. — Term  (105)  of  R. 
We  replace 

ft  by  fc  -  I  §e'  sin  (2f  +  2h'  +  2g'  +  I'), 
a,  e,  y,  li-\-g  +  I,  and  I  do  not  change. 


CHAPTER     III. 

DETAIL  OF  THE    NEW   TERMS  WEIGH    ARISE   IN  TITF   rn  ORDINATE8  OP  THE 
MOON  THROUGH  THE  PRECEDING  Ol  1  KM  IONS. 

The  substitutions  indicated  in  the  preceding  operations  must  be  made  in  the  fol- 
lowing expressions  of  V,  U,  and  -.  taken  from  Delaunay's  second  volume.  The  rules 
for  selecting  the  terms  to  be  retained  are  so  simple  that  tliey  need  not  be  mentioned. 

(0)  V-fc  +  p  +  l 

(1)  _  Q  ««  _  ^  yt^\  M  gin  »V 

(3)  +[ae-^«»]»inl 

(4)  +  [(t  "^  -  T  >'*«^) *  +  IT  '^"•']»'''  ('  -  V) 

(5)  -|-^M««8iii(<-aJ') 

(6)  +[- (7  w*  -  ^X*-*')*-^  ««'»••]  «n  (/  +  !') 

(7)  -^a0«».ui(l+an 

(8)  +[S^_iy.,._ii,.+^^,.^_^^,-j^,, 

<9)  +^  «»*'••  sin  (aJ-f) 

(10)  -^••«'iii«ill(al  +  r) 


(13) 


96 
+  [- y»  -  >^  -  J  y***  +  ^r*«^  +  J  >^  -  ^  yvjsin  (ap  +  ,0 

(*S)  -^y*&*mtiin{2g-\- jI- aV) 


248 
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(i6)  +  I  -  xVw  +  ^  ;/V»»M  8iu  (2</  +  2I  +  I') 

(17)  + -^  y^e'^m  Bin  {20  +  2I  +  2I') 

(18)  +1       ^y^^  ~  ^y*^  ~  X  y^^  +      y^em^  I  sin  (2</  +  3?) 

27 

(19)  y^ee'm  sin  (2^  +  3^  —  ^'^ 

27 

(20)  +  —  y^ee'tn  sin  (2</  +  3?  +  i') 

(21)  -  ^  y^e' ain  (2g  +  4I) 
(«)  -ff;'V8m(2j;  +  sO 

(23)  +  [-  3x'e  -  i8/e  +  ^  y V  +  ^  x'c«»  +  ^  y'"»']  si"  {^9  +  0 

(24)  +  Y  y'ee'm  sin  (2*/  +  Z  —  I') 

(25)  —  y  /W»i  sin  {2g+l+  V) 

(26)  +  Q  /'e*  +  ^  r'«''»]  sin  2i? 

(27)  +|yV8in(2flr-J) 

(28)  +  i  x"  sin  (4<7  +  4I) 

(29)  +  2;/<e  sin  (4</  +  sO 

(30)  +  3y*e  sin  (4J/  +  3O 

(3.)  +[(-ly'  +  'T6^-'^y'-Ty'^  +  ^y'^')-^ 

(32)  +  [(-  I  kV  +  ^6^  e^e')  m  +  (j^  e'  -  y^  A')  m']  «iu  (2D  -  I') 

(33)  -  75  X'c"™  sin  (2D  -  2I') 

(34)  +  [(f  r'^  -  r6  *''-'') »»  -  (73 '^  -  fi  ^'0  "*0  ■'^'"  (^^  +  ^') 

(35)  +^/e"»»8in(2D  +  2i') 

(36)  +  [(-  I  r'e  +  '-^  ^^  m  +  Qie-  -^  y^e) ,«'  +  ^  m»]  sin  (2D  +  J) 

(37)  +  r~  2  y^^^"*  +  1^ ce'mn  sin  (2D  +  J  -  I') 

(38)  +  [f  r*ee'm  -  |g  ee'm']  sin  (2D  +  /  +  i') 
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(39)  +  [-  S  '^'^  +  ff  •^']  •'"  (»0  +  «0 

(40)  +[(ii.-6^-¥««)«+('^-2f2>.e)«.  +  ^»^««»].ln(.D-l) 

(41)  +  [(^-^  -  i4y**e')m  +  ^a^ii.»]siii  (aD  -  /  -  f) 
(4«)  +^«»*msin(jD-l-»I') 

(43)  +  [-(^e^-t;'».»')w-^  «'»••]  •in{aD-J  +  J') 

(44)  -5J«.««sin(aD-J+»J') 

«S)  +[(*|««-^r*«')'"  +  -"'^']«in(»D-»0 

(46)  +  ^^  ^e'm  sin  (aD  —  aZ  —  r) 

(47)  -JJ«V««n(aD-.I  +  l') 

(48)  +^«»»«in(aD-30 

(49)  +  [(4  >^  -  W  ^•*')  "  -  T  ^*  -  fl  y*'^*]  "*°  ('^^  +  »*■) 

(50)  -{|yV«»8in(aD+aF-I') 

(sO  +|^r*«'»»»«n(aD  +  aP+n 

(S«)  -^y»«««ein(aD+aF  +  0 

(53)  "•■  [~  ^  >^'*  ~  '9r"^*]  «o  (»D  +  »F  -  0 

(54)  -^x^«i«ln(aD+aF-J-I') 

(55)  +^yWmBin(aD+aF-J  +  l') 

(56)  -  '/  >^«Nii  sin  (aD  +  aF  -  a/) 

(58)  +  [^  yV«»  -  1 1  rV"**]  »in  (aD  -  aF  -  J') 

(59)  +  'ji  r*«^  «n  (»I>  -  »F  -  a/*) 

(60)  +  r~  4  >^''*  ~  8^  y**^^'  1  sin  ( aD  -  aF  +  i') 
(6i»  -^;'»c«ii»8in(aD-aF+ aJ') 
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(62)  +  [-  "^  y^^'^  +  ^  r'«»'1  siu  (2D  -2F  +  I) 

(63)  —  YV^ee'm  siu  {2D  -  2F +  1  —  1') 


(64)  +  ^  yee'm  sin  (2D  -  2F  +  J  +  I') 


(65)  -  ^  y^^m  sin  (2D  -  2F  +  2I) 


(66) 


11 
8 

+  If  r^em r^emn>iia  (2D  —  2F  —  I) 

(67)  +  -  y'ee'm  sin  (2D  —  2F  —  Z  —  I') 

(68)  —  |;/W»i8in(2D- 2F-i4-n 

(69)  -^x*e'»isin(2D- 2F- 2i) 

(70)  —  =^  y*m  sin  {2D  —  4¥) 
(70  -  ^y^m^  sin  4D 

(72)  +  [-  fl  r'em'  +  ^-ff  m']  sin  (^D  -  I) 

(73)  +~§e'm'Hm{4D-2l) 

(75)  -  7^  r^e'm"  sin  (4D  —  2F  —  i') 

(76)  +  ^  X'C»M»  sin  (4D  -  2F  +  I') 

(77)  -  ^  r'«»»'  sin  (4D  -  2F  +  i) 

(78)  +  ?f  r'«»'  sin  (4D  -  2F  -  0 

(79)  -[^-f^-'j-^i"^ 

(80)  +[|c'_:^,,v]^,Kio,D  +  i') 

(81)  -^m",8iu(D  +  /) 
(8a)  +^cc'|8in(DJ-J  +  P) 

(83)  -^cw»j8in(D-  0 

(84)  +^ce'~sm{D-l  +  l') 


(«5) 
(86) 

(«7) 
(88) 

(89) 
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-^r»«|,tin(D-aF) 
+  JyV5iin(D-aF  +  n 


(0 
(«) 
(3) 
(4) 
(S) 
(6) 
(7) 
(«) 
(9) 
(10) 

(«•) 
(■•) 
(«3) 
(<4) 

(<S) 
(16) 

(«7) 


+  [^  ^"^  -  i^  ^•^•]  "^  (^  - '*') 

-||y«^Bin(F+3l') 

+  [aye  -  J  y«»  -  i  ran*  -  ^  r«»']  sin  (P  +  0 

+  [eyae*-.  +  ^  yoo'*']  ein  (F  +  J  -  iO 

+  ^l'0e'*iiisin  (F  +  <  -  al') 

+  [-  6y«r'«  -  ■^  >'ae'm»]  sin  (F  +  Z  +  I') 

-  \  yee'hm  sin  (F  +  <  +  2^) 

+  ^r«V«i8in(F  +  a<-J') 

-  ^  >'«•«'"  «n(F  +  aJ +10 
+  -X«*wn(F  +  30 
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(i8)  +  [-  2ye  -  sr'e  +  ^ye>  +  Qf  y^e  -  '^  y^^  m 
+  ~- xcw»  +  ^  j/m=]  siu  (F  -  i) 

(19)  +[^^yee'm +  ^^yee'mAmi{¥ —  l  —  V) 

(20)  +  y  yeef^m  sin  (F  —  J  —  2I') 

(21)  +     —  I  ;/ec'f»  —  ^^  yee'm' I  sin  (F  —  i  +  i') 

(22)  —  ^  yee'^m  sin  (F  —  i  +  2^') 

(23)  +  [-  f  re"  -  '^r'e*  +  3  ^''  +  ^  >'^'"  +  ^  ^'^'"']  ^"'  (^  -  =*') 

(24)  +  ^  ;/c^e'TO  sin  (F  —  2^  —  i') 

(25)  —  -^  ^e»e'»i  sin  (F  —  2^  +  V) 

(26)  +[-i|ye'  +  ^^e»m]8in(F-30 

(27)  -gy'C«8in(F-4l) 

(28)  +  [_  i  ^  _  i  ^»  _  ^  ^3^  +  i£  y3^,J 8in  3P 

(29)  —  I  ;/^e'«t  sin  (3F  —  V) 

(30)  +|;/V»i8in(3F  +  I'> 

(31)  -^e8in(3F  +  0 

(32)  -^^V8in(3F+20 

(33)  +  [-  4r'«  +  ^  r'«»]  sin  (3F  -  ^ 

(34)  +^^V8in(3F-2l) 

(35)  +^>^8msP 


20 ' 


(36)      +[(-8^x'+i¥;''')--^(¥^-s>''+'r^'^-">"^0-* 

+  tI  rw'  +  ^/ ;"»']  sin  (2D  +  F) 
(37)  4-  [(-  i  ^-V  +  76  ^«'«') '»  +  ?6  y^^"  +  '64^  ^^'»']  «*"  (^D  +  F  -  F) 


(38)  +  ^  r«'*»»'  sin  (2D  +  F  -  2i') 


(39)  +  [(§  y'«'  -  W  ?'«'«')  "» -  73 >"^»»'  -  V^  ?'«''»']  sin  (2D  +  F  +  I') 
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(40)  +  [(-  I  >^  +  'Sr*')  ••  +  J  >-«••  +  ^'  r^^Ji^D  (aD  +  F  +  0 

(41)  +^y^«»«ln(iD  +  P  +  l-J') 
(4»)  -lyMfm>tim»D  +  F  +  l-k.n 

(43)  +^r«Si»8in(iD  +  P+tO 

(44)  +[(V>'-?^-^>'--¥>'-^)-  +  W)-'  +  WH 

X  ain  (aD  +  F  -  0 

(45)  +  [?  r*^*  +  ^  r*'«*]  •«"  (aD  +  F  -  Z  -  V) 

(46)  +  -,6^  y*"^  sin  (  jD  +  F  -  <  -  at') 
+  [-  ^>'M'«  -^^«»'«i»]«iii  (jD  +  F  -  J  +  I') 


(47) 


(49) 
(5°) 


{S«) 


(57) 
(58) 


(48)  -  j|  re*'**  sin  (aD  +  F  -  I  +  a»') 

+  [-  II  r«^  -  ^6-  >"^']  »'°  (»D  +  F  - »') 
-^r«««'«i»8in(aD  +  F-  a<-  I') 

(SO  +j|y«»«'»8in(aD  +  F-a/+I') 

(S»)  +^>'«»i«sin(aD  +  F-30 

(53)  -J^yWsin(aD  +  3F) 

(54)  -^>'»«ii8in(aD  +  3P-0 

(55)  +[G)' +1)^ +  ??>'«'- '^r*^)- 

X  sin  (aD  -  F  -  I') 
+  [fg  r*^  +  W  >^^]  "°  (»D  -  F  - »'') 


X  sin  (jD  -  F  +  I'i 
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(59) 


(6a) 


(64) 


(66) 


(73) 
(74) 
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+  L  ~  ^  ^^'"^  ~  Tk  X«"»»']  siu  (2D  -  F  +  2I') 


I 


(60)  —  — ye'hn  sin  (2B  —  F  +  2I') 


(6r)  +  [Q  ye  -  ,y^e  +  fre>-'-i  yee'^)  m  +  f|  yem^  +  ^  yem^] 

X  sin  (2D  -  F  +  I) 


+  I  ^  yee'm  +  ^  yee'm^^  sin  (2D  —  Y+l  —  l') 


SI 


(63)  +  J3  x««''»»  sin  (2D  -  F  +  Z  -  2I') 


+  I  —  -  yee'm  —  ^  yee'm^l  sin  (2D  —  F  +  Z  +  ?') 


9 


^^S)  —  ^;'ce'2>M8in(2D-F+ i+ 2J') 


+  [fl  y^*™  +  7j|  /e^w*']  sin  (2D  -  F  +  2I) 


67 

(67)  +  rf  x«'«''»  sin  (2D  -  F  +  2i  -  I') 

(^*)  -  It  ?'«'«'»»  sin  (2D  -  F  +  2i  +  i') 

32 

(69)  +  y^m  sin  (2D  —  F  +  3^) 

(70)  +  \_Qye -'-^y^e-lye^-'-^ yee'^') m  +  ^yem'  +  4^  yem^] 

X  sin  (2D  —  F  —  I) 

(71)  +  ^7 yee'm  +  ^  yee'm'n  sin  (2D  -  F  —  I  -  I') 

(72)  +  ^  x««"»»  sin  (2D  -  F  -  i  -  2i') 
+ !  —  Syee'm  —  |  yee'm^l  sin  (2D  —  F  —  Z  +  Z') 
—  2  yeefhn  sin  (2D  —  F  —  I  +  2I') 

(75)  +  [^  re*™  +  ^  rc*m»J  sin  (2D  -  F  -  2!) 

(76)  +  ^  ;'C*c'»»  sin  (2D  -  F  -  2i  -  V) 

(77)  -  ^  >'«*«''»  sin  (2D  -  F  -  2J  +  I') 

67 

(78)  +  -J  y^m  sin  (2D  —  F  -  3^) 

(79)  +[-^^OT-|^>'W]8in(2D-3F) 

(80)  +  ^  feim  sin  (2D  -  3F  -  V) 
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(8i)  -^yVl»«lJ(»D-3F  +  /') 

(8s)  -^y^«i8in(jD-3K  +  l) 

(«J)  +">^«»rin(2D-3F-0 

(8S)  +^y«i»sin(4D  +  F-l) 

303C 

(»6)  +^V«^«in(4l>  +  F-aI) 

(")  +  nl  >"'"*'  •*»  (4i>  -  F  - '') 

<«9)  -  S  >"'*'  *'"  (4D  -  F  +  10 

(90)  +^yem*tin{4D-F  +  l) 

(9")  +  |ji  >-«••  +  ^  >-«•'] Bin  (4D  -  F  -  D 

(9»)  +  ^  y^^*  Bin  (4D  -  F  -  /  -  I') 

(93)  -f5yef'«i»8in(4D-F-J  +  n 

<»♦>  +  ffl  ^***'  "•"  (4l>  -  P  -  »0 

(95)  +g^tgin(4D-3F) 

(96)  +[-^r»-^;^]">8in(D  +  F) 

(97)  +^;.e'«J«iii(D  +  F-J') 

(98)  +[5y«'_15^^,^J««i„(D  +  F  +  IO    . 

(99)  -^y«^8in(D  +  F+l) 
(100)  +^X«'^/»'"(D  +  F+J+IO 

(•o«)  +jfr«"a*^»«'>(i>  +  P-0 

(loj)  -|>'ee'^sm(D  +  F-l+IO 

(«o3)  +[-^y«i-^;^]J«ln(D-F) 
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«04)  +  ^  ye'm  ^,  sin  (D  -  F  -  I') 

loS)  +\jy^-^  ^«'"»]  J  sin  (D  -  F  +  I') 

,06)  — ^ycOT^,8m(D-F  +  0 

107)  +^yee'^Bm(D-¥  +  l  +  l') 

108)  -|jKe»»^8m(D-F-0 

109)  +  ^  x««'  ^  sin  (D  -  F  —  I  +  J') 
iio)  +^r»'*j8in(3D  +  F) 

111)  -  ^  ym> ^,8iQ  (3D -F) 

112)  +^ye'm^sin(3D-F  +  I') 
"3)  -^  ^cm|  Bin  (3D -F- J). 


(3)  +  e  cos  I 

(3)  -|x'eco8(2F-0}. 

The  new  terms,  which  arise  from  the  substitutions,  are  given  in  the  following 
expressions.     In  the  manner  of  Delaunay,  the  terms,  arising  from  each  operation  in       j 
each  term  of  the  foregoing  expressions  for  the  three  co-ordinates  of  the  moon,  are  writ-       ' 
ten  separately".     The  indications  beneath  the  lines  denote  the  source  of  the  terms,  the 
first  number  being  that  of  the  operation,  the  second  that  of  the  term  in  the  preceding 
expressions.     The  arrangement  of  the  terms  is  the  same  as  that  of  R  given  in  Chapter  I. 


V  = 


/5i(r    21,       21,       21,       21,      ,,n.„ 
(i)  +  ^  1    — z      —      "^  —      "^ —     ~         ^^^ 

ti 4)     (■ «1     I"  3I     (3 3I     [ioa..i) 

r?       ^  22s  22?    ~\  .  , 

(2)  +\je  +  p-3e  +  ~jfem-3e--jfemjsial 

[1..0]   (1..8]   [4. .3)   I15 40)   (101 3J 

^  \_2        '12       ^-^  12       ^3»»'         4      J 


(3) 


[I. .3]     (1....11]     (4...0]      [5. ...3)      [9 '3l      (1OJ...8] 


(4)  +  [-  2y^  -2r'  +  4y'-jr'+  17*  +  J  ^?  -  f~\  sin  *F 

(i 18]     tl..a3l     I6....0I     l7 3l     (8....31     (9 81    [iM.ij) 
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t«)                     -^^sln{aF-il) 
(•- •! 

(T)  +[y-  +  !?-+ll'--J--S"-V— ^-  +  ^' 

!•     *«1    (i *»J    l»....mt     (••...jI    (» ll    lu    ..II 

(«)  +p^«'»-^«'«in»iii(»D-l') 

(<  .  «•)  (>1.  ■   l) 

(9)  +[-^«'«H-^«'m]Mn(»D  +  J') 

(I «1     iM jl 

(to)                     +n|m +  ^«» -^e»  -  [lemnsii^aD  +  l) 
l'-v\  U ♦>!    (>o ))   U* •) 

r7S  4S  4S  «S  >S  '9  «S       "I    •        .»       ». 

(II)  +  1^1^  «m  +  'g^  em  -  'g^  OTi  +  y|  m  +  ^  0  +  ^ «wi  +  ^  mj  mii  (jD  -  /> 

It   •  »»)  l« «s]  (to       ll  l» •!  lu ^..  jj  li»....*H 

(la)                     +^M'«in(2D-l-l') 
l«« (I 

(«3)  -^•e'eln(2D-J  +  0 

(1,..  .  ,1 

{•• ll 

(is)  -^««8in(aD- al) 

l«5.  ..«4 

(«6)  +3>^8Ui{jD-iF) 

[•♦    .) 

<•''  +^^'Bin(aD-aF  +  l) 

b.  ...«>l 

(««)  -^^,8inD 

(•••■■i) 

N *1 
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(•4 8] 

(«4 40J 

l«4 ol 

[a5..o)    [!j8..3]    [30. .3I     [31 8J     [31 

.  fly  _33^_  77^  _i^Ai.ii  17675^^  ,8  k/ 

+  ^4^       8^       4^^      9^    Jm  +  sSy  +  ^^y^+gm^n 

+  if6>"n]8in(C  +  F) 

(5«  3>] 


(««) 


('9) 


I3l 


(3» M]     [33 13) 

[32.... 15] 

(3« '«]     [35 13I 

(•'>  -I^Bm(Z  +  F  +  2l') 


l3»-     ■7] 


t»S 3I     [»8 ol     (»9     ■•  3]     [30.. .81     [3"   •••III     '3«--   

+  lyem  +  jyem*^^^  -  |  /«]  sin  (C  +  P  +  I) 


•«8)     [37- ••»3] 


+  !^«°(C  +  F  +  '-I') 


2  m 

[3» »») 


(3«)  -|^8m(C  +  F+H-P) 

(3» ») 

<3»)  +  [(t  ^^  +  ri  >"''»»)  ^0  «'°  (C  +  F  +  aQ 


l3» "1 


<3»)  +f|^8in(C+F  +  3/) 


(3» "1 
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l«».....j]    (•• 11  (j>.>.«l  u* 


(j» nl    1m- -itl 

Ui 4l    lj» Hi 

Ip «l    bf        n\ 

b> •)   If •»! 

b' il    (j*'*7l 

(38)  -G+i*)£«i"(c+3^) 

'  (|i •»! 

(39)  -fS«in(C  +  3F  +  0 

M                     +[-^^-4^']»in(C  +  3F-I) 
Ip rfJ    b*     j»I 

(4.)                      +[l;,+(3-«_,^_^.._.^+(L3_'3S^_33^_y^^^ 
I15.   ijj  iji 

oj     tj7    »J 


o]    [J7    1]    (Mli 


Ijt 0    (n ^ 


<«)  +^^»m(C-F-at') 


(I* iJ 


(44)  +[_(2_5i«)^+^^^]ri„(C_p  +  ,,) 


>1    Us •) 


'*^  -¥^'»'n(C-F  +  »J') 


17 


fm •! 
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(46) 


(so) 


(59) 


....23]  [38.... 13]  [3a 


|as....a3]      [38. ...13]     [3a 3I    [37.. .0 


b8 3]     139--8] 

+  ^^8iu(C-F  +  J-J') 


2    m 

[3» 4l 


(47) 

[ 

(49)  4(^  +  ^m)g«in(C-F+20 

[3a 8) 

+  vS8m(C-F  +  30 


2 

l3' ") 


(s.)  +[i.«-;r«  +  |g-A^  +  (f  +  ^/-f^-.»^-  + 


—  Ml 

2 


[as..     18]     [30. ..13]     (31 33]     [33 


+  ^ '»'}  S  +  ^  ^*  +  ^>'*  -  f  ^*]  «^°  (C  -  F  -  i) 

3)     [37  ■■■    -8]     [39-o]     (40-.-31 


(S»)  -f^8in(C-F-J-l') 

[3a  6] 

(53)  +^^sin(C-F-J  +  r) 

(3a 4l 


[3« «3l     [3» 8] 

[3» 18]     [3a 11] 

(56)  +(-y-J»»)^.8in(C-3F) 

13a 13) 

(57)  +[-2sg  +  fS]8in(C-3F  +  0 


Ua »3l      [4a   3I 

(58)  -40§8in(C-3F-«) 

ba....     18I 


+[-^>'»+f'"»-(!'--l''-i^"-^'»")^ 

l»5 3O     [a8 46l     l3' « 

-  ^rw  +  ^  ^w]  sin  (C  +  zD  +  F) 


r44 3]     Us 
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In   .   *»I 

(61)  ^^yftixxc+tD  +  r  +  r) 

lJ» »«1 

{6»)  +^>'«dn(C+aD  +  F+0 


(«3) 


(«S) 
(C6) 

(«7) 


U« i«l  (J» »»i 


(64)                    +f  ^•in(C  +  aD  +  P-i-l') 
Iii t«l 


-J^iinC+aD+F-i  +  n 
(Ji s>) 

(•s stI   tj« »•'   l» «•' 

+  ^^^  ,^111  +  6ym-l  ym^  liiii  C  +  aD  -  F) 
(«s 4  l«».  J  M      s 

b« »»l 

(«9)                    +lJ^^rin(C+2D-F-aJ') 
6« »3J 

(70)  -(i+^m)^8in(C+aD-F  +  P) 

111 Ml 

<»•>                     -^^dnC+jD-F  +  aJ') 
(» «1 

(»')  +Q+?^-^m)^'.in(:+aD-F  +  0 

!»• Hi) 

<")                    +|^«in(C+aD-F  +  /-l') 
b* wl 

<'*>                    -i^«in(:+aD-F  +  J  +  n 
bi j»J 

<»>  +J|^8iii(C  +  aD-F+aO 

IJI Ml 
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(76) 


(79) 


(86) 


(90) 
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l3> 4°)       [50 3J 


(")  +^^8ia(C+2D-F-Z-J') 


(3» 41I 


(78)  -f^8m(C  +  2D-F-J  +  J') 


b' 43I 


+[-T^-A';r]»'"<c+'i'-i'-"» 


[3" 4S)      [3> 57] 


(«°)  -i^8m(C+2D-3F) 


[3» •••57] 


("S 3«]      [30 40]     [31 4Sl     b' 57) 


Is* o)     [S7 3)     [58---  3] 

(8»)  -  G  +  ^'»)  ^-  «'°  (C  -  2D  +  F  -  O 

[3> 60] 

(«3)  +  [-  I  ^'  -  i  1?]  «i^  (C  -  ^D  +  F  -  2^') 

ba 61I     l54 ol 

(«4)  +  [G  -  ^'-)  "^  -  g  ^^']  -  (c  -  ^D + F + O 


[3a" S8]     lS5 ol 


(*S)  +  ^  ^-  sin  (C  -  2D  +  F  +  2Z') 


(3» 59) 


+  [{^-"iirn)r^  +  lrey^iZ-2B  +  F+l) 


b' **1    [5a  ■  -31 


(*7)  _i^8in(C-2D  +  F  +  J-0 

t3»     68) 

(**)  +|25^8in(C-2D  +  F  +  t+J') 

(3a....67l 

(*9)  -|^8m(C-2D  +  F  +  2;) 

[3«....«»] 


+C-(n-^-)?-(7-T»)S+^«]"°<=-"''  +  ^-'> 


l3« 40]    l3« 6»1    fsa 3] 
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(95) 


••411  (li «•! 


bt 40  If        hi 


(94)  -a^Bln(C-iD  +  5P) 

b« »•!  iM «N 

Cj« Ill  («• *] 

ti» m) 

b» *sl  b4 <jj 


1*1    (M Ill 


<«'  -7j^«»in(C-aD-F  +  2J') 


fai »I 


(too)  +[(t  +  W'")«-^>"  +  ^>"']«'°(C-»D-P  +  0 

b» *>i  iji  ■ -■•jj  r«i *] 

<"">  -Y^«in(:-aD-F  +  Z_J') 

(io»)                     +^^«in(C-aD-F.f /  +  ^) 
(Si 40 

(>03)  -  ^  ^  Bin  (C  -  aD  -  P  +  al) 

(>• 4S) 

<■•"  -[C-^-)S+A'-]''°'-'--"-'-') 

tii rt  lm...t*v 

(««»5)  +;^«in(:-3D-F-J-J') 


a   m 
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('«6)  -lysine- 2D -F-H-n 

h" 37] 

('°»)  +~8m(C-2D-3F) 

l3»--49) 

(109)  +  ii  ;/m  sin  (C  +  4D  -  F) 

U» 7>1 

(iio)  +^yesm{Z  +  4D-F-l) 

h'  •■•7») 

l3' 76) 

("3)  -:^^e'8in(C-4D  +  F  +  i') 

[3» 75I 

(114)  +7|re8in(C-4D  +  F  +  l) 

[3»--78) 

("5)  -•^^e8in(C-4D  +  F-0 

[3» 77]  J 

(116)  -  i^  x»i  sin  (C  -  4D  -  F) 

(3» 7O 

(117)  -||>/e8in(C-4D-F  + t) 

b' 7»1 

("8)                    -!^a'«''^(^  +  '^  +  ^) 
[3a 85) 

^"9)  +f2|^8in(C  +  D  +  F  +  J') 

[3> 8«] 

[6« '31 

l3« 79) 
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risyt'm  .  /loo  .    800  y*  .  aoooe*      17710    *\  y** «!   ,    ...  .  r»     o  .  m 
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I« 44l  m q 


Ml "I  l"..fol  In «.!    |j»....; ,i|  ,M.  ..  rtj 

- 1  y«ij  sio  (a;  +  aD  -  F) 
l«» .1 

l» r) 

(«79)  -^r«'"*n(aC+ jD-F  +  /') 

(i8o)  +|>'««in{«C  +  aD-F  +  0 

In  ¥>\ 

(.8.)  +Q  +  ^^^^«rin(aC^^aI»-FwJ) 

(i«a)                   +152^gin(,j^.,D_p_,_,,j 
[» 4d 

<'*^^  -J^«in(aC  +  aD-F-/  +  I') 

l» 4TJ 

b« ss)  In 4() 

^'*5)  —  J^«in(a;+aD-3F) 


In    ss) 


1^ Ml  CM       40  In  .  lol  Ift...  »l  !«• •)  (n ••)  M •) 

X  sin  (aC  —  aD  +  F) 


(««7)  + 1 K  Bin  (aC  -  tD  +  F  -  I') 

l»i..t) 

(i88)                   -^>^«in(aC-2D  +  F  +  P) 
bi 0 
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(189)  ^j^yesux{2Z-2B  +  F  +  l\ 

(91...  18] 
('90  +^^sin(2C-2D  +  F-2J) 

l7«--.5S] 

[73 44]     [79 55)      [91 0 

+  ^  yni\  sin  (2C  —  2D  —  F) 

[93 8) 

(»93)  +G  +  g'^)?^«inK-^I^-F-n 

[79 58I 


('94)  +^2^%iB(.r_,D-F-2l') 


(198) 


(203) 


l79 59] 


('95)  -[(A+¥"»)^+i^^]«^°(^^-^^-^+'') 

[79 56]     (9» l) 

('96)  -  ll  ^' «°  (2C  -  2D  -  F  +  2t') 

l79 57) 

[79 7°]     {9'--»8] 


+  2^8m(2C-2D-F+J-i') 


m 

179-73] 


('99)  _22^8m(2C-2D-F+Z+I') 

[79  ■••  7O 

(*«>)  -g^8m(2C-2D-F  +  2l) 

l79 7Sl 

(79 «»]     t9' 8] 

(^°0  +i2^8in(2C-2D-F-J-I') 


[79 «4l 


12   tn         ^ 
[79 e«l 
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(«os) 


>-«•. 


(»o4)  -^/^tinCiC-iD-F-aO 

In      ««J 


+  g^«ln(aC-aD-3P) 


In  ]*) 


(•• ts)  t"» •) 


II 


(ao8)  _yyeBin(a:-4D-P  +  0 


-|J^,«n(aC  +  D-F) 
lit      ifl 


(»o9) 
(aio) 
("0  +f^J«in(aC-D-F^ 

l7t....W«l 

("»)  -|S;5'^(a;-D-F-/')}. 


+  |^^8in(aC  +  D-F  +  J') 
l>» »•) 


b* ml 


(l t)  lio*     il 

fat •!   lJ»    -J) 

(3)                  +jScos(C-F  +  /) 
Iii •) 


m 0  (•••■1  (»•■•) 


CHAPTER    IV. 

REDUCED  EXPRESSIONS  FOR  THE  PERTURBATIONS  OF  THE  CO-ORDINATES  OF 
THE  MOON  PRODUCED  BY  THE  FIGURE  OF  THE  EARTH. 

The  expressions  of  the  preceding  chapter,  being  reduced,  lead  to  the  following: 
v= 


(0 

+  ^  1  -  6e'm  sin  I' 

(a) 

+[|S^-S^]«^-^ 

(3) 

+  [T^  +  i>'^]«^-^ 

(4) 

+[tS-^$]«^-(^^-' 

(5) 

-^^f8iu(2F-2Z) 

(6) 

+    -  X*  +  tI  «*  -  1  »«*    sin  2D 

•(7) 

+    ^  e  +  I?*"*    sin  (2l>  —  0 

(8) 

+  ^ec'8in(2D  -l-^V) 

(9) 

-^ee'8in{2D-i+I') 

(10) 

+  '-f^mi{2T)-l  +  2V) 

(") 

-^e»  sin  (2D -21) 
4 

(.2) 

+  zy^  sin  (2D  -  2F) 

(13) 

+  ^^8in(2D-2F  +  0 
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(M)  -^JsinD 

(a4)  +[(*>'«-^>^«  +  M>'«'-»r**")iS»  +  i«+rl>"']»'"(5^  +  P  +  ^ 

(»S)  +f^«in(C  +  F  +  l-n 

<»*)  -f^*in(C  +  F  +  I+n 

<'*)  +f|^»in(C  +  F  +  30 

M  +[(?..-.rH-V-T^)i'-^S+^^']"°'=+''-'> 


(36) 
(37) 
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(33)  -^^8in(C  +  F-30 

(34)  -[iS  +  i¥]«'"(^+3F) 

(35)  --^^Bm{Z  +  3¥  +  l) 

(38)  +[fS^  +  |xe'']«m(C-F-I') 

(39)  +T^'«^"(^-^-'^') 

(*°)  +[-f^  +  fKe']8in(c-r  +  n 

(4a)  +[(^^«  +  ^^3e_|^,3_,,^,,,z)±,+  ^3g^S||_9^,-]3i„(^_j,^j) 

(43)  +T^8^(^ -*'  +  '-'') 

(44)  -^^8in(C-F  +  J  +  l') 

4^^+-l-C«i°(^-^+'0 

+  ¥^«^°(^-^  +  3l) 
-V^8in(C-F- t-n 


(45) 
(46) 
(47) 
(48) 
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(49)  +^?^dn(C-F-l+f) 

(SO)  4f^+i?^'^^^-'-'^ 

(5.)  +^gdn(C-F-30 

(53)  -^S«in(C-3P  +  l) 

(54)  -4o0«in(C-3F-') 

(ss)  +[(-,V  +  '^r-)i+n.  +  ^H'^^^  +  '^  +  ^> 

(S*)  +gy«'8in(C  +  aD  +  F-J') 

(S7)  _ily«'8iii(C+aD  +  F  +  l') 

(S«)  +^,'««in(C+2D  +  F  +  Z) 

(S9)  +[f£  +  i^V«]Bm(C+aD  +  F-l) 

(«o)  +^^«in(C+aD  +  F-J-J') 

(«')  -.52^Bin(C  +  2D  +  F-l  +  I') 

(6a)  +^^«in(C+»D  +  P-»0 

(•3)  4G.-§^+6'r^-^)i+^^+^^><^+'^-^> 

(«♦)  +[AS^  +  ^K>n(C+»D-F-n 

(«S)  +iJ2^«B(C+aD-F-aJ') 

(•»)  -^^Bin(;  +  aD-F+ar) 
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(69)  +|^sin(C+2D-F+J-J') 

^'°^  -i^sin(C+2D-F  +  J  +  I') 

(74)  -f^sm(Z  +  2l)-F-l+l') 

^"^  -f3^sin(C+2D-F-2Z) 

(77)  +[GK-3;''-¥K-6;.e'^)l-^^  +  g2;..]ein(C-2D4-F) 

('^^  -[f^  +  ^;'e']8in(C-2D  +  F-0 

^79)  -fi^8in(C-2D  +  F-2l') 

(^°)  +[IS--^^^]«*'^(C-2D  +  F  +  1') 

(*')  +  y  ^'  Bin  (C  -  2D  +  F  +  2^') 

(^3)  -^sm(Z-2D  +  F  +  l-l') 

<**)  +f^8in(C-2D  +  F  +  J  +  J') 

<*5)  -|^8m(C-2D  +  F  +  2j) 
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(«7)  +^^«lli(C-aD  +  F-l-I') 

(«9)  -^^(C-.D  +  P-.I) 

(90)  -t^8iii(C-jD  +  3F) 

(9.)  +[(->-TV  +  ^>'«*+>'*-)i  +  '^r  +  ^5^>n(C-aD-F) 

(9»)  +[;^-^>'«']siii(C-2D-F-r) 

(93)  +|^rin(C-aD-F-aI') 

(94)  +[-l^^  +  -^|?>'«']«iD(C-aD-F  +  n 


(95) 


-  ^  ^  Bin  (C  -  2D  -  F  +  aJ') 


(9«)  +[^i^^'+'-^?>'«].i-(C-.D-F  +  /) 

(97)  _^2^8in{C-2D-F  +  i-I') 

(»*)  +^^«in(C-aD-F  +  t  +  J') 

(99)  -^^8m(C-2D-F+aO 

(100)  +[^_i^+39yflj8m{C-2D-F-0 

<'">  +i^8in(C-jD-F-I-Z') 

(loa)  -J^8in(C-3D-F-«  +  P) 

<"3)  _y^Bn(C-2D-F-3D 

(104)  +^^«in(C-2D-3F) 


(««>5)  +^)'«»Bin(C  +  4D-P) 
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(io6)  -f  ^  ^e  sin  (C  +  4D  —  F  —  I) 

(107)  +^-j^r+^rmJBm{Z-4T>  +  F) 

(108)  +-^ye'6m{Z-4D  +  F-l') 

(109)  -^ye'sm{Z-4D  +  ¥+l') 
(no)  +^yesm(Z-4D  +  F+l) 
(ni)  —  ^ye8m(C-4D  +  F-i) 

(112)  —  —  ^»i  sin  (C  —  4D  —  F) 

(113)  -^;/e8in(C-4l>-F  +  0 
("4)  -|^|sin(C  +  D4-F) 
(»'5)  +|^^,8in(C  +  D  +  F  +  l') 

("7)  -^^^8in(C  +  D-F) 

(-«)  +[(^^'^+:P3v^0i+^;s+^s]^iMc+B-F+.) 

("9)  +if|^^sin(C  +  D-F+i  +  0 

1000  ye'e'o    .    ,_      ,»      ^        ,  .   „. 

("3)  +|^^8in(C-D  +  F-r) 

("4)  -sS|8in(C-D-F) 

("S)  +fS^8in(C-D-F-J') 
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("7)  -t5«5'^°<-'-<j^+^)! 

("9)  +[_  1 2^ +  ie'«.]  Bin  (,:-!') 

(.30)  +[i^-i*''"]«*»(»C  +  '') 

(•3.)  -[j$  +  i?-g'><'^  +  ') 

(.33)  .    +[-^*$  +  s3^-ge  +  |r^«.>('C-o 

(.35)  +[l^-n>^]«'°('^  +  '^) 


(«3<) 


(.37)  +[(-VV-T'^  +  T^''*  +  '''^'^)*-4£-^^]-'"<'^-'^> 


(•38)  -f^«in(iC-jF-J') 


(«39) 


a   m 


+  f^Mo(aC-2F  +  J') 

(■40)  -[?S+¥^']''°(.;-.F+>) 

-^^■to(aC-aF-aJ) 


(«43) 
19 
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(144) 
(I4S) 
(h6) 

(147) 
(148) 

(149) 
('5°) 
(»5') 
(iSa) 
('S3) 
('54) 
(iSS) 
(156) 
(157) 
(158) 
('59) 
(160) 

(161) 
(162) 
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20  v' 
+  y^8m(2C-4F) 


+  [-  T  ^'  +  I^ '»']  ^^"^  (^^  +  *^) 


-  ^  ^sin  {2C  +  2D  -  2F  -  I') 


+  i^'''8m(2C+2D-2F+J') 


-^^8in(2C  +  2D-2F  +  «) 


^$8m(2C+2D-2F-J) 


tx  y^       221     .         I       , 


2  OT  ^    48    '     ^96 


sin  (2C  —  2D) 


+  f^'«°(^^-^»-'') 


7^ 
2  m 


sin  {2C  -  2D  +  I') 


+  [9^  +  j-,em']Bm{2!:-2D-l) 

+  ^;/»8in(2C-2D+2F) 

+  [li-fy^yM^Z-2D-2Y) 

_  -^ sin  (2C  -  2D  -  2F  -  I') 

+  Ti~m^^  (2:  -  2D  -  2F  +  l>) 

--^8in(»C-2D-2F+i) 

+  i$8in(2C-2D-2F-l) 


2  m 
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('63)  +iy*sin(2C-4D) 


S* 


('^)  +^5^8in(a;-4D  +  0 


(i«S)  +  Vii«'»^(»C-» -*'»}' 


U. 


(«)  +5{T>'«»in(F+0 


3 


(»)  +[(7r'«-|>"')i-4>'«]8in(P-[) 

(4)  +|^rin(F-30 

(5)  +72'^  (3^-^ 


(6)  +^^>'«Biii(aD  +  F-0 


(7)  -|^8in(aD  +  F-»J) 

(9)  -ly«fau(2D-¥-l') 

(«o)  +  f  r**  ain  (jD  -  F  +  t') 

^"^  +J^8in(2D-F+an 

(•a)  —  I  ye  sin  (2D —  P  + I) 

(»3)  +|r»«in(2D-F-Z) 
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i8^    288    ^   ^   1152  4  576  3456       J 

(17)  +[(-^«'+"rV  +  |e'e'  +  ^e'3),^-|c'  +  ^e'«»]mn(C-«') 

('9)  -Si'«i°(«^-3t') 

(20)  +[Qe'-i,yV-|e'.'-^e'3)^  +  ^e'-^ye'm]8in(C  +  n 

(")  +[AS+S8«"]«'^(^+^^') 

(»S)  -f^8in(C+I-2i') 

(,8)  +[(-|^+^K'e'+i^-K|«^^)i-3^^-||^']-(C+20 

(5»)  +^^«°(c  +  2'  +  n 
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(34)  -[j^  +  *p-']rin{C-*-n 

(35)  -|^dn(C-*-H') 

<3')  +|^»in(C-I  +  aI') 

(4t)  +giS»«*°(^-4^ 

(**^  +i^»iii(C+aF-J') 

(*S)  -g^«>n(C  +  »F  +  J') 

(*9^  -^^•iii(C  +  aF-aO 
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(53)  +f  ^8in(C-2F  +  J') 

(54)  +[-lS  +  ¥S]«iMC-.F  +  0 
(55)"  +^^8in(C-2F+2i) 

(57)  +^^8in(C-2F-20 

(58)  -7fS«i°(^-4T') 

(-jg)  +rriv»_^e^^i-_iI  +  ^743    ,_£42^i^       ii^,_5^  1313    ,1 

159;  ^LV4^        i6V»«       24^    96    ^         128  ^+  6  ^        288*"        216  *"  J 

X  sin  (C  +  2D) 

(60)  +  [(^  ^V  -  1^  e'e')  i  -  g  «'  -  1^^^9  ,,„,-|  ,i„  (c  +  .D  -  I') 

(^')  -  "^  ^^  8'°  (^  +  2^  -  2^') 

(6»)  +[(-i>''^  +  fs^0^+p«'+nr'H«'Mc+2D  +  ?') 

(63)  +[Qr'e-S^)^-le-^^^em]Bm(Z+2D  +  l) 

(64)  -  Y^ee'  sin  (C  +  2D  +  I  -  I') 

(65)  +  ^ee' Bin  (Z+2J) +  1  +  1') 
(^^)  -^e»8in(C+2D  +  20 

(^7)  +[(-|''  +  ^/«  +  |^+5-")i-f«-^-]Bin(C+2D-0 

(68)  -[ff^  +  ^ee']ein(C+2D-i-n 


LUNAR  INEQUALITIES  PRODUCED  BY  THE  FIGURE  OP  THK  EARTH.  295 

(75)  -Js»*"(C  +  «I>-30 

(76)  +j^^«in{;  +  »D  +  »F) 


(77) 


+  ^$ito(:  +  aD  +  2F-J) 


<'*>  +[7^+'^S'']"n(C+aD-.P) 


II 


9  2^ 


(79)  +-rf^iili(:+aD-aF-y) 


la 


<■*»)  -^^8in(:  +  2D-iF  +  i') 

<•")  -I^BinC  +  aD-aF-l) 

(85)  +  [-  i  ^  -  li  «^]  ■*°  (C  -  aD  -  aJ') 

I  *;^ 

9^  m 


(««)  -i£»iii(;-aD-3«') 


(98) 
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(89)  +[0  -T?''^-  ^«^-4«^0^  +  ^'  +  '56r-«»]«^°  (C-  2D+  0 

(90)  -  [J  +  fee]  sin  (C  -  2D  +  J  -  J') 

(9')  -;^  — 8m(C-2D+J-2j') 

(93)  +-^— 8m(C-2D  +  «+2l') 

(94)  +[if^  +  W^]''°(^-^°+'^^ 

(95)  -g^8in(C-2D  +  2J-?') 

(97)  +i^^8i°(C-2l>  +  30 


+  r(^ic  +  ^y«e-f  ^e3_geA2^£g  4-^ml8in(C-  2D  -  I) 


(99)  -QS  +  ^««']«MC-2D-«-J') 

(""»)  _|— 8in(C-2D-J-2«') 

I  7  Gfi'^ 

e^^*)  +-|  — 8in(C-2D-J+2/.') 

(•°3)  +[f5^  +  jf^^]«'»(C-2D-20 

('°4)  -^  — 8in(C-2D-2J-J') 

2  I  ti^B^ 

('°S)  +~  — 8in(C-2D-2l+J') 

(106)  +i^8in(C-aD-3«) 
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(107)  +[y^-^r«]iin(C-«D  +  aF) 


(110)  +j^tin(Z->D+tF  +  l) 


(•II) 


-^^dnC-iD  +  aF-O 


34   m 


<"J>  +J^sin(:-aD-2F-n 

("**  -^^8in(C-aD-aF  +  l') 

<"S)  -^^8iii(C-aD-aF  +  0 

(116)  -|^8in(C- aD- aF- J) 

(«»7)  -i^«'sin(C  +  4D) 

(118)  -3|fflW8in(C  +  4D-0 

(««9)  -fp^«lli(:  +  4D-aI) 

("o)  +^;^«in(C  +  4D-aF) 

(•")  -^«'iii«n(C-4D-t') 

(laj)  +^|je'm8iii(C-4D  +  l') 

(.a4)  +Q|e  +  ^^m]Mn(C-4D  +  l) 

(las)  -i|«'Bin(C~4D  +  J-n 

(ia6)  +J^«'sin(C-4D  +  l  +  I0 

<"7)  +^<«Bln(:-4D  +  aO 


298 
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(128)  +^m8in{C-4D-0 

(>29)  +7|K*8in(C-4l>  +  2F) 

('30)  +[i^  +  fi?]^-(C  +  D) 

('33)  +^^f'«°(C  +  l>  +  ^) 

('34)  -Tm»a'«'°(^  +  °  +  '  +  ^') 

('35)  -if^|85°(^  +  »-0 

('3^)  +[(^>''^^  +  ^^->  +  ^^;S-feg^in(C  +  D-.-,.) 

('37)  -4^5>«'^(C  +  I^-^^  +  '') 

100  V^6'  d 

('38)  +TT7^5>«'"(^  +  »-^r  +  0 

('39)  +7iIIl^S^«i"(C  +  »-=«F-«  +  n 

('4')  +[i£-iy^-(c-D-o 

('♦^)  +A^I«°(«^ -»+«') 

('«)  -il^l«°(c-D  +  o 

(•46)  +^m'S^«^(«:-»-^-'') 

('<?)  -^Sl"°(C-I>-«  +  0 


LUKAR  INEQUALITIES  PRODLCKD  BY  THE  FIGURB  OP  THE  EARTH.  29tf 

(M9)  -^5««n(C-3D) 

<'5«»)  +is5lto(C-3D-n 

(•SO  -ils«*««''<^-5»  +  ')| 

(.50  +§!-QS  +  J^-n>']«'"(-'  +  r) 

('53)  -[$  +  ^>'«]«in(aC  +  F  +  /) 

(•54)  +[-?^'-A$J-J.O'^-<'^-^^-'> 

(.55)  -[f.SJ-ri^]-^('C  +  F-,o 

('S6)  +^S^»in(aC  +  F-3J) 

(•58)  +Q^+f|r«']sin(a;-F-I') 

(•59)  +^^»in(2C-F-jJ') 

(.60)  +[-i^  +  ^>"']"i«(»:-F  +  '') 


(161) 


(«64) 


-^^•ln(aC-F+2l') 


(.6,)  +[Gr«-§r'«-i7"'->'"")i  +  iS  +  g>'«]«i°(»C-P  +  0 


(163)  +a^«ln(aC-F  +  J-J') 


-a^8ln(2:-F  +  l+l') 
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(167)  +[-G>'e  +  fr'«-iKe'-;'ee-)^-i^%f||;.e]8in(2C-P-0 


'^*)  +f^8m(2C-F-i-J') 


'7')  -9tF8m(2C-F-3Z) 

•73)  +|g8iii(2C-3F  +  Z) 

174)  -  13  ^-  sin  (2C  -  3F  -  0 


176)  +^;/e'8m(2C+2D-F-J') 

177)  -^ye'sm{2Q  +  2J)-F  +  l') 

178)  +  I  ^/csin  (2C  +  2D  -  F  +  I) 

'79)  +Q^%^^e]8in(2C+2D-F-0 

'^)  +ff^8in(2C  +  2D-F-?-i') 

'*')  _i2^8in(2C  +  2D-F-l+0 

'**)  -|^8in(2C+2D-3F) 

•83)  +[-Tm-A>'+g|H«^('^-*^  +  ^> 

184)  +  i  r«'  sin  (jC  -  2D  +  F  -  V) 

'85)  -^;'c'8in(2C-2D  +  F  +  J') 
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186)  -^yBiinijC-aD  +  F  +  O 


««7)  +^yetia(»Z-aD  +  V-l) 


»••>  +^^«in(i;-aD  +  F-»l) 


•9'^  +^^siii(jC-aD-F-aJ' 

•9»)  -[;^^  +  ?)'«']»in(»C-aD-F  +  0 

'93)  -||^*in(aC-aD-F+aJ') 

•94)  -[5+f|y-]siii(aC-aD-F  +  J) 

'95)  +^8in(aC-aD-F  +  I-J') 

'9*)  -|^Bill(aC-aD-F  +  J+^) 

'97)  -^^8iii(aC-aD-F+al) 

*»*>  -Q£  +  ^r«]«n(aC-aD-F-0 

•99)  +J^Bin(aC-aD-F-i-J') 

'**)  -^^^(aC-aD-F-l  +  IO 

*"')  -^^«in(aC-aD-F-aO 

'***)  +g^»in(aC  — aD-3F) 

'^'i)  +5|gy««ln(aC-4D  +  F) 

»<H)  -jJy«i«in(aC-4D-F) 
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(*0S)  -^^c8m(2C-4D-F  +  i) 

(*°^)  -i^a^«»K  +  D-F) 


(0       -  =  --^ 

^  '  r  3  a' 

(')  +#3{fScosrC-,F-Z, 

.  .  20  ye 

(3)  +j^jco8(:-F  +  o 

(s)  -g^<^^2^- 

It  remains  to  deduce  the  effect  of  the  figure  of  the  earth  on  the  motions  of  the  peri- 
gee and  node.     The  terms  left  in  R,  after  the  102  Operations  have  been  performed,  are 


R 


^  V     16  ^  +  ^«  ;     «^  +  16  n*  +  24  n»  J 

-  ^  /?3«V'«"  ^  cos  {2>f-  +  2h'  +  zg'). 

On  substituting  this  expression  for  R  in  the  differential  equations  which  give  the 
motions  of  /,  g,  and  h  (p.  245),  and  making  the  transformation  given  (p.  246),  and 

adding  the  terms  arising  from  our  Operation  102  in  the  values  of  |J»  ^,  and  |J,  given 

by  Delaunay  (Vol.  II,  pp.  237,  238),  we  get  the  following  equations: 

These  expressions  are  correct  to  terms  of  the  eighth  order  inclusive. 


CHAPTER    V. 

niSf'ISSIONOF  ilNmi  tM  rxiI.IMMKMS  WITH  THE  OBJECT  OF  DETERMINING 
THE  VALUi:  Ul  lllL  lACTUi:,  TO  WlllCU  AUE  I'llOI'OKTIONAL  THE  PEE- 
TURKATION8  OF  THE  MOON  PRODUCED  BY  THE  FIGURE  OF  THE  EARTH. 

In  this  chapter  we  propose  to  derive  the  value  of  the  constant  factor 

i     •    /p      A  +  B\ 

from  the  measures  of  the  intensity  of  gravity  made  at  stations  on  the  earth's  suiface. 
It  is  essential  to  the  success  of  the  treatment  that  the  measures  )>e  Mup])oscd  to  helong 
to  a  level  surface;  what  one  is  immaterial,  provided  we  know  its  dimensions  from  geo- 
detic measures.  As  many  of  the  measures  have  been  made  at,  or  a  very  short  distance 
above,  sea  level,  it  will  be  advantageous  to  select  sea  level  as  the  level  surface  to  be 
employed.  Then  all  the  measures  which  have  not  been  made  at  sea  level  ought  to 
be  reduced  to  what  they  would  have  been  had  the  jiendulum  been  swung  at  a  j)oint 
where  the  vertical,  through  the  station,  meets  the  level  of  the  sea,  brought  in  by  a 
tunnel. 

D  represents  a  length  which  is  nearly  the  average  of  the  equatorial  radii  of  sea 
level,  and  it  will  be  taken  as  the  equivalent  of  the  distance  to  which  belongs  the  con- 
stant of  the  moon's  equatorial  horizontal  parallax. 

The  portion  of  the  earth's  mass,  which  lies  outside  of  this  level  surface,  is  some- 
where about  1 00000""  of  the  whole;  and  its  influence  in  determining  the  proper  form 
of  the  development  of  the  potential  function  of  the  earth's  mass  may  be  neglected. 
We  consequently  assume  that  this  function  can  be  expanded  in  an  infinite  series  pro- 
ceeding according  to  negative  integral  powers  of  the  distance  from  the  center  of 
gravity. 

Let  p  denote  the  earth's  density  at  the  point  x",  y',  /,  and  T  tlie  duration  of  a  rev- 
olution of  the  earth  on  its  axis,  then  V  the  potential  of  gravity,  centrifugal  force  being 
included,  is  given  by  the  expression 


vJJlc- 


The  triple  integral  must  be  extended  to  all  points  of  the  earth's  mass;  after  which  the 
variables  x',  y',  and  /'  disappear,  and  V  becomes  a  function  of  x,  y,  and  /,  which,  equated 
to  a  constant,  gives  the  general  equation  to  level  surfaces.  Let  c  be  the  special  value 
of  this  constant  which  belongs  to  the  level  surface  of  the  sea.    V  can  then  be  partially 

3US 
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differentiated  with  respect  to  x,  y,  and  z;  and  \i  g  denote  the  force  of  gravity  at  a  point 
of  the  sea  level,  whose  geographical  latitude  and  longitude  are,  respectively,  <p'  and 
w',  we  shall  have,  simultaneously,  the  four  equations 

e  =      V, 

dV 

g  cos  cp^  cos  «^  =■  -  "2^  > 

dV 
g  cos  9/  siu  a/  =  — t—  > 

dY 
gsm<p'  =-is^- 

If  the  variables  x,  y,  and  z  are  eliminated  from  these  four  equations  a  single  equa- 
tion will  be  left,  giving  a  relation  between  the  variables  g,  cp\  and  00' ,  which,  being 
solved  with  reference  to  g,  affords  the  value  oi  g  in  terms  of  qt  and  a>'. 

To  facilitate  this  elimination,  we  introduce  polar  co-ordinates  in  place  of  x,  y,  and 

Ky  such  that 

x  =  r  cos  <p  cos  (B, 

y  =  r  cos  (p  sin  <», 

z  =  r  sin  9> ; 

thus  q)  and  00  are  the  geocentric  latitude  and  longitude  of  the  point  x,  y,  z.     Then  our 
four  equations  take  the  form 

c  =  v=  CCC pd^dy'dz' +  ?^Vco8>, 

J  J  J  [r*  —  2r  {x'  cos  cp  cos  00  ■\-  y'  cos  ^  sin  qj  -f  z'  sin  cp)  -f-  r'*]i       T* 

dV 

-T-  =  —  g  [cos  9/  cos  9>  cos  (ay  —  a?)  4-  sin  9*'  sin  tp], 

I  dV 

-  T—  =  —  </[—  cos  ^D*  sin  <p  cos  (0/  —  oj)  -}-  sin  <p'  cos  9*], 

— — — —  J—  =  —  fl  cos  or  Sin  (a/  —  aj). 
r  cos  <p  doj  »        -r        \  / 

From  these  the  variables  r,  q>,  and  00  must  be  eliminated.  Practically  the  varia- 
ble CO  may  be  eliminated  in  the  following  manner.  The  difference  co'  —  00  between  the 
geographical  and  geocentric  longitude  probably  nowhere  exceeds  a  minute  of  arc; 
consequently  we  can  put  cos  (co'  —  a>)=z  i;  and  in  the  development  of  the  first  part  of 
V,  it  is  known  that  the  terms,  which  involve  co,  have  very  small  coefficients;  hence,  in 
these,  it  will  be  allowable  to  substitute  00'  for  00.  In  this  way  co  disappears,  and  our 
equations  are  reduced  to  the  three: 

o  =  V=  Cff pda/dy'dx' +^r'ooB^<p 

J  J  J  [**  —  '^  (^  cos  9>  008  a/  +  y'  cos  9  sin  a/  +  2  sin  ^)  -t-  r"J*  ^  T*  ^' 

dV 

-g^  =  -  g  COB  {<p' -  tp), 

idV 
-^=-f,8in(9»'-9.). 
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We  shall  now  suppose  that  the  first  part  of  V  is  expanded  in  a  series  of  spherical 
fimctions;  and,  empluyinfi^  Laplace's  notation,  let  it  be  sufficient  to  stop  with  Y4.  Our 
thrve  equations  may  then  bo  written 

-^ -k-  -fi  +  ft  + -ft  +  Tjr  f*  OOtf  <P  -«, 

M         T  T  Y  *• 

I  <rY,       I  rfY,       I  <fY«  M*      , 

To  facilitate  the  elimination  of  r  and  q>  from  these  equations,  we  square  both 
members  of  the  first  and  divide  by  M.  Here  the  squares  and  product  of  Y,  and  Y4, 
as  well  as  their  product  by  the  last  term  of  tlie  first  member,  may  be  neglected.  This 
gives 

By  subtracting  this  from  the  second  equation  we  get 
«•  ^  T,  ,      Y,  ,      Y«         ,  ..8'^         .       .     I  Y,»       4jr»  Y,cos«<p       4»<  ^     ^ 

It  will  be  noticed  that,  in  this  equation,  wherever  the  variables  r  and  <p  occur, 
they  are  multiplied  by  quantities  which  are,  at  least,  of  the  order  of  smallness  of  the 
compression.  Hence  it  will  suffice  to  eliminate  them  by  formulte  which  are  only  ap- 
proximately exact.     For  this  purpose  we  assume  that  the  meridian  is  an  ellipse;  and 

taking  the  compression  at  ^^^ »  the  formulae,  by  which  r  and  <p  may  be  eliminated, 

are 

r  s  D  (1  —  0.0034096  sin'  <p  -f  0.0000195  "'"^  V)* 

^  =  ^  —  7oo".44  sin  tq/  +  3".79  siD  4^. 

In  making  the  computations  we  assume  D  as  the  linear  unit;  according  to  Listino  its 
value  in  meters  is  a  number  whose  common  logarithm  is  6.8046421.!  We  adopt  T  as 
the  unit  of  time;  thus  the  logarithm  of  the  number,  by  which  the  length  of  the  second's 
pendulum  in  meters  ought  to  be  multiplied  to  produce  tlie  value  of  ^  corresponding  to 
these  units,  is  40603104.  Sufficiently  approximate  values  of  M  and  Y^  for  computing 
the  value  of  the  right  member  of  our  equation,  are  given  by  the  equations 

log  Ms      4,0571*57, 

Y,       =  — 18.8196  Tain*  ^ —  ^\ 

'The  Un  mm  of  the  lecood  member  of  Uin  eqaalioo,  of  the  otder  uf  the  »<{aarc  of  the  comprexioB,  wu  inadretteodjr 
MkiBcil  ia  Ibe  muaencal  diacauoo  which  follow*.  Tke  fanad  valac  of  H|  oocht,  in  cooMiiacaoe.  lo  be  conccted  bf  the  addi- 
tica  of  the  qaaaiity  dH|  = —  00387. 

t  Aitr.  Nachr.  Band  93,  «.  317. 
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Substituting  for  Yj,  Y3,  and  Y^  their  known  values  in  terms  of  q)  and  oo\  and  em- 
ploying N  to  denote  the  right  member  of  the  equation,  which  is  a  known  quantity,  we 
have 


Ho 

+  Hj  r-*  cos^  cp  cos  2oof 

+  Hj  r-*  cos'  9>  sin  2oy 

+  II4  !"*(  sin'  9>  —  I  sin  9? ) 

+  H5  r-'T  sin'  9)  —  -  j  cos  cp  cos  &y 

-f  He  r-'(  sin*  cp )  cos  (p  sin  <y' 

+  H7  r-*  sin  (p  cos'  9?  cos  2&y 
+  Hj  r"'  sin  (p  cos'  ^  sin  20/ 
^  4-  H9  r-'  cos'  <p  cos  3&y 


+  Hio  r-*  cos'  9)  sin  30/ 

+  H„  r-«  (^sin*  <p  -  ^  sin'  9'  +  ^) 

+  H12  r"""  (  sin^  9>  —  -  sin  9>  j  cos  9?  cos  &/ 

+  Hi3  r-'  (  sin'  9>  —  -  sin  ?>  j  cos  9>  sin  oof 

4-  Hi4  r~*  (  sin'  (p  —  -j  cos'  9*  cos  20/ 

+  His  »■"'  (  sin'  (p  —  -j  cob-  9^  sin 

+  H16  r-*  sin  9)  cos'  9?  cos  30/ 

-|-  Hn  r~*  sin  9;  cos'  9*  sin  3  a/ 
+  Hi8  r-*  cos*  9>  cos  40/ 
+  HjB  r-*  cos*  9>  sin  460' 


2&3' 


=  N, 


Here  IIq  .  .  .  Ilm  denote  a  series  of  constants,  not  necessarily  having  any  depend- 
ence on  each  other,  and  which  must  be  determined  from  obsei-vation.  For  our  pres- 
ent purpose  we  require  only  the  value  of  Hi,  the  equivalent  of  which  is 


(c-^t«)  =  -n,. 


In  order  to  have  only  small  quantities  to  deal  with,  we  assume  as  approximate 
values  of  Hq  and  Hi, 

c' 
^"^M^  11458-574, 

H,  =  —  18.8196; 

and  then  subtract  from  N  the  coiTespondent  value  of  the  two  first  terms  of  the  first 
member.  Hq  and  II,  can  then  be  replaced  by  <5Ho  and  ^Hj,  the  corrections  of  the 
assumed  values  of  Ho  and  Hj,  and  N  by  (5N. 

A  collection  of  the  results  of  pendulum  experiments  has  been  made  by  Dr.  A. 
Fischer,*  and  we  avail  ourselves  of  it  for  the  present  discussion.  The  data  are  given 
in  the  following  table.  The  longitudes  of  the  stations  are  counted  from  Paris,  and  the 
length  of  the  second's  pendulum  is  in  meters. 

*AstT.  Nacbr.  Bond  88,  s.  8l. 
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But  too. 


q/. 


a/. 


Seeoatf'a  Panda- 

lain. 


OlM.-^»L 


I. 

3. 

3- 
4- 

S- 
6. 

7- 
8. 

9- 

lO. 

II. 

12. 

«3- 
«4- 

«S- 
1 6. 

'T- 
IS. 
19. 
20. 
21. 
22. 

»3- 
*4- 

26. 
»7- 


Spitzbcr^n 
Melville   .     .    . 
Oreeolniid    .    . 
Port  Bowen 
Ilammerfest 
Kaodalaks  .    . 
Dronthcim  .    . 
UDBt    .     .     .     . 
Petersburg  .    . 
Stockbolm    .     . 
Porteoy   .    .    . 
Sitka  .    .    .    . 
I>eith  Fort    .    . 
KOoigsberg .    . 
GUldenHteiu     . 
Altona     .    .    . 
Clifton     .    .    . 
Petro|MiuIowBk 
Berlin .     .    .     . 
Arbory  Dill 
Leydeu    .    .    . 
London    .    .    . 
Greenwich    .    . 
Dunkirk .    .    . 
Gotba.    .    .    . 
Seeberg  .    .    . 
loaelberg     .    . 
Bunn  .    .    .    • 
Shanklin  Farm 
Mannbeiui    .    . 
Paris 
Clermont 
Milan 
Padna. 
Fiume. 
Bordeaux 
Figeac 
Toulon 
Barcelona 
New  York 
Formeutera . 
Lipari, 
Benin  Islands 
San  Bias. 
Mowi 
Jamaica 
Ooam 


+  79  49  58 

74  47  >» 

74  3»  «9 

73  '3  39 

70  40  5 

67  7  43 

63  »S  54 


60     45 
59     56 


28 
3« 


59 

21 

0 

57 

40 

59 

57 

a 

58 

55 

58 

4« 

54 

4» 

50 

54 

»3 

6 

53 

3» 

45 

53 

»7 

43 

53 

0 

59 

5» 

30 

'7 

5* 

12 

55 

5» 

9 

20 

5« 

3« 

8 

5« 

a8 

40 

5« 

2 

10 

50 

56 

38 

50 

56 

6 

50 

5« 

II 

50 

43 

45 

50 

37 

»4 

49 

»9 

II 

48 

50 

14 

45 

46 

48 

45 

28 

I 

45 

*4 

3 

45 

'9 

0 

4» 

50 

26 

44 

36 

45 

43 

7 

20 

4> 

»3 

«5 

40 

4a 

43 

38 

39 

56 

38 

28 

37 

»7 

4 

12 

at 

3» 

H 

20 

5> 

7 

'7 

56 

7 

13     a6     18 


0 

-  9 
+  ««3 
+   »i 

+  9« 

-  21 

-  30 

-  8 

+     3 

-  »7 

-  '5 
+  5 
+  •37 

+  5 

-  8 

-  8 

-  7 

+  3 
-156 

-  1 1 

+     3 

-  2 
2 
2 
o 

-  8 

-  8 

-  8 

-  4 

+     3 

-  6 
o 

-  o 

-  6 

-  9 


+ 
+ 


+ 
+ 


40 

8 

20 

•5 

»S 
6 

3 
1 1 

58 
40 

5 
40 

35 
10 

30 
36 
33 

*3 
4 

33 
9 

26 

20 
o 

»3 

28 

8 

46 

3» 
8 
o 

46 

5« 

3» 


12    48 
»     54 


•7 

-  3  36 
+  012 
+  76     20 

-  «»     33 

—  140  o 
+  «o7  36 
+  «59  » 
+   79  «° 

—  142  26 


«. 
0-9960373 
0-9958398 
0.9957484 
0.9957428 

o-99SS»76 
0-9953*98 
0-9950095 
0-9949348 
0.9948640 

0-9947837 
0.9946886 

0-9945948 
0.9945348 
0.9944098 
0.9943860 
0.9943270 
0.9942921 

0-9943*50 
0.994231S 
0.9942047 
0.9942072 
0.9941200 
0.9941 177 
0.9940805 

0-9939856 
0.9940655 
0.9940746 
0.9940689 

09940370 
0.9939027 
0-99385  "o 
0-9935848 
0-9935476 
0.9936073 

0-993584' 
0-9934550 
0.9934603 

0-9933644 
0.9932321 

0-993' 555 
o-99»9755 
0.993079* 
0.9923284 
0.9915627 
0.9917632 
0.9914677 
0.9913800 


•f  0.0000562 

-1-0.0000427 

—0.0000598 

•f  0.000004  5 

—0.0000337 

—0.0000014 

—0.0000979 

-I- 0.0000225 

-f  0.0000324 

— 0.0000057 

•4-0.0000272 

—0.0000568 

•f  0.0000191 

-4-0.0000032 

-(-0.0000218 

-f  0.0000a  1 7 

—0.0000015 

—0.0000969 

-4-0.0000151 

-4-0.0000229 

-4-0.0000280 

-4-0.0000010 

-4-0.0000023 

-4-0.0000038 

—0.0000912 

—0.0000107 

-4-0.0000064 

-4-0.0000155 

•4- 0.000000 1 

— 0.0000404 

—0.0000257 

— 0.0000131 

—0.0000352 

-4-0.0000235 

— 0.0000008 

'—0.0000501 

—0.0000286 

-4-0.0000012 

-4-0.0000356 

—0.0000065 

-4-0.0000239 

-4-0.0000872 

-f  0.0001487 

—0.0000807 

-4- 0.0000  aoi 

-4- 0.0000 1  a4 

—0.0000658 
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station. 


48.  Madras 

49.  Triuidad 

50.  Porto  Bello  .... 

51.  Sierra  Leone     .    .    . 

52.  Ualau 

53.  Galapagos   .... 

54.  St.  Thomas  .... 

55.  Pulo  Gaamab  .    .    . 

56.  Bawak     .    .    .    .    . 

57.  Para 

58.  Maranham   .... 

59.  Fernando  de  Norouba 

60.  Ascension    .... 

61.  Babia 

62.  St.  Helena  .... 

63.  Isle  de  France .    .    . 

64.  Rio  de  Janeiro .    .    . 

65.  Valparaiso  .... 

66.  Paramatta  .... 

67.  Port  Jackson    .     .     . 

68.  Gape  of  Good  Hope  . 

69.  Montevideo .    .     . 

70.  Falkland  Islands  .    . 

71.  Staten  Island  .    .    . 

72.  Cape  Horn  .... 

73.  South  Shetland  .  . 


9,'. 


o 

+  13 
10 

9 
8 

S 
o 

o 

o 

o 


+ 


3 

7 

12 

'5 
20 
22 
33 

34 

SI 
54 

55 
-62 


4  9 

38  55 

32  30 

29  28 

21  16 

32  19 

24  41 

I  49 

I  34 

27  o 

31  35 

49  59 

55  23 

59  21 


56 
9 


7 
23 


55  22 
2  30 

48  43 

5'  34 

54  37 

54  26 

31  44 

46  23 

5«  20 

56  II 


oa>. 


-  77 
+  63 

+  81 

+  15 
— 160 

+  92 

-  4 

-«39 
-128 

+  5° 
+  46 


+ 

+ 


34 
16 


+  41 

+  8 

-  55 
+  45 
+  74 

—  148 

—  148 

-  16 

+  58 

+  60 

+  66 

+  69 

+  62 


57 
51 
57 
39 
41 

5° 
24 

3 
35 
49 
36 
43 
44 
51 
3 
8 

3° 
2 

40 
o 
8 

Zi 
28 
21 

53 
54 


Length  of 
Second's  Pendu- 
lum. 


m. 

0.991 1857 
0.9910677 
0991177s 
0.9910743 
0.9912605 
0.9910057 
0.9911043 

0-99I0537 
0.9909345 
0.9909155 
0.9908720 
0.991 1582 
0.991 1830 
0.99  II 857 

o-99«SS'5 
0.9917650 

0.9917030 

0.9924741 

0-9925441 
0.9925907 
0.9925410 
o  9926105 
0.994 1 1 64 
0.9944702 

0-9945340 
0.9951450 


Obs.— Cal. 


—  0.0000217 

—  0.0000369 
+  0.0000780 

—  0.0000403 
— 0.0000242 
+  0.0000279 
— 0.0000641 

—  0.0000021 

—  0.0000065 

—  0.0000098 

—  0.0000721 
+  0.0001525 
+  0.0000058 

—  0.0000374 
+0.0000519 
+  0.0000342 
— 0.0000215 
— 0.0000291 
— 0.0000090 
+  0.0000310 
+  0.0000163 
+  0.0000034 
— 0.0000031 
+  0.0000342 

—  0.0000144 
+  0.0000475 


The  equations  of  condition,  -which  result  from  these  observations  for  the  determi- 
nation of  Ho  .  .  .  Hi9,  are  given  below ;  I  have  preferred  to  give  the  logarithms  of  the 
coefficients,  but  the  absolute  terms  are  numbers. 

Equations  of  Condition. 


*Hi. 

n4. 

H„. 

H,. 

H,. 

H,. 

H,. 

H,. 

H,. 

Mq. 

I.  9^085 

9-5665 

9-2953 

8.4799 

8.0250„ 

91362 

8.36750 

8-4743 

8.0194, 

7.6980 

a.  9.7814 

9.5101 

9.1949 

8.6887„ 

8.7079n 

8.8863„ 

9-2557 

8.6744, 

8.6936, 

8.2434 

3-  9-7798 

9-5065 

9  1886 

8.7292 

8.6938 

9.2668 

8.8585 

8.7143 

8.6789 

7-9344 

4-  9-7706 

9.4869 

9.1520 

8.93 10„ 

7-S7iin 

7-6633n 

9.3244 

8.9132, 

7-5533U 

7.2114 

5-  9-7501 

9.4421 

9.0652 

8.9156 

8.8827„ 

9-3362 

8.9298, 

8.8914 

8.8585, 

8.2120 

6.  9.7158 

9-3633 

8.8962 

8.8856 

9.1276, 

9-3465 

9.1097, 

8.8509 

9.09290 

6.5016, 

7.  9.6716 

9-2529 

8.5914 

9.2932 

8-7535« 

9.4310 

8.5816, 

9-2453 

8.70560 

8.9249 

8.  9.6334 

9.1467 

8.0520 

9.3840 

8.4316 

9-4433 

8.1886 

9-3252 

8.3728 

9.0729 

9.  9.6206 

9.1080 

7.4980 

9.1566 

9-3265, 

9-39H 

9.11620 

9.0942 

9.2641a 

8.1377 

LUNAR  INEQUALITIlvS  PRODUCED  BY  THB  PICURR  OP  TUB  EARTH. 
Equations  qf  Condition — Continued. 
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dHi. 

H^ 

Hii* 

H,. 

H> 

H,. 

H,. 

H^ 

H.. 

H» 

lo.    9.6109 

9'077S 

7.4044. 

9-3SSO 

9.«395. 

9.4189 

8.8767, 

9.3899 

9-0744. 

8.9680 

II.    9.5818 

8-9785 

8.a6t6, 

9.4576 

8.7113 

944*5 

8.3917 

93847 

8.6344 

9.1801 

la.   9.5700 

8-934" 

8.3809, 

8.4477 

9-4775. 

9.3" « 7. 

9.3713 

8.37 '7 

9-4015. 

8.9975 

•3-   9S49<' 

8.8469 

8.5330, 

94954 

8.7907 

9-4377 

8.4*79 

9-4 « 40 

8.7093 

9*358 

14.    9.s«4 

8.7165 

8.6384, 

9-5«33 

8.980a, 

9-4*99 

8.5868, 

94*5« 

8.8930, 

9-*548 

•S-    9-5"4 

8.6534 

8.674a, 

9.5333 

9.007  s. 

9.4370 

8.6015, 

9-43 « 3 

89166, 

9.3669 

16.    9-4959 

8.5507 

8.7183. 

9-S400 

8.9741, 

9.4240 

8.S49*. 

9-4453 

8.8794. 

9.3970 

«7-    9-4939 

8.5366 

8.7343, 

9-5538 

8.6491 

9-4*64 

8.3190 

9-4587 

8-5540 

9-3*7* 

18.    9.483  J 

8-4497 

8.7483. 

9-3980 

9-43 « 9 

9-3863. 

9.0270, 

9-3003 

9-334* 

8.8643, 

19.    9.4705 

8.3333 

8.7750. 

9-5430 

9-«5»3. 

9-4 'SS 

8.7039, 

9-44*3 

9-05' 6. 

9.3860 

ao.    9.463a 

8.331a 

8.7887, 

9.5785 

8.6738 

94173 

8.3099 

9.476a 

8-57' 5 

93643 

ai.   9.4616 

8.3IOO 

8.79*3. 

9.5818 

8-4579. 

9-4' 77 

7.9922, 

9-479' 

8.355*. 

93708 

««.    9-4449 

7.8796 

8.8303, 

9-5936 

8.5338 

9-4"  a* 

8.0405 

9-4870 

8.4173 

93883 

»3-    9-4438 

7.8465 

8.8316, 

95945 

8.5063 

9.4119 

8.0330 

9-4877 

8-3995 

9.3898 

»4-    9-43 « 7 

7-0348 

8.8391, 

9.6043 

.... 

9.4083 

.... 

9.4946 

.... 

9-4053 

»S-    9-4»9« 

6-3347. 

8.A416, 

9.587 « 

9.0660, 

9^027 

8.S7". 

9.4769 

8.9558. 

9-3647 

a6.    9.4388 

6.5106; 

8.8433, 

9.5869 

9.0704. 

9-4023 

8-S75». 

9-4766 

8.9601. 

9.364' 

»7-    9-4»6s 

7.1464. 

8.8454, 

9.5899 

90549. 

9.4020 

8-557'. 

9-479 « 

8.9441. 

9-3698 

a8.    9.4330 

7-4933. 

8.8498, 

9.6038 

8.8289, 

9-4039 

8.3250, 

9-49*4 

8.7 « 75. 

9-4003 

39.    9.4300 

7-65.'9. 

8.8535. 

9.6085 

8.7018 

9-4035 

8.1941 

9-4963 

8.5896 

9-4093 

30.    9.3860 

8.3867, 

8.8899, 

9.6aai 

8-9594. 

93897 

8.4309, 

9.5036 

8.8399. 

9-4*45 

3«-    9-365 » 

8.44*5. 

8.9065, 

9.6434 

.... 

9-3846 

•      •      •      ■ 

9-5«97 

.... 

9-4643 

32.    9.3507 

8.8109, 

8.9650. 

9.6938 

8.iao5, 

9-3405 

7-4670, 

9-5475 

7.975*. 

95384 

33-    9-»37« 

8.8341, 

8.9688, 

9.6853 

9.0732. 

9-33*0 

8.4116. 

9-5375 

8.9*45. 

9-5'73 

34-   9-*34« 

8.8389. 

8.969a, 

9.6743 

9.3139, 

9-3*79 

8.5530, 

9-5*6' 

9-0647. 

9-4909 

35-    9-J303 

8-8445. 

8.9706, 

9-6sS» 

9-3357. 

9-3*  «6 

8.6780, 

9.5063 

9.1868. 

9-4435 

36.    9.3084 

8.8765. 

8.9761, 

9.7050 

8.7 118 

9-3*33 

8.0280 

9-55*5 

8-5593 

9-555' 

37-    9-«974 

8.8906. 

8.9788. 

9.7106 

7-7058 

9-3 « 97 

70139 

95563 

7  55«5 

9-565* 

38.    9.1185 

8.9703. 

89895. 

9.7386 

8.8301, 

9.3885 

8.0873, 

9-56*5 

8.6640. 

9-5895 

39-    9-0045 

9.0425, 

8.9950. 

9-7555 

7-5994 

9.3485 

6.7914 

9-5748 

7-4187 

9-63*7 

40,    8.9509 

9.0658. 

8.9945. 

9  7«»9. 

9-4*63 

8.6039 

9.2180 

9-5*63- 

9*397 

9.4637. 

41.    8.7339 

9.1348. 

8.9866. 

9.7895 

8.2947 

9.1686 

7-37*8 

9-5840 

8.0893 

9-6835 

43.    8.7063 

9.1394, 

8.9857. 

9.7488 

9-4 « 94. 

9-«5'7 

8.4992. 

9-54 « 5 

9.2121, 

9-5858 

43-    9-' 099. 

9.3540, 

8.6831. 

9-'4'3 

9-8950 

7-5357. 

7-4595. 

8-7974 

9-55" 

9-55" 

44-    9-3030, 

9.»3»3. 

8.0346. 

9.8510. 

9-6995. 

8.2750 

8-7737. 

9-4 '35. 

9.3620, 

9.8091 

45-    9-3 '87. 

9.3364, 

7-7864. 

9.8140 

9-7674. 

8.8148 

8.3981, 

9-3634 

9-3 '68, 

9-57*'. 

46.    9.3801, 

9.«909. 

8.1531 

9.9360. 

9-5*5' 

8.2799, 

8.9981, 

9.4130. 

9.0111 

9.6668. 

47-    9-4475. 

9.1016, 

8.6319 

9.3857 

9.9617 

9-0539 

8-9399 

8-7493 

9-3*53 

9-55'* 

48.    9-45 >9o 

9.0919, 

86536 

9.9381. 

9.5888, 

8.4836, 

9- '54* 

9.3899. 

8.9405, 

9-7375. 

49-    9-4768. 

9.0170, 

8.7630 

9-7  7 « 7. 

9-8836 

8.8578, 

9.1668. 

90355. 

9-«474 

9.9690, 

SO.    9.486a. 

8.9748, 

8.8009 

9-9708, 

9-43 «» 

8.378*. 

9.2276. 

9.«875. 

8.6479 

9-594'. 

5»-    9-4940. 

8.9388, 

8.8314 

9.9334 

9-7063 

9*307. 

8.6780. 

9.0888 

8.8737 

9-8203 

S3.    9.5116, 

8.7389. 

8.8944 

9.8890 

9-79»7 

9-*S49 

8.7996 

8.8561 

8.7588 

9.7 '93. 

53-    9-5»»8, 

7-7483, 

8.93»5 

9-9979. 

8.9945. 

7.9948 

93003. 

7.9681, 

6.9647, 

9.1696 

54-    9-5»»8, 

7-6313. 

8.9330 

9-9948 

9-«847. 

9.3996, 

8  1858 

7.8480 

7-0379. 

9-9883 

55-   9-5»»9. 

6.4971, 

8.9330 

9.1489 

9-9957 

9.1791 

9"75 

5-8679 

6.7147 

9-7344 

56.    9.5339, 

6-1333 

8.9330 

9-3466, 

9.9890 

9-0959 

9.1940 

6.0007 

6.6431, 

9-9546 

57-   9-S»"« 

8.1779 

8.9304 

9-3043- 

9.9907 

9.100a, 

9.1890. 

7.7046 

8.3910, 

9-9473. 
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rfH,. 

H«. 

Bn. 

H,. 

H,. 

H5. 

H„ 

Ht. 

H„ 

H,. 

58.  9.5204„ 

8.4184 

8.9238 

8.74600 

9.9985 

9-i334n 

9-iS77o 

7.3877 

8,64020 

9.88180 

59-  9-Si7in 

8.5971 

8.9133 

9-5438 

9.9695 

9,20510 

9.04580 

8.36600 

8.79170 

9-38530 

60.  9.4978n 

8.9009 

8.8451 

9.9132 

9-7334 

9-235Sn 

8.71360 

9-04970 

8.86990 

9.7941 

61.  9.4528^ 

9.0897 

8.6584 

9.0184 

9-9755 

9.03780 

8.98990 

8.36740 

9-32450 

9-73160 

62.  9.41360 

9-157' 

8.4385 

9-9494 

9.4098 

9-07830 

8.22890 

9-38550 

8.84590 

9.9104 

63-  9-33S2n 

9.2192 

7.04240 

9.48600 

9.91880 

8.6483,, 

8.8051 

9.0209 

9-9537 

9-9°S3o 

64.  9.2642^ 

9.2423 

8.31090 

8.17220 

9.9302 

8,51060 

8,51810 

7.7604 

9.51840 

9-75580 

65.  8.59i3„ 

9.2217 

8.90570 

9-7790n 

95737 

8.341 1 

8.8846 

9-5139 

9.30860 

9-64540 

66.  8.426in 

9.2128 

8.92230 

9-5°47 

9-7913 

8.88270 

8.66720 

9.24860 

9-5352n 

8.6072 

67.  8.4i34n 

9.2123 

8.92330 

9.4840 

9-7959 

8.88230 

8.67810 

9.22840 

9-54030 

8.7819 

68.  8.399S„ 

9.2116 

8.92440 

9.7688 

9.569I0 

8.9396 

8,40080 

9-51380 

9-3141 

9.5842 

69.  7.9484^ 

9.1980 

8.9434n 

9.49000 

9.7810 

8.7299 

8.9434 

9.2461 

9-537in 

9-745SO 

70.  9.4451 

7.886o„ 

8.81900 

9.30600 

9.5284 

9-1055 

9-3523 

9.1994 

9,42180 

9-39150 

71.  9.5236 

8.724I0 

8.6333n 

9-36i3n 

9,3962 

9-0379 

9-3965 

9-2735 

9-30840 

9.26940 

72-  9-5465 

8.835SU 

8.5336U 

9-38920 

9.3166 

8.9758 

9,4119 

9.3071 

9-234S0 

9-i977n 

73,  9.6650 

9-23S3u 

8.5281 

9.09240 

9-2344 

9.0960 

9,3870 

9,0426 

9,18460 

8.9818; 

Hjo- 

B[j2. 

H13. 

Hh. 

H15. 

H.e. 

H„, 

H18. 

H19. 

-m. 

I.  7.44180 

8.9774 

8.20870 

8.3996 

7-9447n 

7-6925 

7-43630 

6.8998 

6.80300 

—0,241 

2.  7-8i84n 

8.70880 

9.0782 

8.58760 

8.60680 

8.2290 

7.80400 

6.34060 

7,6948 

—0,230 

3.  8.2463 

9.0883 

8.6800 

8.6269 

8-5915 

7.9196 

8.2315 

6.6330 

7.7212 

+0,689 

4.  8.3949„ 

7-4784n 

9-1395 

8.82170 

7.46180 

7-1936 

8.377 'n 

78583 

6.8003 

-f-0.021 

5-  8.52870 

9-'37o 

8.73060 

8.7910 

8.75810 

8.1878 

8.5045.. 

6.9763 

8.09680 

+0.917 

6.  8.78260 

9.1226 

8.88580 

8-7359 

8.97790 

6.46680 

8.74780 

8.080 1  „ 

8.31170 

+0.704 

7-  8.57650 

9-»739 

8.3245n 

9. 1 1 18 

8.57210 

8.8770 

8.52860 

8.5462 

8.3454n 

+  1-447 

8.  8.2988 

9.1562 

7.9015 

9-1758 

8.2234 

9.0141 

8.2400 

8.7604 

8.1144 

— 0.006 

9.  9.10880 

9.0934 

8.8i85o 

8.9397 

9.10960 

8-0753 

9.04640 

8.38540 

8.78200 

+0.074 

10.  8.99830 

9-«233 

8.57110 

9-1314 

8.91590 

8.9030 

8.9333n 

8.5068 

8.79340 

+0.456 

II.  8.6157 

9.1123 

8.0615 

9.2144 

8.4681 

9.1072 

8.5428 

8.8990 

8.4678 

—0.005 

12.  9.1203 

8,97140 

8.9309 

8.1967 

9,22650 

8.9215 

9.0443 

8.949O0 

8.22400 

+  0,471 

«3.  8.7143 

9.0786 

8.0688 

9.2309 

8.5262 

9-1543 

8.6328 

8.9715 

8.5852 

+0.129 

14.  8.913S0 

9.0465 

8.20340 

9-23'4 

8.69830 

9.1666 

8.82530 

8,9857 

8.7927.. 

+  0.328 

»5-  8.9454. 

9-°33i 

8.20760 

9.2336 

8.7x890 

9.1760 

8.85450 

8.9999 

8.82890 

+  0.1 1 1 

16.  8.92060 

9.0152 

8.14040 

9.2418 

8,67590 

9.2023 

8.82590 

9.0448 

8.81320 

+0.1 19 

17.  8.6015 

9.0156 

7.8082 

9-2544 

8.3497 

9.2321 

85064 

9.0989 

8.5021 

+  0.436 

»8.  9-3235n 

8.96480 

8.60550 

9.0919 

9.1258 

8.76650 

9.22580 

8.0217,, 

9.1290 

-0.389 

19.  9.10180 

8.9783 

8.26970 

9.2293 

8.83860 

9.1854 

9.001  2„ 

9.0056 

8.99420 

+0.166 

20.  8.6386 

8-9755 

7.7681 

9.2604 

8-3557 

9.2616 

8-5359 

9.1483 

8-SSI5 

+  0.184 

21.  8.42410 

8.9740 

7-5485n 

9.2626 

8,13870 

9.2680 

8.32130 

9-1593 

8.3389a 

+  0.095 

22.  8.4958 

8.9510 

7-5793 

9.2644 

8.1946 

9.2817 

8.3892 

9.1822 

8.4165 

+  0.448 

23.  8.4789 

8.9495 

7-5596 

9.2647 

8.1765 

9.2830 

8.3721 

9- '843 

8.4001 

+  0.434 

24 

8-9327 

.... 

9.2672 

.... 

9.2958 

.... 

9,2066 

.... 

+0.409 

25.  9.0362^ 

8.9242 

8.09260 

9.2487 

8,72760 

9.2546 

8.92610 

9,1309 

8-95230 

+  1.406 

26.  9.04060 

8.9237 

8.09650 

9.2483 

8.73  l8n 

9-2539 

8.93040 

9.1295 

8.95640 

+0.479 

27.  9.02640 

8.9207 

8.07580 

9.2499 

8.71490 

9.2591 

8.91570 

9,1392 

8.94400 

+  0.290 

28.  8.8o66„ 

8.9187 

7-8398n 

9.2619 



8,48700 

9,2888 

8.69510 

9-»934 

8.73200 

+0.228 

LUNAR  INEQUALITIES  PRODUCED  BY  THR  FIGURR  OP  THE  RARTH. 
Equations  of  Condition — Continued. 
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H«. 

H» 

B» 

Hu. 

H,- 

H» 

Bit. 

n,,. 

9.2085 

8.609s 

-*N. 

29.   8.6815 

8.9148 

7.7054 

9.3649 

8.358* 

9.3973 

8.5694 

+0.487 

30.  8.9465. 

8.8613 

7.89*5. 

9-*59' 

8.5964- 

9-305' 

8.8271. 

9.2215 

8.8  ^09, 

+0.858 

3« 

8.8302 

•     •     •     • 

9.3689 

.... 

9-3405 

.... 

9.2851 

.... 

+0.780 

3a.    8.1413, 

8.6152 

6.74 « 7. 

9-*59S 

7-687*. 

9-3930 

7.9969, 

9-3839 

8.1 128, 

+0.651 

33.   9.091  J. 

8.5824 

7.6630. 

9-M53 

8.6333, 

9.3696 

8-9435. 

9-34*4 

9.057'. 

+o.7S« 

34-    9-»»7S. 

8-S7»9 

7.7980. 

9-*330 

8.7716. 

9-34*7 

9.0793. 

9.2919 

9.18^9, 

—0.004 

35-    9-34»6, 

8-5593 

7.9«S7. 

9.2131 

8.8936, 

9.*947 

9.1938. 

9.'957 

9.2904. 

+o.'7S 

36.    8.7398 

8.5.78 

7."»5 

9-25«8 

8.3586 

9.4037 

8.5874 

9.4040 

8.7164 

+  1.158 

37.    7.7365 

8.4903 

6.1845 

9-»S*4 

7.3476 

9.4.09 

7.5822 

9^196 

7.7'S9 

+0.859 

38.    8.8700, 

8.2491 

7.0479. 

9.a36s 

8.3380, 

9-4*34 

8.7039. 

94487 

8.8583. 

+0.403 

39-    7-65*7 

7.4160 

4.9589 

9.3206 

7-0645 

9.45«9 

7.47 '9 

9.5098 

7.6548 

+  0.115 

40.    9.5136- 

6.8812. 

7.4953. 

9.1601. 

8-8735 

93760. 

9.3369. 

9.2896 

9.4390. 

+0.293 

41.    8.3650 

8.3086. 

6.5128. 

9.1784 

7-6836 

9.4779 

8..  594 

9.577' 

8.3841 

+0.256 

42-    9-473 ». 

8.3a9«. 

7-6773 

9.13*0 

8.8026. 

9-3785 

9.2658. 

9.3890 

9.4682. 

-.137 

43-    9-7896. 

8.8417 

8-7655 

7-9345 

8.6882 

9.2072 

9-4457. 

9-7757. 

93368 

-3-305 

44.    9.6893. 

8.4833 

8.9820. 

7-8349 

76834 

9-37 '6 

9.2518, 

9.4026 

9-85" 

+  '.'55 

45-    9-863« 

8.973* 

8.5565. 

8.0563. 

8.0097 

9-.*«5. 

9-4.25 

8-9' 34 

9.8833, 

—  1.634 

46.    9.8636, 

8.2641. 

8.9823. 

8.6181 

8.2.72. 

9.'5»7. 

9-3485. 

9.777* 

9.75'9. 

-0.154 

47-    9-9»97. 

8.8255 

8.7115 

8.3379. 

8.9139. 

8.9.48 

9*933. 

9.8916. 

9.6484 

-'597 

48.    9.8738 

8.2381. 

8.9087 

8.9039 

8-5545 

9.0891. 

9.**54 

9.779* 

9.8278 

+0.463 

49-    9-»794. 

8.4972. 

8.8061. 

8.8098 

8.92.7. 

9*3*9. 

8-5433. 

9.37*0. 

99562, 

+0.798 

50.    9.9425. 

7.9607. 

8.8101, 

9.0344 

8^948. 

8.8107. 

9.»59'. 

9-9037 

9.7029, 

—0.86a 

51.    9.8498 

8-755'. 

8.2024. 

9-0065. 

8.7904. 

8.9867 

9.0162 

9-6443 

9.9296 

—0.018 

SJ.    9.9227. 

8.5632 

8.1079 

9.0171. 

8.9198. 

8.6863. 

8.8897. 

9-3358 

9.9818 

-3.944 

53-    9-99S'. 

6.3961 

7.6016. 

9-'5*5 

8.1492 

7- '398 

79653. 

9  99 '3 

9*933 

-0534 

54.    9.3586. 

7.4'»38. 

6.3700 

9- '495. 

8.339» 

7-84.5 

7.21.8. 

9.9793 

9-4805. 

-1.669 

55-    9-9»43. 

6.3391 

6.1675 

8.3038. 

9.150G, 

6.4534 

6.6433. 

9.9834. 

9-4456 

—  1.091 

56.    9.6379. 

6.0810. 

6.179'. 

8.50'5 

9.14:9, 

6.6087. 

6.2920 

99549. 

9.6366. 

+0.379 

57.    9.6647 

7.8333 

7.9210 

8.4573 

9-«437. 

8.3476 

8.0650. 

9.9636. 

9.596.. 

+0.535 

58.    9.8087 

8.1083 

8.1336 

7.8950 

9.«475. 

8.5*35 

8-4504. 

9-9956. 

9.0455. 

+  «."3 

59-    9-9837 

8.3635 

8.3043 

8.685.. 

9.1108, 

8.2075 

8.8059. 

9-873'. 

9.8143 

—3.02a 

60.    9.8733 

8.7264 

8.3045 

9.0071. 

8.8273. 

8.9307. 

9.0099. 

9-5769 

9.9476 

-'-434 

61.    9.877s 

8.7  SS6 

8.7407 

7-9869. 

8.9440, 

9.0805 

9.2264. 

9-9454. 

9*947 

+0.436 

62.   9.5620 

89646 

8.1153 

8.7849. 

8.2453. 

9-3464. 

8.9980. 

9.8609 

9.6601 

-3.384 

63-    9-3" «. 

8.7589 

8-9' 57. 

7.8933 

8.3261 

9.4401 

88559 

9-7734. 

9.7054 

-3.IJ3 

64-    9-7330 

8.8447 

8.8533 

6.0246, 

7.7826 

9-3440 

9-3*'*. 

9-8599. 

8.4030. 

+0.SS7 

65.    9.6013, 

8.2383 

8.7717 

8.9605, 

8.755* 

9-3803 

9-336* 

9-3435 

9-65*7. 

+0.434 

66.    9.7625, 

8.6836. 

8.4681, 

8.7203 

9.0068 

8.35 'O. 

9-5063 

9-4467. 

9.596' 

+0-373 

67.    9.7C03. 

8.6778. 

8-«736. 

8.70.5 

9-0.34 

8.5262. 

9-5046 

9.47*8. 

9-5800 

-01.6 

68.    9-6359. 

8.7297 

8..909. 

8.9884 

8.7887, 

9-3*9'. 

93808 

9.3'6o 

9.6381. 

+  0.504 

69.    8.6267 

8.4081 

8.6316 

8.7503, 

9.0413 

9.5016 

8.3828, 

9-4*93. 

9.57  »3. 

+0.678 

70-    7-7795. 

8.6445. 

8.8913, 

8.9770, 

9.1994 

9.2850 

7-673' 

8.8616, 

9.'33S. 

+  0.50a 

71.   8.8076. 

8.6557. 

9-o«43. 

9.0804, 

9"  53 

9.18.6 

8.7.98 

7.9631, 

9.0565. 

-0.307 

72.    8.9530. 

8.6145. 

9.0506, 

9.1339, 

9.0503 

9..  156 

8.8709 

8.2299 

9.0048, 

+0.019 

73.   8.1665, 

8.8337. 

9.'*47. 

8.9063, 

9.0483 

8.9320 

8.1167 

8.1475. 

8.635s. 

—0.536 

Attributing  equal  weights  to  these  equations  of  condition,  the  normal  equations, 
derived  from  them  by  the  method  of  least  squares  are  as  follows: 
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Normal  Equations. 

73.ooo<yHo+8.022  tfHi4-i.8so  H4— 0.886  Hn+i2.66s  H24- 10.146  H3+7.908  H, 

+  8.022  +7.2322  +1.3430  — 0.3117  +  2.7542  —  3.0720  +2.8059 

+  1-850  +1.3430  +1.2292  +0.2816  +  0.3351  +  0.1790  +0.1358 

—  0.886  — 0.3117  +0.2816  +0.4329  —  0.8077  +  0-4708  —0.4245 
+  12.665  +2-7S42  +0.3351  —0.8077  +15-8556  +  0.2961  +2.5739 
+  10.146  —3.0720  +0.1790  +0.4708  +  0.2961  +13-3376  — 0.7115 
+  7-908  +2.8059  +0.1358  -0.4245  +  2.5739  —  0.7115  +2.5592 
+  0.212  +0.5819  +0.0018  — 0.0150  —  0.2765  —  0.0615  +0.0746 
+  9-597  +2.9145  —0.0967  —0.6771  +  4-4313  —  0.4369  +2.4667 

—  3.274  —0.7005  —0.3194  +0.1429  —  0.4370  —  0.4739  —0.3258 
+  5.814  +1.8527  —0.3164  -0.5027  +  8.2193  —   1.9308  +1.8676 

—  4.922  —0.3284  +0.3704  +0.2913  +  2.4849  —  0.3736  —1-3554 
+  3-«'5  +0.7927  +0.2583  —0.0414  +   1. 1072  —  0.0625  +0.7818 

—  0.460  — U.0944  +0.1245  +0.0435  "4"  0.1548  +  0.1908  — 0.1360 
+   5-167  +1-3844  +0.0277  —0.3448  +   1.735'  —  0.5767  +1.3310 

—  1.130  +0.2028  — 0.0637  —0.1142  —  0.5767  —  0.3907  — 0.1283 
4-  7-133  +1.6009  —0.0249  —0.4879  +  2.1056  +  0.1531  +1.4808 

—  1.615  — 0.0631  +0.2064  — 0.0170  —  0.0179  —  0.7154  —0.2596 
+  2.505  +1.6433  —0.6846  —0.4614  +  1.7185  —  6.9137  +1.0194 
+  0.598  — 1.2652  +0.2150  +0.3268  +  2.4860  +  1.1438  — 0.6468 


+0.212  H6+9-S97  H7— 3.274  H8+  5.814  lis-  4.922  H10+3.11S  H12— 0.460    H,; 

+0.5819  +2.9145  —0.7005  +  1.8527  —  0.3284  +0.7927  —0.0944 

+0.0018  —0.0967  —0.3194  —  0.3164  +  0.3704  +0.2583  +0.1245 

—0.0150  —0.6771  +0.1429  —  0.5027  +  0.2913  —0.0414  +0.0435 

—0.2765  +4.4313  —0.4370  +  8.2193  +  2.4849  +1.1072  +0.1548 

— 0.0615  — 0.4369  — 0.4739  —  1.9308  —  0.3736  — 0.0625  +0.1908 

+0.0746  +2.4667  —0.3258  +  1.8676  —  1.3554  +0.7818  —0.1360 

+0.7367  +0.0470  — 0.0934  +  o.i688  —  0.1130  — 0.1352  +0.0493 

+0.0470  +4.0039  -0.5357  +  2.1055  —  0.0179  +0-6777  —0.0668 

—0.0934  -0.5357  +1.5163  +  0.1532  —  0.7157  —0.0670  +0.0472 

+0.1688  +2.1055  +0.1532  +12.1432  —   2.2143  +o-S«3S  +0.0529 

—0.1130  —0.0179  —0.7157  —  2.2143  +11.5669  +0.0111  +0.3550 

-0.1352  +0.6777  —0.0670  +  0.5135  +  0.0111  +0.4045  —0.0083 

+0.0493  —0.0668  +0.0472  +  0.0529  +  0.3550  —0.0083  +0.17327 

—0.3181  +1.5613  —0.0925  +  1.2352  —  0.583s  +0.4347  —0.0309 

+0.2042  — 0.0925  —0.0026  —  0.2756  —  0.1549  — 0.1194  — 0.0456 

+0.1247  +2.4114  —0.5510  +  1.3293  —  0.3078  +0.3978  —0.0235 

+  0.1988  —0.2288  —0.2091  —  0.3078  +  0.5153  —0.1594  +0.0077 

—0.2388  +0.9878  +0.1014  +  4.4284  —   1.8728  +0.1259  —0.2191 

+0.1211  —0,7161  +0.1734  +  2.2228  +   1.2293  +0.0096  +0.1829 
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Normal  Equationa — Continued. 
+  5.167  Hu— ».«3<»  Hw+7.133  Hm— 1.61S  Hn+  1.505  Hu+0.598  Uu+o.iaioao, 


+  «.3844 

-t- 0.2038 

+  1.6009 

—0.0631 

+    ••6433 

— 1.2652 

+8.6530  »  0, 

+  0.0J77 

-0.0637 

—0.0249 

+0.2064 

-  0.6846 

+0.2150 

+  1.3522-0, 

—0.3448 

—0.1142 

-0^879 

—0.0170 

-   0.4614 

+0.3268 

-1.3453.0, 

+  ••735' 

-0.5767 

+  2.1056 

—0.0179 

-»-   i.7«85 

+  2.4860 

-4.9310  >  0, 

-0.5767 

-0.3907 

+0.1531 

-0.7154 

-  6.9137 

+  1.1438 

-4.8670  »  0, 

+  i.33«o 

—0.1283 

+  1.4808 

-0.2596 

+    i'Oi94 

-0.6468 

+3.6864  »  0, 

-0.3181 

•f  0.2042 

+  0.1247 

+0.1988 

-  0.2388 

+0.1211 

-0.5356  =  0, 

+  i.56«3 

-0.0925 

+  2.4114 

—0.2288 

+  0.9878 

— 0.7161 

+3,1106  =  0, 

-0.0915 

—0.0026 

-0.5510 

-0.2091 

+  0.1014 

+  0.1734 

-2.9394  =  0, 

+  «-a3S» 

-0.2756 

+  «-3»93 

—0.3078 

+  4-4»84 

+  2.2228 

—  1.2000  s  0, 

-0.5835 

-0.1549 

-0.3078 

+o-S'S3 

—   1.8728 

+  I2J93 

+4.3S«o  =  o, 

+o-»347 

-0.1194 

+0.3978 

-0.1594 

+  0.1259 

+0.0096 

+  0.4696  =  0, 

—0.0309 

-0.0456 

-0.0235 

+0.0077 

—  0.2191 

+0.1839 

—0.1673  =  °» 

+ 1. 1804 

—0.1622 

+0.9390 

-0.1593 

+  0.8672 

-0.4319 

+3.1603  =  0, 

— o.i6sa 

+0.3815 

—0.0116 

+0.1876 

+  0.5214 

— 0.013 1 

+0.0113  =  0, 

+0.9390 

— o.oit6 

+  «-977« 

-0.2717 

+  0.0797 

+0.1063 

+  3.6599  =  0, 

-0.1593 

+0.1876 

-0.2717 

+  «.oi34 

+   0.1068 

—0.0067 

+  1.3388  =  0, 

-1-0.8672 

+0.5214 

+0.0797 

+0.1068 

+  «a.434* 

-o-»535 

+  0.8415  =  0, 

-0-4319 

— 0.0131 

+0.1063 

—  0.0067 

-  o-»S35 

+8.3059 

-7.9150  =  0. 

The  equations  derived  from  these  in  the  process  of  solution  are 

+  2.5232dII«  +i.6o47dB|  —  o.678oH«  — o-45i4lI||+i.7944Ht  — 6.8788H,  +0.9997II1  —0.23510. 
+0.9659  H, +0.1067  n,  +  4.4962H*— 1.8353H10+0.1262IIJ1— o.2i35Hu+o.854oH|«+o.52ionu 
+0.0829  H|(+o.io66  H|7+i2.4265nu+o.6ooo  =  o, 

—  i.636i(tll«  — o.o779<JIIi  +0.2124H4— o.oi28nu— 0.0313H1  — 0.6555HJ  — o.2687n( +o.20o9lJ« 
—0.2377  Ht  —0.2099  "i  — o.3446H|+o.532onn— o.i6osnii+o.oo96Hu— 0.1669U14+0.1831II11 
-0.2723  Bm+ 1.0135  Un+ 1. aa73  =  o> 

+6.6685dn«  +i.5854<JHi  +  o.o339H4— 0-4935011  +  3.0534111  +0.0081H]  +i.4io>Ht  +0.1788H4 
+  3.3503  n,  —0.6104  H,+  i.i783n,— o.i683a„+o.3S37H„— o.o3i8H„+o.8939Hu+o.0343Hu 
+  1.9019  Hw+3.0874  =  o, 

—  i.o593i{H«+o.ii90<5Ht— 0.0740H4— 0.0836H1,— o.6793nt  +0.0179HJ  — o.i48oII(  +o.i748H« 
-0.1335  U1+0.0422  H(— o.4i95H(— 0.1693IIM— o.to2iIIij— o.0376Hu— o.i846iI|4+o.326oB|s 
—0.3040  =  o, 

+  i.oai34H«+o.5i77^H|+o.o627ll4— o.ii47Hii+o.3858H«  — o.i46iHa  +0.4375H1  — 0.24750* 
+0.2382  HT+0.1854  Hi+o.i938H«—o.3232Hw+o.t76iHM—o.oi62Hu+o.547iII|4+ 1.2866  s  o, 

—  o.4299dH«+o.oo9o<JH|+o.ioooIl4+o.oiooH||+o.o877Ht +0.0515  Hj  — o.o9ooH|+o.o556H« 
—0.0135   nT+0.0506  Ht+o.o552Ht+o.26o6n|«— o.oo73Hit+o.i6o4iII|j+o.044i  bo, 

+o.9094(5H«+o.34t8dH|+o.2536H4+o.o636IIii  +  o.  366301  — o.0444fl,+o.27620,+o.oo250« 
+0.0748  O7— 0.0323  0|+o.ooo30«+o.3o67Um+o.333oBi«— 0.4142  B  o, 
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^  —3.28i7(yHo+o.3i23(5Hi— 0.26922:4— 0.0468H11+ 1. 9724H2—1.3333H3—0.77S2H5— 0.4030116 
I  +0.5872  H,— 0.5905  Hg— i.7876H9+9.9269Hio+6.iS2i  =0, 

(  —  2.1 1 50(yHo4-o.6245tfHi—o.2778H4—o.205oHu+4.9357H2— 0.1 593113+0. 2598H5+o.4oooHa 
I  +0,2649   H7+0.2398   H8+8.1252H9— 0.5478  =  o, 

(  — i.58i9(SHo — o.3390<JHi — 0.2775114+0.03821111+0.1024112 — 0.6220H3— o.o385H5+o.oi35Fr(i 
(  +0.1548  H7+1.1412H8— 1.6124  =  o, 

C  +  0.0847(^110+0.4192  t5Hi—o.o892H4—o.oo86Hii+ 1. 1075H2+0. 291 1H3+0.2188H5+0.0942H6 
(  +0-6573  H,— 1.8153  =  0, 

(  +  1.095 2 «yHo+ 0.58665111 — 0.0099H4+0.0179H11— 0.2841H2— o  2528FI3+0.2539H5+0.3990IT6 
(  +0.3478  =  o, 

—  i.2594c5Ho+o.o84i(yHi — 0.0889H4 — 0.0249H11— 0.1172H2 — 0.0961  H3+0.1979H5+ 1.2564  =  o, 

+9.7240(5Ho— 1.7  733(5Hi— 0.252 1H4+ 0.1 667H11+0.7938H2+8.02S6H3— 0.8292  =  o, 

+  1.6929(5110+0.02845111+0.0318114—0.38581111+4.6806112—3.4416  =  o, 

+  o.3i30(yHo+o.3043(yHi+o.i724n4+o.i6s8Hii+o.o3i3  =  o, 

— o.o3i9<yHo+o.7090(yHi+o,4432H4+i.s5i9  =  o, 

+o.4345(JHo+ 1.0385(^3:1+ 1.1963  =  o, 

+8.1849(^110—1.1217  ^  o. 

The  values  of  the  several  constants  are 

5Hn=  + 0.137,  Hs=  — 4.918,  H,o=  — 1.344,  Hi6=  + 2.476, 

5Hi  =  —  1.209s,  Ho  =  +  3-822,  Hii  =  +  3.391,  H16  =  —  3-o57» 

Hj  =  +  0.984,  Ht  =  +  3.023,  Hij  =  +  8.474,  H]7  =  —  1.886, 

H3  =  —  0.547,  He  =  —  0.255,  Hi3  =  —  0.450,  HiB  =  —  0.248, 

H4  =  —  1.557,  H9  =  —  0.500,  H,4  =  —  0.336,  Hi9  =  +  0.624. 

The  sum  of  the  squares  of  the  residuals  is  diminished  from  65.859  to  18.690. 
Applying  the  corrections  to  the  adopted  approximate  values  of  Hj  and  Hj,  we 


have 


Ho  =  jj  =  1 1458.729,  Hi  =  —  20.0680. 


A  sufficiently  approximate  relation  between  c  and  M  is 

(5  =  M-iH, +^H„  +  2;r»; 

which  gives 

(M  +  26.5263)^ 

whence 

M=  11405.615. 
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TliiiH,  a»  the  result  of  the  discussion,  we  have 

3"  »  H, 

*  —55* "  "  M  ■  ''•°<""94«4. 

Although  it  is  unnecessar}'  for  our  purpose,  the  resulting  expression  for  L,  the 
length  of  the  second's  pendulum,  nmy  be  given.  It  is  in  meters,  niul  it  must  be  uu- 
derstood  that  the  unit  of  r  is  the  average  of  all  the  equatorial  radii.* 

IN. 

L  B      0.9927148 

+  0.0050890  r-*  (  sin'  g> ) 

+  0.0000979  r-*  COS*  g>  CM  (ao/  +  19°  4') 
—  0.0001355  f^r  sin'  ^  —  I  sin  ^  ) 

+  0.0005421  r-*(Bin*^  — -)coB^oos(6/  +  »i7°  51') 

+  0.0003640  >~'sin  tp  coeF  g> CM  {ju/  +  4°  49') 
•4-  0.0001 348  r~*  COB*  ^  oofl  (30/  +  I  io<3  34') 

+  0.0001489  r-*  (  sin*  <p  —  -  sin'  <p  +  —  j 

+  0.0007386  r-* r  sin'  9>  —  ^  sin  ^  ) ooe  tp  cos  {0/  +  3°  t') 

+  0.0003175  r^(  siu'^i  —  -  J  cxm*  <p COB  {3€af  +  363°  17') 

-(-  0.00031 36  r~*  sin  9>  oo«'  ^ 00a  (30/  +  i48<>  ao') 

+  0.0000584  r-*co8*  ^  cos  (40/  +  348°  19'). 

The  relative  importance  of  the  several  terms  of  this  formula  is  exhibited  in  the 
following  table,  which  gives  half  the  range  of  value  of  each  variable  term: 

2*  term  0.0035445,  8"  t«rm  0.0000137, 

3^  term  0.0000979,  91^  term  0.0001114, 

4**  term  0.0000541,  lo**  term  0.0000400, 

5*^  term  0.0001493,  11*^  term  0.0001015, 

6*^  term  0.0001016,  13*^  term  0.0000584. 
7''  term  0.0001348, 

The  observed  values,  given  above,  are  represented  by  this  formula  with  residuals 
which  have  been  giv(>n  with  the  observations  themselves. 

*  All  thcM  fonDulac  have  been  cooccted  for  the  orcnigbl  mentioned  in  »  petecdinc  note.    The  mcaa  eMBpNMiam,  derived 
boMdMBifortbe  Northcn  aad  Sovtben  Hfltphiwi,  u*,  iwpectJTtly.  ^g        md       ^^. 


CHAPTER    VI, 

NUMERICAL  EXPKESSIONS  FOR  THE  PERTURBATIONS  OF  THE  CO-ORDINATES 
OF  THE  MOON  PRODUCED  BY  THE  FIGURE  OF  THE  EARTH. 

The  value  of  the  principal  factor,  which  has  been  obtained  in  the  preceding  cliap- 
ter,  being  substituted  in  the  expressions  for  ^j,  /?2.  and  ^a,  given  in  Chapter  I,  and  the 
mean  obliquity  of  the  ecliptic  at  the  epoch  1850.0  being  taken  as 


we  get,  in  seconds  of  arc, 
-5  =  o".o76o373S, 


£  =  230  27'  3i".84, 


Y%  =  o".o728s4os, 


^  =  o".ois8o782. 


And  the  longitude  of  the  solar  perigee  at  the  epoch  1850.0  is  (Hansen  et  Olufsek, 
Tables  du  Soleil,  p.  i), 

^.  4.  A'  +  </'  =  280O  21'  41". 

The  remaining  quantities  which  we  need  for  the  reduction  of  the  coefficients  to  num- 
bers will  be  taken  from  Delaunay  {Throrie  du  Mouvement  de  la  Lune,  Tom.  II,  po, 
801-803).     They  are 

e  =  0.0548993, 

&  =  0.01677 106, 

a'  =  0.00255878, 

«  =  t7325S94"- 

When  these  values  are  substituted  in  the  expressions  of  Chapter  IV,  we  obtain: 


m  = 

0.07480133, 

y  = 

0.04488663, 

a  = 

60.31854, 

M 

0.000002908, 

The  Value  of  dV. 

I 
3 

3 

4 

S 
6 

// 

—  0.0006  sin  V 

—  0.0002  sin  2? 
-f-  0.0008  sin  2F 
+  0.0041  sin  (2F  - 

—  0.0015  sin  {'i*"  " 

—  0.0009  B''^  ^D 

-0 

-2l) 

7 
8 

9 

10 

II 

13 

+  0.0210  sin  (2D  —  I) 

+  0.0004  sin  (2D  —  l  —  V) 

—  0.0005  S'^^  (2D  —  J  +  V) 
+  0.0001  sin  (2D  —  I  +  2I') 

—  0.0009  ^i"  (2D  —  2/) 
+  0.0005  ^'"  (2D  —  2F) 
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Tk«  Value  qf  d V'— Coutioaed. 


«3 
14 

•5 

16 

•7 
18 

'9 

so 

SI 

sa 

*J 
«4 

»S 

26 

'7 
38 

39 
30 
3« 
31 
33 
34 
35 
36 
37 
38 
39 
40 
41 
4a 
43 
44 
45 
46 
47 
48 
49 
SO 
5> 
S» 
53 
54 
55 
S6 
57 
58 
59 
60 

6t 


+  0.0014  sin  (>D  —  aF  +  t) 

—  0.0004  sin  D 

+  0.0001  sin  (D  +  ^) 

—  0.0001  sin  (D  +  {  +  I') 

—  0.000J  sin  (D  —  /') 

+  0.0004  sin  (D  —  i  +  (') 
+  0.3908  sin  (;  +  F) 
4-  0.0003  Hin  (C  +  P  -  I') 
0.0000  sin  (C  +  F  —  'I') 

—  0.0006  sin  (C  +  F  +  {') 
0.0000  sin  (;  +  F+  it') 

+  0.04J0  sin  (C  +  F  +  /) 
+  0.000a  sin  (C  +  F  +  /  —  I') 

—  o.oooj  sin  (;  +  F  +  Z  +  V) 
+  0.0039  »ln  (C  +  F  +  a/) 

+  0.0003  sin  (C  +  F  +  3/) 

+  0.0551  sin  C  +  F-/) 
0.0000  sin  C  +  F  —  I  -  /') 
0.0000  sin  (C  +  F  —  /  -{- 1') 

—  0.003s  sin  (C  +  F  —  a() 

—  0.0003  «n  (w  +  F  —  3/) 

—  0.0008  sin  (C  +  3F) 

—  0.000a  sin  (C  +  3F  f  /) 

—  0.0003  "in  (C  +  3F  —  0 
+  7.6708  sin  (C  -  F) 

+  0.0033  sin  C  -  F  -  I') 
0.0000  sin  (»  —  F  —  a/') 

—  0.0039  «in  (C  —  F  +  /') 
0.0000  sin  (C  —  F  +  a/') 

+  o.5i99Bin(C-F  +  /) 

+  0.0018  sin  (C  -  F  +  /  —  J') 

—  0.0018  sin  j;  —  F  +  i  +  I') 
+  0.0343  sin  (C  —  F  +  2I) 

+  o.ooaa  sin  (^  —  F  +  3/) 
+  o.si93Bin(;-F-l) 

—  0.0010  siu  (C  —  F  —  J  —  J') 
+  0.0010  sin  (Z  —  V  —  I  +  I') 
+  0.0331  «in  (C  —  F  —  aO 

+  0.0020  sin  (C  —  F  —  3!) 
+  0.0160  sin  {Z  —  3F) 

—  0.001 1  sin  (C  —  3F  +  0 

—  o.ooa6  sin  (C  —  3F  —  /) 
+  o.oo49  8in(C+aD+F) 

+  0.000a  sin  (;:  +  aD  4-  F  —  V) 
0.0000  sin  (C  +  aD  +  F  +  {') 
+  0.0006  sin  (C  +  aD  +  F  +  {) 
+  0.0087  sin  C  +  aD  +  F  -  t) 
+  0.000a  sin  (;  +  aD  +  F  —  { —  T) 

—  0.0001  sin  (;  +  jD  +  F  -  I  +  I') 


6a 
«3 
«4 

«S 
66 

67 
68 

«9 
70 
7« 
7» 
73 
74 
75 
76 
77 
78 

79 
80 
81 
8a 

83 
84 

85 
86 

87 
88 

«9 

90 
9« 
9» 

93 
94 
95 
96 
97 
98 

99 

100 

lOI 

joa 
J03 
J04 
105 
106 
107 
108 
109 
110 


•(-  o.ooto  sin  (C  +  aD  +  F  —  al) 
+  0.0961  sin  (C  +  aD  -  F) 
+  0.0040  sin  C  +  al)  -  F  -  {') 
©.oooosiu  C  +  aD  -  F  -  a/') 

—  0.0008  sin  (C  +  aD  -  F  +  If) 
0.0000  sill  (;  +  aD  -  F  +  tl') 

+  0.0089  sin  f  C  +  aD  —  V  +  I) 
0.0000  sin  (C  +  aD  -  F  +  {  -  I') 
0.0000  sin  (C  +  aD  -  F  +  /  +  /') 
+  0.0001  sill  ( ;  +  aD  —  F  +  a/) 
+  0.0713  sin  (C  +  aD  —  F  -  0 
+  0.0023  «"  (w  +  jD  -  F  -  /  —  I') 

—  0.0010  sin  (C+  aD-  F  — /  +  /') 

—  0.000a  sin  (C  +  aD  —  F  —  a/) 
0.0000  sin  (C  +  aD  —  3F) 

+  o.osao  sin  (C  —  aD  +  F) 

—  0.0014  sin  (C  —  aD  +  F  -  /') 
0.0000  sin  (C  —  aD  +  F  —  a/') 

+  o.ooaa  sin  (J  —  aD  +  F  +  /') 
+  0.0001  sin  (C  -  aD  +  F  +  a/') 
+  0.0008  sin  (;  -  2D  +  F  +  /) 

0.0000  sin  (;  -  aD  +  F  +  J  -  V) 
+  0.0001  sin  (C  -  aD  +  F  -f  /  +  I') 

—  0.000a  sin  (C  —  aD  +  F  +  a/) 

—  0.0093  sin  {Z  —  7D  +  F  —  I) 

+  0.000a  sin  (C  —  aD  +  F  —  /  —  I') 

—  0.0005  sin  (;  -  aD  +  F  -  J  +  t') 

—  0.0008  sin  (C  —  aD  4-  F  —  aO 

—  0.000a  sin  {v  —  2D  +  3K) 
+  0.064a  sin  (C  —  aD  —  F) 

—  0.000a  sin  (J  —  aD  —  F  —  /') 
0.0000  sin  (C  —  aD  —  F  —  a/') 

+  0.0027  »'»  (C  —  aD  —  F  +  /') 

0.0000  sin  (J  —  2D  —  F  +  a/') 
+  0.0584  sin  (C  -  aD  -  F  +  /) 

—  0.0008  sin  (C  —  aD  —  F  +  I  —  V) 
+  0.0019  «in  (;  -  aD  -  F  +  /  +  /') 

—  0.0003  •'«»  (C  —  aD  —  P  4-  a/) 
4-  0.0058  sin  (C  —  aD  —  F  -  /) 

0.0000  sin  (^  —  aD  —  F  —  J  —  I') 
o  0000  sin  (C  -  aD  —  F  -  /  4.  /') 

—  o.ooot  sin  (C  —  aD  —  F  —  a/) 
0.0000  sin  (C  —  aD  —  3F) 

4-  0.0001  sin  (C  4-  4D  —  F) 

4.  0.000a  sin  (C  4-  4D  —  F  —  /) 

0.0000  sin  (^  —  4D  4-  F) 

o  0000  sin  (C  —  4D  4-  F  —  I') 

0.0000  sin  (^  —  4D  4-  F  4- 1') 

4-  0.0004  Bin  (;  -  4D  4-  F  +  0 
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The  Valve  of  dV— Continued. 

Ill 

0.0000  sin  (C  —  4D  +  F  —  i) 

»39 

// 

0.0000  sin  (2C  —  2F  +  V) 

112 

—  0.000 1  sin  (C  —  4D  —  F) 

140 

—  0.0025  sin  (2C  —  2F  +  I) 

«i3 

—  0.0002  sin  (C  —  4D  —  F  +  /) 

141 

—  0.0002  sin  (2C  —  2F  +  2I) 

114 

—  0.000 1  sin  (C  +  D  +  F) 

142 

—  0.0025  sin  (2C  —  2F  —  /) 

"5 

0.0000  sin  (C  +  D  +  F  4-  I') 

U3 

—  O.OOOI  sin  (2C  —  2F  —  2/) 

116 

0.0000  sin  (C  +  D  +  F  -  Z  +  Z') 

144 

+  0.0001  sin  (2C  —  4F) 

117 

-  0.002 1  sin{C  +  D  —  F) 

«45 

—  0.0002  sin  {2Q  +  2D) 

118 

+  0.0007  sin  (C  +  D  -  F  +  V) 

146 

—  0.0001  sin  (2C  +  2!)  —  I) 

119 

0.0000  sin  (C  +  D  +  F  +  i  +  I') 

147 

—  0.0004  sin  (2C  +  2D  —  2F) 

120 

—  o.oooi  sin  (C  +  D  -  F  —  J  +  i') 

148 

0.0000  sin  (2C  +  2D  —  2F  —  /') 

131 

0.0000  sin  (Z  +  'D  —  F  —  2I  +  I') 

149 

0.0000  sin  (2Z  +  2D  —  2F  +  I') 

122 

—  0.0007  sin  (C  —  D  +  F) 

15° 

0.0000  sin  (2C  4-  2D  —  2F  +  I) 

123 

0.0000  siu  (C  —  D  +  F  —  /') 

»Si 

—  0.0003  sin  (2C  +  2D  —  2F  —  /) 

124 

—  0.0006  sin  (C  —  D  —  F) 

»S2 

—  0.0005  siu  (2C  —  2D) 

«2S 

+  0.0003  sin  (C  -  D  -  F  -  I') 

*53 

0.0000  sin  {2Z  —  2D  —  I') 

126 

0.0000  sin  (C  -  D  -  F  +  I') 

»54 

0.0000  sin  (2C  —  2D  +  I') 

127 

—  0.0002  sin  (C  —  3D  +  F) 

155 

0.0000  sin  (2C  —  2D  +  /) 

128 

—  0.0025  sill  2C 

156 

+  0.0002  sin  (2C  —  2D  —I) 

129 

0.0000  sin  (2C  —  I') 

»S7 

0.0000  sin  (2C  —  2D  +  2F) 

130 

0.0000  sin  (2C  +  I') 

»S8 

—  0.0002  sin  (2C  —  2D  —  2F) 

131 

—  0.0005  sin  (2C  +  I) 

159 

0.0000  sin  (2C  —  2D  —  2F  —  /') 

132 

0.0000  sin  (2C  +  2/) 

160 

0.0000  sin  (2C  —  2D  —  2F  +  /') 

133 

+  0.0007  sin  (zC  —  0 

161 

—  0.0002  sin  (2C  —  2D  —  2F  +  l\ 

134 

+  0.0002  sin  (2C  —  2I) 

162 

0.0000  sin  {2Z  —  2D  —  2F  —  /) 

'35 

0.0000  sin  (2C  +  2F) 

163 

0.0000  sin  (2C  —  4D) 

136 

0.0000  sin  {2C  +  2F  —  2l) 

164 

+  0.0002  sin  (2Z  —  4D  +  I) 

137 

—  0.0395  sin  (2C  —  2F) 

.65 

+  0.0002  sin  (2C  —  D  —  I') 

138 

0.0000  siu  (2C  —  2F  —  V) 

1 

The  Valt 

e  of  6\ 

J. 

I 

+  0.0005  sin  (F  +  I) 

»7 

// 
-  0.0035  sin  (C  —  I') 

2 

—  0.0005  sin  (F  —  I) 

18 

—  O.OOOI  sin(C  —  2I') 

3 

+  0.0013  sin  (F  —  2I) 

*9 

0.0000  sin  (C  —  3^') 

4 

+  0.0002  sin  (F  —  3/) 

20 

+  0.0029  sin  (C  +  I') 

5 

+  0.0004  sin  {3F  —  /) 

21 

+  O.OOOI  sin  (C  +  2I') 

6 

+  0.0007  sin  (2D  +  F  —  Z) 

22 

0.0000  sin  {Z  +  3I') 

7 

—  0.0001  sin  (2D  +  F  —  2i) 

23 

-  0-4533  sin  (C  +  0 

8 

—  0.0025  sin  (2D  —  F) 

24 

—  0.0027  sin  (C  +  '  —  I') 

9 

—  0.0001  siu  (2D  —  F  —  V) 

25 

0.0000  sin  {Z  +  I  —  2I') 

10 

+  0.0001  siu  (2D  —  F  +  ?') 

26 

+  0.0024  sin  (Z  +  1  +  I') 

II 

0.0000  sin  (2D  —  F  +  2I') 

27 

0.0000  sin  (Z  +  I  +  2I') 

12 

—  0.0001  sin  (2D  —  F  +  /) 

28 

—  0.0196  sin  (C+  2/) 

«3 

+  0.0008  sin  (2D  —  F  —  0 

29 

—  0.0002  sin  (C  +  «'  —  I') 

14 

—  0.0001  sin  (D  +  F  +  V) 

30 

+  0.0002  sin  (C  +  2/  +  I') 

'S 

—  0.0001  sin  (D  -  F  +  V) 

3> 

—  0.0020  sin  (C  +  3<) 

16 

—  8.7256  sin  C 

32 

—  0.0001  sin  (C  +  4') 
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The  Value  0/  dU— CkmtioiMd. 

35 

+  0.4930  •inC-l) 

83 

It 
4  0.3228  sin  {Z  —  2D) 

54 

—  O.0020  sin  (C  —  <  —  '') 

84 

-0.0062  sine-  »I>-  n 

35 

0.0000  sin  (C  —  '  —  it') 

85 

—  0.0001  sin  {Z  —  2I)  —  2/') 

36 

+  0.OO20SiD(r-/+  '') 

86 

0.0000  sin  (C  —  2D  —  3/') 

37 

0.0000  siu  (C  -  f  +  ><') 

87 

4  0.0148 sine-  »!>  +  '') 

3« 

+  0.0193  •in(C  —  2/) 

88 

4  0.0005  "in  (C  -  2D  4  2I') 

39 

—  0.0001  sin  (^  —  2<  —  {') 

89 

4  0.0782  sin  (C  —  2D  4  () 

40 

■I-  0.0001  Bin  {Z  —  2I  +  I') 

90 

—  0.0010  sin  (7  —  2D  4  f  —  /') 

41 

+  0.0009  MnC- 3/) 

9' 

0.0000  sin  (C  —  2D  4  /  —  2/') 

43 

4  0.0001  sin  (Z  —  4') 

9» 

4  0.0031  sin  (C  -  2D  4  1  4  I') 

43 

+  0.0092  sin  {Z  +  iF) 

93 

4  0.0001  sin  (C  -  2I)  4  t  4  2I') 

44 

0.0000  sin  (;  +  iV  -I') 

94 

4  0.0066  sin  (C  —  2I)  4  2/) 

45 

0.0000  sin  (;  +  aF  +  I') 

95 

—  0.0001  sin  (C  -  aD  4  2/  -  /') 

46 

+  0.0014  sin  (C  +  «F  +  /) 

96 

4  0.0002  sin  C  -  2D  4  2/  4  V) 

47 

+  0.0002  sin  C  +  2F  +  2/) 

97 

4  0.0004  "in  (;  -  aD  4  3/) 

48 

+  0.0046  sin  C  +  2F  —  I) 

98 

4  0.0175  "in  (Z  —  al)  —  /) 

49 

—  0.0004  sin  (C  +  2F  -  >0 

99 

—  0.0003  sin  (Z  —  2D  —  I  —  I') 

SO 

o.ooooBin(C  +  4F) 

100 

0.0000  sin  (7  —  aD  —  /  —  2/') 

5« 

+  0.3523  siuC-  2F) 

lOI 

4  0.0007  sin  {Z  —  2D  —  1+  /') 

5* 

-  0.0001  sin  (Z  -  2F  -  /') 

102 

0.0000  sin  (;  -  2D  -  i  4  2/') 

S3 

+  0.0001  sin  (C  —  aF  +  I') 

103 

4  0  0010  sin  {Z  —  2D  —  2I) 

54 

+  0.001 1  8in(C—  jF  +  0 

104 

0.0000  sin  (C  —  2D  —  2I  —  /') 

55 

+  0.0008  sin  (C  -  2F  +  2O 

105 

0.0000  sin  (Z  —  aD  —  2/  4  /') 

56 

+  0.0411  sin  (C-  2F-I) 

106 

4  0.0001  sin  (J  —  2D  —  3/) 

57 

+  0,003s  **"  (»  —  jF  -  2O 

107 

4  0.0032  sin  {Z  —  aD  4  2F) 

58 

—  0.0003  sin  (C  —  4F) 

108 

—  0.0001  siu  (Z  —  al)  4  aF  —  /') 

59 

—  0.0515  sin  (C  +  »!*) 

109 

4  0.0001  sin  (;  -  aD  4  aF  4  /')               ] 

60 

-  0.0033  sin  (C  +  2D  -  V) 

no 

4  0.0006  sin  C  -  aD  4  aF  4  /)                : 

61 

—  0.0001  sin  (C  +  2D  —  2/') 

III 

—  0.0006  sin  {Z  —  aD  4  aF  —  I)               1 

62 

+  0.0006  sin  (C  +  2D  +  1') 

113 

4  0.0035  sin  (7  —  aD  —  aF) 

63 

—  0.0067  "in  (C  -t-  2D  +  I) 

»>3 

0.0000  sin  (;  -  aD  -  aF  -  /') 

64 

-  0.0003  sin  (;  +  »D  +  '  -  *') 

"4 

0.0000  sin  (;  -  aD  4  aF  4  /') 

65 

0.0000  sin  (;+  2D  + t  +  I') 

"5 

—  0.0048  siu  (;  —  aD  —  aF  4  0 

66 

-  0.0005  sin  C  +  2D  +  2I) 

116 

0.0000  sin  (;  —  aD  —  aF  —  I) 

67 

—  0.0898  sin  (C  +  2D  -  /) 

"7 

—  0.0002  sin  (Z  4  4D) 

68 

—  0.0039  "in  (C  +  *D  —  I  -  I') 

118 

—  0.0007  sin  (C  4  4D  —  0 

69 

—  0.0001  sin  (C  +  2D  -  I  -  2/') 

119 

—  0.0006  8in  (J  4  4D  —  2/) 

70 

+  0.0013  "in  (C  +  aD  -  /  +  I') 

lao 

0.0000  sin  {Z  4  4D  —  2F) 

7« 

0.0000  sin  (C  +  2D  -  /  -»-  2/') 

lai 

4  0.0015  sin  (C  —  4I*) 

7» 

+  0.0006  sin  C  4-  2D  —  2I) 

laa 

0.0000  sin  {Z  —  4l>  —  '') 

73 

0.0000  sin  (C  +  »D  -  2/  —  V) 

"3 

4  0.0001  siu  (C  —  4D  4  /') 

74 

0.0000  sin  (7  +  2D  —  2I  +  J') 

184 

4  o.ooa8sin(;-4D4  0 

75 

—  o.oooi  sin  (C  +  2D  —  3O 

"5 

-  0.0001  sin  C  _  4D  4  '  -  '') 

76 

+  0.0001  sin  C  +  2D  +  2F) 

136 

+  0.0001  sin  (;  -  4D  4  '  4  I') 

77 

+  0.0002  sin  C  4-  2D  4  2F  —  0 

•a? 

4  0.000a  sin  ( J  —  4D  4  a/) 

78 

4  0.0102  sin  (;;  4  2D  —  aF) 

138 

4-  0.0001  sin  (C  —  4l>  —  0 

79 

4  0.0003  "in  (;  4  2D  -  2F  -  V\ 

139 

+  0.0004  sin  (C  —  4D  4  aF) 

80 

—  0.0001  sin  (C  4  2D  —  2F  4  f) 

130 

4  0.0023  sin  (;  4  D) 

81 

4  o.ooi  1  sin  (C  +  >D  —  aF  4  I) 

•3« 

0.0000  sin  (C  4  D-l') 

83 

0.0000  sin  (;  4  aD  -  aF  -  0 

13a 

—  0,0004  slo  (w  +  D  4  '') 

320 
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The  Value  of  tfCT— Continued. 

»33 

+  0.0002  sin  {Z  +  D  +  I) 

172 

—  0.0016  sin  (2C  —  3F) 

134 

—  0.0001  sin  (C  +  D  +  J  +  I') 

'73 

0.0000  sin  (2C  —  3F  +  i) 

>3S 

—  0.000 1  sin  (C  +  D  —  i) 

'74 

—  0.0002  sin  (2C  —  3F  —  /) 

'36 

+  0.0001  sin  (C  +  D  -  I  +  I') 

'75 

+  0.0005  sin  (2C  +  2D  —  F) 

«37 

0.0000  sin  (C  4-  D  —  2^  +  I') 

176 

0.0000  sin  (2C  +  2D  —  F  —  V) 

'38 

0.0000  sin  (C  +  D  —  2F  +  I') 

177 

0.0000  mn  (2C  +  2D  —  F  +  V) 

139 

0.0000  sin  (C  +  D  —  2F  -  J  +  i') 

178 

0.0000  sin  (2C  +  2D  —  F  +  J) 

140 

—  0.0020  sin  (C  —  D) 

'79 

+  0.0009  sin  (2C  +  2D  —  F  —  J) 

141 

+  0.0004  sin  (C  —  D  —  I') 

180 

0.0000  sin  (2C  +  2D  —  F  —  i  —  V) 

142 

0.0000  sin  (C  —  D  +  V) 

181 

0.0000  sin  (2C  +  2D  —  F  —  J  +  V) 

'43 

—  0.000 1  sin  (C  —  D  +  i) 

182 

0.0000  sin  (2 C  +  2D  —  3F) 

•44 

0.0000  sin  (C  —  D  +  J  —  I') 

'83 

—  0.0001  sin  (2C  —  2D  +  F) 

«4S 

—  0.0003  sin  {Z  —  D  —  I) 

184 

0.0000  sin  (2C  —  2D  +  F  —  i') 

146 

0.0000  sin  (C  —  D  —  i  —  I') 

185 

0.0000  sin  (2C  —  2D  +  F  +  V) 

'47 

0.0000  sin  (C  —  D  —  Z  +  V) 

186 

0.0000  sin  (2C  —  2D  +  F  +  /) 

148 

0.0000  sin  (C  4-  3D) 

,87 

0.0000  sin  (2C  —  2D  +  F  —  i) 

149 

—  0.000 1  sin  (C  —  3D) 

188 

0.0000  sin  {2C  —  2D  +  F  —  2l) 

«So 

0.0000  sin  (C  —  3D  —  I') 

189 

—  0.0032  sin  (2C  —  2D  —  F) 

«S' 

—  0.0001  sin  (C  —  3D  +  I) 

190 

0.0000  sin  (2C  —  2D  —  F  —  i') 

'52 

0.0000  sin  (2C  +  F) 

191 

0.0000  sin  (2C  —  2D  —  F  —  2I') 

'53 

0.0000  sin  {2C  +-  F  +  I) 

192 

—  0.0001  sin  (2C  —  2D  —  F  +  V) 

'54 

—  0.000 1  sin  (2C  +  F  —  I) 

'93 

0.0000  sin  (2C  —  2D  —  F  4-  2l') 

'55 

0.0000  sin  (2C  +  F  —  2I) 

'94 

—  0.0007  sin  (2C  —  2D  —  F  +  ?) 

'56 

0.0000  sin  (2C  +  F  —  3I) 

'95 

0.0000  sin  (2Z  —  2D  —  F  +  I  —  I') 

'57 

J-  0.0873  sin  (2C  —  F) 

196 

0.0000  sin  (2C  —  2D  —  F  +  i  +  I') 

'S8 

0.0000  sin  (2C  —  F  —  I') 

'97 

0.0000  sin  (2Z  —  2D  —  F  +  2/) 

'59 

0.0000  sin  {2C  —  F  —  2/') 

198 

—  o.oooi  sin  (2C  —  2D  —  F  —  I) 

160 

0.0000  sin  (2C  —  F  +  I') 

'99 

0.0000  sin  (2C  —  2D  —  F  —  J  —  I') 

161 

0.0000  sin  (2C  —  F  +  2I') 

200 

0.0000  sin  (2Z  —  2!)  —  F  —  1  +  I') 

162 

+  0.0046  sin  (2C  —  F  +  I) 

201 

0.0000  sin  (2C  —  2D  —  F  —  2I) 

'63 

0.0000  sin  (2C  —  F  +  J  —  I') 

202 

0.0000  sin  (2Z  —  2D  —  3F) 

164 

0.0000  sin  (2Z  —  F  +  1+  V) 

203 

0.0000  sin  (2C  —  4D  +  F) 

'65 

+  0.0003  sin  (2C  —  F  +  2I) 

204 

0.0000  sin  (2C  —  4D  —  F) 

166 

0.0000  sin  (2C  —  F  +  3I) 

20s 

0.0000  sin  (2C  —  4D  —  F  +  I) 

167 

—  0.0048  sin  (2C  —  F  —  I) 

206 

0.0000  sin  (2C  +  D  —  F) 

168 

0.0000  sin  {2Z  —  F  —  I  —  I') 

207 

0.0000  sin  (2C  +  D  -  F  +  J') 

169 

0.0000  sin  (2Z  —  F  —  I  +  V) 

208 

0.0000  sin  (2C  —  D  —  F) 

170 

—  0.0002  sin  (2C  —  F  —  2l) 

209 

0.0000  sin  (2C  —  D  —  F  —  i') 

'7» 

0.0000  sin  (2C  —  F  —  3O 

— 

The  Valu 

e  of  6 

I 

I 

—  0.0004 

4 

—  0.0035  cos  (C  —  F  —  J) 

2 

-1-  0.0012  cos  (C  +  F  —  /) 

S 

0.0000  cos  2Z 

3 

+  0.003s  cos  (C  -  F  +  0 

The  motions  of  the  perigee  and  node  are,  the  unit  of  time  being  the  Julian  year, 
d(g  +  h) 


— a/-^=  +  6".772S, 


dh 

^=-6".4'28. 
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ON  CERTAIN  LUNAR  INHQUALITIES  DIT:  TO  THE  ACTION  OF  JUPITER. 
AND  DISCOVERED  BY  MR.  E.  NEISON. 


About  ten  years  ago  ProfeMor  Newc'imb,  in  diMCUssing  the  correctiotiB  which  the 
obsenr'ntions  of  the  moon  indicated  to  the  Nautical  Almanac  values  of  the  longitude, 
was  led  to  advocate  the  existence  of  a  new  inequality,  with  a  coefficient  of  1".5  in  the 
longitude,  and  having  a  period  of  about  seventeen  years  as  regards  its  effect  on  the 
eccentricity  and  longitude  of  the  perigee. 

A  short  time  after  the  publication  of  this,  Mr.  E.  Nf.ikon  was  so  fortunate  as  to 
find  in  the  action  of  Jupiter  the  explanation  of  this  inequality.  In  two  short  notes 
communicated  to  the  Royal  A«tronomical  Society,*  the  latter  being  written  mainly  for 
the  purpose  of  correcting  the  former,  Mr.  Neison  gives  the  final  numerical  results  of 
his  investigation,  with  a  statement  of  the  great  labor  and  difficulty  involved  in  their 
production,  but  without  any  detail  as  to  the  intermediate  steps. 

Using  Dei^unay'h  notation  for  arguments,  Mr.  Keisok's  expression  for  the  ine- 
qualities in  longitude  is 

6V  =  -  i".i63  sin  (  jA  +  jy  +  J  -  a*"  -  ag"-  *l")  +  a".aoo  sin  (ah  +ag-  »*"--  ag"—  »<") 

It  will  be  noticed  that  in  the  latter  term  of  this,  Mr.  Keison  has  the  associated 
long  period  inequality  in  the  mean  longitude,  which  it  would  not  have  been  posHible 
for  Professor  Newcomb  to  have  elicited  from  his  discussion  on  account  of  the  near 
approach  of  its  period  to  that  of  a  revolution  of  the  moon's  node. 

Although  eight  years  have  elapsed  since  the  publication  of  these  two  notes,  their 
author  has  not  yet  given  us  the  analysis  which  led  him  to  these  inequalities.  And,  so 
far  as  I  know,  no  one  else  has  published  anything  in  relation  to  the  matter.  Still 
these  terms  are  interesting  as  being  the  only  sensible  ones  which  have  been  thus  far 
detected  from  the  action  of  Jupiter.  Moreover,  the  coefficient  of  the  second  of  the 
inequalities  mentioned  above  is,  by  theory',  a  quantity  one  order  higher  than  that  of 
the  first ;  the  first  having  the  simple  power  of  the  eccentricitj'  as  factor,  while  the 
second  has  the  square.  Hence  we  should  naturally  expect  to  find  the  latter  coefficient 
the  smaller.  Thus  there  arises  in  one's  mind  the  suspicion  that  Mr.  Neuon's  value  is 
too  large. 

In  the  discussion  which  follows  I  propose  to  determine  the  coefficients  of  these 
inequalities  to  such  a  degree  of  exactitude  that  the  highest  order  of  terms  taken  into 
account  shall  exceed  by  two  orders  the  lowest  order  appearing  in  the  coefficients. 
Thus,  in  general,  three  orders  of  terms  will  be  present  in  the  coefficients.  To  this 
extent  it  is  found  that  about  ten  days'  work  suffice  for  the  elaboration.     The  method 

•Moothlr  Noticta.  VoL  XXX VII,  p|>.  X4S.  JS< 
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used  is  that  of  Delaunay,  which  in  this  class  of  inequalities  appears  to  me  to  be  far 
superior  to  any  other  that  has  been  imagined 

We  have  here  to  consider  both  the  direct  and  indirect  action  of  the  planet,  but 
the  latter  is  of  quite  inferior  importance.     Hence  we  attend  to  the  direct  action  first 


1. — Terms  of  the  Pekturbative  Function  Arising  from  the  Direct  Action 

OF  Jupiter. 

In  determining  the  lunar  perturbations  which  arise  from  the  direct  action  of  a 
planet  it  generally  suflSces  to  reduce  R  to  the  following  expression  :* 

{x"  +  x'){y"  +  y')  xy  {w"  +  x')z"  xz  {y"  +  y')z"  yz  J 

Here  the  geocentric  co-ordinates  of  the  moon  are  denoted  by  symbols  without 
accents,  those  of  the  sun  by  symbols  with  one  accent,  and  the  heliocentric  co-ordinates 
of  Jupiter  by  two  accents.  The  two  last  terms  of  this  expression,  having  ^  as  a  factor, 
when  developed  in  periodic  series,  give  rise  to  terms  having  an  odd  multiple  of  /*  in 
their  arguments ;  consequently  we  do  not  need  to  consider  them.  Also  in  the  first 
term  the  portions  having  /'^  or  ^  as  a  factor,  have,  in  the  terms  we  need  to  consider, 

besides  the  factors  y"^  or  y*,  some  power  of  —  as  a  factor,  and,  in  consequence,  are  of 

higher  orders  than  we  propose  to  retain.     Thus  we  may  write 

Attending  first  to  the  development  of  this  when  elliptic  values  are  attributed  to 
the  moon's  co-ordinates,  it  will  be  sufficient  in  the  first  term  to  put 

-i=i-t--e*— (26 )  cos  I e*  cos  2l  —  ~e^  cos  xl 

and 

-^  =  oc'lA'^  cos  (2A'  +  2g'  +  2I'  -  2h"  -  2g"  -  2I") 

In  the  remaining  terms  of  R  we  substitute,  the  notation  being  that  of  Delaunay, 

x*  =  r'co8(v'  -I-  h') 

y'  =  r'  sin  {v'  -J-  h') 

a:"  =  (i  -  ;/"*)  r"  cos  (v"  +  A")  +  y"*  r"  cos  (v"  -  h") 
y"  =  (i  -  y"*)  r"  sin  {r"  +  h")  -  y"^  r"  sin  {v"  -  h") 
A»  =  {X"  +  X')*  +  {y"  +  y')*  +  z"^  =  r"»  -f-  ar'VS  -|-  r'» 

8  =  (i  -  y"*)  008  {v"  +  h"  -  y'  -  h')  +  y"^  COS  (v"  -  h"  +  v'  Jr  h,') 

But  the  second  terms  of  a/',  y",  and  S  have  no  influence  on  the  terms  we  seek,  hence 
it  is  allowable  to  put 

*See  American  Journal  of  Mathematics,  Vol.  VI,  p.  115. 
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•"»  -  jr"»  »  (I  -  y"*)*  r"»cOB  J  (»^  +  *") 
tj^y  »  (I  -  y"*f  r"»  sin  1  (k"  +  *") 
•"•'  -  /y  «  (•  -  r"*)  »^V  COB  (r^'  +  A"  +  K*  +  *'; 
x'y  +  y"**  =  (I  -  j^**) r'V Bin  ( W  +  A"  +  v*  +  V) 

^'  «  r"«  +  a  (i  -  ^'»)  r'V  om  (k"  +  A"  _  k*  -  A')  +  r« 

In  like  manner  it  will  suffice  for  our  purpose  to  put 

**j^*'  «  (I  -  >^)»  5 .  H<"  OOB  (aA  +  ap  +  «) 

a^  =  f  I  -  >^)»  i  .  H'"  Bin  (aA  +  ay  +  'O 

wliore  the  summation  must  be  extended  to  all  integral  values  of  i,  both  positive  and 
negative,  and  where 

H'"  =  5[(eoB«J-i«»)jL—»-*cai»f.   J';-"  +  ««n»f  JL'*"- (»in«  ^- i«')jr"] 

J  denoting  the  Besselian  function  in  Hansen's  notation  and  sin  <pzze. 
By  substituting  the  preceding  values  the  two  last  terms  of  R  become 

\^mf  ^(i  -  Y*?  {^-^^^i^^f"*  ^  ■  H'"008(aA  +  ay  +  «-a.^'-aA") 

+  »  *    ^'^^  ^^'^  ^  •  H'^OOB  (aA  +  ap  +  «  -  »^'  -  A"  -  »^  -  A') 
+  ^^i  .  H<"ooB(aA+ ay  +  il- a^  -  aA')  I 
If  we  suppose  that 

^-.  _  I  B'»>  +  B'"  008  (»^' +  »"  -  »^  -  *')  +  B'"  008  a  (v"  +  A"  -  • -A')  +     .    .    . 

and  also  put 

C"  =  (1  -  y"*f  r"*  B"'  +  a  (i  -  y"*)  r"r'  B"-''  +  r^  BW"" 

the  foregoing  expression  takes  the  form 

|«"a»(i  -  y*fS.O<f>W'>COK[7h+aff  +  a-2y"-ak"+j{r"  +  k"-  r*  -  k')\ 

where  in  the  summation  j  as  well  as  t  must  receive  all  integral  values,  negative  and 
positive. 

Let  it  be  proposed  to  develop  this  expression  in  powers  of  e"  the  eccentricity  of 
Jupiter's  orbit     As  it  is  unnecessary  to  go  beyond  e"',  we  can  put 

Jl  =  I  +  i«"»-e"  008  I"  -  i«"»oo8  aV 

r"  ^g"  +  I"  +  ae"  sin  I"  +  ^  «"»  Bin  aV 
and  preserve  only  those  terms  whose  arguments  contain  —  al".    In  this  connection  it  will 
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be  seen  that  it  is  unnecessary  to  consider  any  terms  whose  arguments  contain  any  mul- 
tiple of  v'  beyond  the  single,  since  all  of  Dklaunay's  operations  involving  the  argument 

/'  have,  at  least,  the  factor—,  and  thus  the  resulting  terms  would  be  of  higher  orders  than 

we  propose  to  consider.     Hence  it  will  suffice  to  consider  only  the  values  izzo,  jz=—i, 
and^rr  + 1-     Supposing  that  in  C'^^  we  replace  r"  by  a"  our  expression  becomes 


*"«^  (.  -  y^)*  {2.   [(I  -  4e"*)  C""  +  Qa"^+'-  a'«  ^)  e"*]  H<- 


X  cos  {2h  +  2^  -f  i/  —  2h"  —  2g"  —  2I") 
+  2.  \_-  3C<->'  -  -  a"  5^    J  e"  H'"  cos  (2h+2g  +  il  -  3ft"  -  3^?"  -  2I"  ^v' ^  h') 

+  2  .  I  C<"  -  -  a"  ^„    \  e"  H("  cos  {2h  +  2g  +  il-  h"  -  g"  -  2I"  -  v<  -  h')  } 

In  the  next  place  this  expression  must  be  developed  in  powers  of  e',  the  eccen- 
tricity of  the  earth's  orbit.     It  will  suffice  to  put 

r'  I 

— ,  =  I  -t-  -  e"  —  e'  cos  I' 

a'         ^2 

v'  =g'  +  r  +  26'  siu  I' 

and,  for  the  reason  just  stated,  preserve  only  the  terms  whose  arguments  are  free 
from  I'.  Then,  supposing  that  in  C'-**,  r",  and  r'  are  severally  replaced  by  a"  and  a', 
we  have 


Im' 


X  ni""  cos  (2h  +  2g  +  U—  2k"  —  2g"  —  2I") 

X  COS  (2A  ■Jt-2g  +  il-  ih"  —  30"  -  2I"  +  h'  +  g') 

X  COS  (2ft  +  2g  +  il  —  h"  —  g"  —  2I"  —  h'  —g')  \ 

The  eflfect  of  the  inclination  of  Jupiter's  orbit  to  the  ecliptic  on  the  value  of  C'"*  can 
be  in  great  part  taken  account  of  by  equating  the  argument  a  the  ratio  of  the  mean 
distances.     Thus,  if  we  take 

a"»  +  a"  =  a"*  +  a'* 
(i  _  y"i)  a" a'  =  a"a' 

we  shall  have 

Aj  =  a"*  +  2a"a'  cos  ^  +  a** 

a"  =  a"(i  +  y"';p^) 


LUNAIl  INEQUALITIES  DUB  TO  JUPITKR.  327 

and,  in  doterniining  the  6"*,  instead  of  the  argument  a,  we  ought  to  use  a(i  —  y"*  ^  _  ^\ 
Then  we  shall  have 

"Li  ,  f        I— ar,  ,j 

The  expression  we  have  derived  is  simplified  by  taking  the  derivatives  of  the  C 
with  respect  to  a.     Thus  we  get 

i.«^,.-^,.i^.[c...+o.r+i-^")-<-f«.+i"r+i-s'")-] 

X  H">  008  (2*  +2g  +  il  -  2h"  -  2g"  -  a/") 

+  :2.Qc'-'-i««g*""]-''"H"' 

X  COS  (2*  +  jp  +  «  -  3*"  -iff"  -  2l"  +  *'  +  /) 

X  COS  (2*  +  2y  +  ti  -  *"  -  ^'  -  2J"  _*'_/)  I 

Since  a  is  quite  small,  the  readiest  method  of  obtaining  the  values  of  the  factors  of 
the  coe£Bcient8  in  this  expression  which  depend  on  it  is  by  expansions  in  ascending 
|>owers  of  a.     From  the  series  for  the  6^''  given  in  the  books  we  find 

*?>       »il5"  rj^'5-j_i_'-3S-7..    '-J-S    S-7-9  ^ 


.  ijJjJjL?    S-79"    .  .  ~| 

+  2.4.6.8-2.4.6.    8**^+  •••J 


.  3S-7'7    S7-9'' 
■'"2.4.6.   8*2.4.6.    8 


a*  +  .  .  .] 


,   »-3-S-7    7-9"«3    .  ,  "I 

+  a. 4. 6. 8 •  4.6.   8.10 «^  +  •  •  •  J 

-5*1  "-'"U+JT^-J'^+rTTg  n'^+3.;.6.«-2.4.6«*+     -J 
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The  inclination  of  Jupiter's  orbit  being  i°  i8'  42",  we  have  log  y"*:=  6.1 173. 
Also  without  correction  log  a  =  9.28376,  after  correction  log  a  =19.28370.  Thence 
we  derive 

I        dC""  I         d*C""  I  I 

0"»  =  2.o963-,73,  ag^     =0.2038^,0*^2    =0.2446^,  C<-'>  =  - 0.9934^, 

'^SS*       = -o-"4Ss^3»C<"  =  - 0.2063-^3,  «g^     =-0.2360^3,0*3^    =-o-o9S75«3 

We  will  also  put 

d  =  0.01677,  .     «"  =  0.04826,  h"  +  g"  —  h'  —  g'  =  910  33' 

Employing  Bessel's  value  of  the  mass  of  Jupiter,  or  ^,  =  - — 5-=--,  and  expressing  the 
coefficients  in  seconds  of  arc,  our  expression  becomes 

™3  a»  (I  -  y*f  \  2  .  i".o928  H<'>  cos  (2/1  +  2g  +  il  -  2/1"  -  2g"  —  2I") 

—  o".ooio  H«"  sin  (2fc  +  2p  —  2h"  —  2g"  —  2I")  | 

The  term  of  R,  which  was  determined  first,  when  reduced  in  a  manner  similar  to 
this,  has  the  expression 

^  o".osi7  r»  cos  (2fc"  +  2g"  +  2I"  -  2/i'  -  2g'  -  zV) 

where 

t'  =  a*  \  1  +  -  e'  —  {2e  —  ~  e?)  coa  I  —  -^  cos  2I  —  -fp  cos  si  \ 

to]  III  L»]  [3] 

We  are  now  in  possession  of  a  suitable  expression  for  R  when  elliptic  values  are 
attributed  to  the  moon's  co-ordinates.  The  effect  of  the  solar  perturbations  must  now 
be  considered.  If  the  transformations  denoted  by  Delaunay  as  Operations  3,  4,  26, 
40,  and  41,  are  made  in  the  terms  of  r*,  and  only  terms  having  the  argument  2A+  2g 
—  2 A'  —  2g'  —  2/'  preserved,  we  find  that  r^  contains  the  additional  terms 

*  \-l6*^n»+    8   '^n*  -i6*^n»  +  i6'^n»+  8  '^M^  32  ^mM 

(3 3)  [4 >]         [»6 =■]        Uo x]        [41 o] 

X  COS  {ih  +  2g  —  2h'  —  2^  —  il') 

In  the  portion  of  R  whose  terms  are  factored  by  H<",  it  is  found  necessary  to 
attribute  to  »  the  values  —  i,  o,  i,  2,  and  3.  As  no  power  of  e  above  e*  need  be 
retained,  the  following  ia  a  sufficient  expression  for  H<" : 

H<'>  =  \  [(.  -  \  O  Jr"  -  (e  -  \e)  J<J->  +  \^  Jr ■>] 
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with  the  understanding  that  II  *'  m  ^0*,  or  these  quantities  may  be  taken  from 


Cayley's  table*.* 

Including  the  factor  a',  which  is  necessary  in  making  tlie  transformations,  the  6ve 
tenns.  written  at  length,  are 

(0  •*{ -^«»cos  a» +  »»-/-»*" -»p"-»J") 

(«)  +  ^  ^  cos  ( j»  +  ap  -  ah"  -  ag"  -  al") 

(3)  +[-  3«  +  V  '*]"*"(»*+»»+'  -  »*"  -  '9"  -  »•") 

(4)  +  [i  -  f  e*]  cos  (jA  +  »*  +  al  -  a*"  -  ag"  -  a/") 

(5)  +  [•  -  ^  e»]  cos  (aA  +  ap  +  3t  -  a»"  -  ig"  -  al")  } 

The  only  operations  which  produce  terms  that  we  need  retain  are  those  numbered 
2,  32,  and  38,  by  Deiaumat.  These  new  terms,  with  the  designation  of  their  origin 
in  the  manner  of  Deladnay,  are 


III 


[• •)    i» a     b* 4]     w s] 


b 


^  «»e»^  COS  (a*  +  ay  —  a*"  -  ag"  -  al") 

When  these  terms,  arising  from  solar  perturbation,  are  joined  to  the  elliptic  value, 
the  complete  value  of  R,  as  far  as  it  arises  from  the  direct  action  of  Jupiter  (no  terms 
but  those  involving  the  argument  2A  -f-  2^ —  2A"  —  2g"  —  2/"  need  now  be  retained),  i$ 

B  =  «'|rt{  [a".73»«'-5"-46;'V  +  o".i4S«'^'+8".a3««^] 
X  COS  (a»  +  jp  —  ak"  —  ag"  —  al") 
-  o".ooas  «» BID  (ak  +  ag  -  a»"  -  ag"  -  al")  | 
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II. — Terms  OF  the  Perturbative  Function  Arising  from  the  Indirect  Action 

OF  Jupiter. 

We  now  consider  the  action  of  Jupiter  in  changing  the  solar  perturbations  of  the 
moon.  If  R  now  denote  the  portion  of  the  perturbative  function  produced  by  the 
actiun  of  the  sun,  and  6r',  6Y',  and  6\]'  the  perturbations  severally  of  the  radius  vector, 
longitude,  and  latitude  of  the  sun  by  Jupiter,  it  is  evident  we  ought  to  add  to  the 
expression  of  R,  derived  without  regard  to  these  perturbations,  the  expression 

„^      <?E  „  ,      dH  „„,       dE  „„, 

But  it  is  obvious  the  last  term  of  this  expression,  when  we  restrict  ourselves  to  the 
first  power  of  Jupiter's  mass,  can  give  rise  only  to  terms  involving  an  odd  multiple  of 
h,  the  longitude  of  the  moon's  node.  Consequently  it  may  be  neglected.  As  R  only 
involves  /  through  the  factor  r'~^,  and  at  the  same  time  is  a  function  of  V  —  V,  we 
may  write 

tfE=-3E-^-gydV' 

The  parts  of  R  and  g^  we  need  can  be  very  readily  obtained  from  the  expansion  ot 

R  given  by  Delaunay;*  for  it  is  found  that  the  terms  added  to  R  by  the  solar  pertur- 
bations, and  which  ought  to  be  taken  into  account,  arise  from  the  five  combinations  in 
Delaunay's  notation  [2...116],  [2...  134],  [3  . . .  23],  [26...  16],  and  [49...  166]. 
Now,  it  is  found  that  no  portion  of  the  terms  denoted  by  the  latter  number  had  been 
removed  from  the  perturbative  function  when  the  operation  designated  by  the  first 
number  was  made  in  it.  Hence  we  can  copy  immediately  from  Delaunay  the  tenns 
we  need;  they  are  those  numbered  by  him  (125),  (126),  and  (130): 

"  -  "•  5«  (  8  *        4  ^*^      16*^*    +  32  ^  «»  +  64*^  n»      64^  n''      64^  n»  +  8  ^  ^  J 

[» ii6]  [j .34I        [3 »3l        t»6 ««]        [«•   -iWi) 

X  COS  {2h  -\-  zg  —  2h'  —  2g'  —  2I') 
+  m'l^j  ^c'e'  }  co8(2A  +  2g  -  2h'  -  2g'  -  3I') 

+  m'  ^,,  I  -  ~5  e»e'  I  cos  (2A  +  2^  —  2ft'  -  2^  -  V) 

+  »»'  ^3  {  ^  Ce'  I  cos  (2*  +  2flf  -  2h>  -2^  -  3J') 

+  TO'  ^  {  -  ^  e'e'  I  COS  (2fc  +  2^  -  2*'  -  2J/'  -  V) 

*  Tbterle  du  MoiiTement  de  la  Lune,  Tom.  3,  pp.  119-260. 
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The  proper  eiproHioD  for  jy  can  be  with  ease  obtained  from  the  foregoing  one 

for  H  by  liifforentiiiting  it  partially  with  reference  to  D,  that  i«,  we  multiply  the  coeffi- 
cient* by  —  2,  and  Hubetitute  sin  for  cos;  but  we  must  be  careful  to  omit  the  two  terms 
designated  by  the  marks  [3 . . .  23]  and  [26 . . .  16],  for  the  reason  that  the  terms  num- 
bered (16)  and  (23)  do  not  contain  D  in  their  arguments.     In  this  manner  wo  get 

+  ■»'  i>.  j  -  ^  •••'  )  sin  (  jA  +  jy  -  aA'  -  jy*  -  3J') 

+  m'^n\  g^  A'  [  sin  (2*  +  s#  -  jV  -  »p'  -  f) 

In  the  next  place  we  must  have  the  values  of  the  other  factors  Sr^  and  <JV'.  These 
we  take  from  Lkverrier.*  After  augmenting  the  coefficients  by  about  i-500th,  in 
order  to  make  them  correspond  to  Bes^el's  mass  of  Jupiter,  the  terms  of  Leverrier's 
expressions  we  need,  become 

dV'  »  -  2".73o  Bin  (a*"  +  a^'  +  a'"  -  aA'  -  ay*  -  at') 
+  o".oi4  008  (aA"  +  jg"  +  a/"  -  aA'  -  a/  -  a/') 

-  o".oao  sin  (aA"  +  tg"  +  2I"  -  ^k'  -  jg'  -  3/') 
+  o".o6s  cos  (aA"  +  jp"  +  2I"  _  3/.'  _  3/  _  3f) 

-  ©".878  Bin  (aA"  +  ap"  +  it"  -  A'  -  p'  -  J') 

-  i".354  COS  (aA"  +  ap"  +  a/"  -  k'  -  g'  -  I') 


^  »  -  I ".907  cos  (aA"  +  ap"  +  al"  -  aA'  -  tg'—^) 

-  o"oo4  sin  (aA"  +  ig"  -«-  aJ"  -  xk'  -  iff  —  tV) 

-  o".oo9  cos  (aA"  +  ap"  +  j^'  _  3A'  -  3^*  -  if) 

-  o".o3i  sin  (aA"  +  ap"  +  aJ"  _  3A'  -  3^*  -  3O 

-  o".374  008  (aA"  +  ap"  +  aJ"  -  A'  -  p*  -  >) 
+  o".s67  sin  (aA"  +  ap"  +  ji"  _  A'  -  p*  -  I') 


By  taking 
and 


A*  +  /  B  aSoO  aa' 


p  K  I  4-  0.01677  c<>*  ^ 


we  have,  in  a  shape  more  suitable  for  our  purpooes, 

•  Aaaakt  dc  I'ObMrrBtoifc  de  Puit,  Mtmoirc*.  Ton.  IV.  ppw  36,  J7. 
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6Y'  =  —  2".73o  sin  (2h"  +  2g"  +  2l"  —  2h'  —  2^  —  2I') 

+  o".oi4  cos  (2h"  +  2(j"  +  2I"  —  2h'  —  2g'  —  2I') 

—  o".o68  sin  (2A"  +  2g"  +  2i"  -  2h'  -  2(/'  -  3/') 

—  0".008  COS  {2h"  +  2^"  +  2t"  —   2ft'  —  20'  —  3?') 

—  i".49o  sin  (2fe"  +  2gr"  +  2I"  —  2h'  —  20'  —  I') 

+  0",620  COS  (2h"  4-  20"  +   2I"  —  2h'  —  20'  —  I') 

Sr* 

—J-  =   —   l".9I2  COS  (2A"  +  20"  +  2 J"  —  2ft'  —   20'  —  2I') 

—  o".oo6  sin  (2h"  +  2^"  +  2I"  —  2/4'  —  2*;'  —  2^') 

—  o".o48  COS  {2h"  +  2gr"  +  2I"  —  2h'  —  20'  —  ^V) 
+  o".oo3  sin  (27i"  +  2g"  +  2J"  —  2/t'  —  2^/'  —  3?') 

—  o".64I  COS  (2ft"  +  20"  +  2j"  —  2h'  —  20'  —  I') 

—  o".266  sin  (2A"  +  20"  +  2I"  -  2h'  -  2g'  -  I') 

Multiplying  the  expressions  for  the  factors  together,  and,  for  brevity,  writing  G  for 
the  argument  2A  +  2^  —  2h"  —  2g"  —  2I",  we  get 

-^.V'  =  .'^3!x"'365[-^^4-^rV+¥e«a'.-fe'^:]cos.-o".oo7[-^e>]sin. 

+  o".o34   f-  ^  e'e'l  cos  fl  +  o".oo4  f-  ^e'e'J  sin  ^  +  o".o74S  [^  ^^]  ^^  ^ 

-o".3io   r^c»e']sin6i  | 

-3B^  =  '»'|3{3".868   [^e'-^yV-f|e'e"  +  ^e'5]co8^-o".oo9[^e']sin^ 

+  o".o72   r^  e'e'  1  cos  ^  +  o".oos  f^  e'e'l  sin  ^  +  o".96i  [-  i|  e'e'1  cos  6I 

_o".399   [-iS^'c'Jsin^} 

Attributing  to  e'  its  value  0.01677,  the  addition  of  the  terms  gives 

SB.  =  m'^,3 1  ro".267  e*  -  o".26  ^e*  -  o".os  e*^"]  cos  (2A  +  2flf  -  2ft"  -  2«jr"  -  2I") 
+  o".oo6  e*  sin  {2k  +  2g  —  2h"  —  2g"  —  2I'')  | 

It  will  be  seen  in  this  result  how  the  several  terms  have  nearly  canceled  each  other, 
and  hence  the  indirect  action  augments  the  direct  by  a  tenth  part  only. 
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III. — Integratiox  of  the  Differential    Equations   bt  the   Method  of 

Deladnay. 

Addinfip  the  portions  of  R  which  result  severally  from  the  direct  and  indirect 
actions  of  Jupiter  we  have  as  the  complete  expression  to  be  employed  in  this  research 

B  =  m'^\  [j".999««-  s".7j  y*^  +  o".i4S^  j'  +  8".i8^^  oo»(2A  +  »y-  aA"  -  2#"-  a^) 

+  o".oo3 1*  sin  (aA  -f  ap  —  aA"  -  sg"  —  aJ")  | 

The  terra  of  this  expression,  which  involves  the  sine  of  the  argument,  is  so  small  that 
it  may  be  neglected.  Its  only  effect  would  be  to  change  the  argument  of  the  inequal- 
ities by  a  few  minutes  of  arc 

The  8igni6cation  of  the  symbols  a,  n,  e,  and  y  in  this  expression  are  those  of 
Dklaunay  before  the  transformation  of  Tom.  II,  p.  800  was  made.  From  the  data 
given  by  Delaunay  we  conclude  that  the  numerical  values  are 

y  =  0.04499  •  «  0.05486  -  a  0.07440 

Substituting  these  in  the  expression  for  R  and  its  derivatives 

B  =  o".oooo507a  aVooe  (aA  +  ay  —  aA"  -  2g"  —  it') 

dR 

e  j^  =  o".oooioi44a*ii*cos  (aA  -f  ap  —  aA"  —  a/'  —  iV) 

rfR 
a-j-  =  o".oooi0393  «*M'oofl  (aA  +  ap  —  aA"  —  ap"  —  al") 

tfB 

y  -jr  =  — o".ooooooj9  aV  oos  (aA  +  2g  —  aA"  —  aj;"  —  2I") 

In  all  cases  where  the  square  of  the  disturbing  force  can  be  neglected,  it  appears 
to  me  that  Deijiunay'8  formul«e  for  integration  are  by  far  the  least  laborious  that  have 
been  proposed ;  especially  is  this  the  case  when  we  are  content  with  numerical  values 
for  the  coefficients.  Then  certain  auxiliary  quantities  in  Dklaitnay's  formulae,  which 
are  the  same  whatever  the  inequality  considered,  may  be  at  once  reduced  to  their 
numerical  values.  Hence  it  seems  worth  while  to  develop  this  method  of  proceeding 
in  a  gpeneral  manner,  so  that  it  may  be  applicable  to  any  case  that  may  arise. 

Employing  n  to  denote  the  mean  angular  motion  of  the  moon,  equivalent  in 
Dklaunay's  notation  to  A,  +^,  +  i^  the  differential  equations,  which  the  augmentations 
of  the  six  quantities  a,  «,  y,  I,  g,  and  k  satisfy,  are 

d .  <f  a      dadR      da  iB      da  Oi 
TT  "  St  H  +  aO  a^  +  SH  iDF 

d.8«      dedR      de  dR      de  dR 

~ar  =  a  ^  "•"  ao  ^  +  an  w 


d.iy      dydE       dydR      dyd& 

~a<  ■=  at  ir  +  ao  ^  +  JH  ay 
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d.6{h  +  g  +  l)      du  da  ^       dn  .         rda  ,   da  ,    dan  dR      rde       de       dendU 

dt        =dii^''+Te^'+dy^r-ldL  +  m  +  mJ-dit-ldL  +  m  +  m]-di 


[_dL  + 


dy       dy~i  dB 
dG  +  dUj  ~dj> 


d.6l  _  «[?o  .    ,  ^  „    ,  <?io  „        da dR      de  dR      dydR 
~W-dn^^^  de^^+ dy^y-dL'dd'dLH-lXLdP 

d.6h  _  djh ^        dh^  J.       dho  s,         ia  dB,       de  dU      dy  dR 
dt    -  dn^"+  de^^+ dy^>'~dB.'dii,~dE'di~dRdp 

The  analytical  expressions  for  the  quantities  gjj,  ^,  &c.,  are  given  by  Delaunay,* 

and  on  substituting  for  Yi  e,  ^,  &c.,  their  numerical  values  which  have  been  previously 
noted,  we  get 


da 
an  j^=  2.002730 

da 

*"dG~  ~  0.003311 

da 

an  ^jT 0.000084 

*'"*dL='-°'^75 

d(J~  ~  1-049176 

a'ncTjy  ^  0.000176 

2    ^y 

arny  jt-  ^  0.000063 

,  ^y 

.  ^y 

a'ny  gg  =  -  0.25073 

In  the  next  place,  by  partial  diflferentiation  of  the  expressions  for  n,  /„,  and  /io,t  we 
obtain 


dn 

g^=  1.00474  t 

I  dn 
ndi=-°°°^''76 

I  dn 

-3^  =  0.002039 

dk 

g^  =  1.01946 

id^o 

id?« 

-3^  =  0.006520 

dh^> 

an  -  °°o37Si 

idA, 

^^_- 0.001317 

M  dx  -  °-°°°^67 

To  all  these  quantities  have  been  applied  inductive  corrections  when  the  slowness  of 
the  convergence  of  the  series  appeared  to  require  them. 
We  can  write 

dn  _      3  n  dn  da      dn  de       du  dy 
dL  2adndTi''   dedh'^  dy^ 

dn  _      3  n  dn  da      dn  de       dn  dy 
35 2ad»d5'''ded(I''"dpd5 

dn  _      3  M  dn  da      dn  de       dn  d^ 
dH~~2odndH'''^dH  +  d^dH 

dk  3  n  d/o  da      dk  de      dk  dy 

dL^  ~2a3ndE"'"3eaE"^dydlj 

dk  3  w  dk  da      dk  de      dk  dy 

JQ  *=  ~  2  adndG  +  dcdG  +  d;/d5 

dk  _      sndk  da      dk  de       dk  dy 
dH  -  ~  i  adn dH  "•"  "3idH  +  57 dH 

•  Tom.  I,  pp.  834,  83s,  857,  858.  t  Tom.  II,  pp.  237,  238,  799. 

t  This  number  and  those  of  the  following  which  depend  upon  it  have  been  rectified.    I  am  indebted  to  M.  R. 
Radan  for  indicating  the  necessity  of  this  {Recherches  concemanl  Us  InigalUh  du  MouvemerU  de  la  Lune). 
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io  ■  -  ii»  SO  +  li  io  +  apao 

From  these  formuUe,  in  like  manner,  we  obtain 

.  du  tfn  Ai 

••j£»-3.os«o  «*3Q«  0.05601  «^2gB- 0.011*4 

4IA,  dJk,  (tt. 

••^  »  —  o.0364«  "*  30  ~  °oa89o  «* ^^  .  —  0.0037* 

Let  U8  suppose  that 

B  =  A  cos  (il  +  i'g  +  <"A  +  »^«  +  «)  -  A  cos  tf 

where  y  denotes  the  portion  of  the  motion  of  the  argument  which  is  independent  of 
the  mean  motion  of  moon  and  of  the  motions  of  its  perigee  and  node ;  q  denotes  a 
constant     The  integrating  factor  we  denote  by  /i ;  so  that 

E  *  +  H  *'  +  i  *"  +  n  J      =  |_o-99«S47996»  +  o.o.a47374«*'  -  0.0040*17371"  +  -J 

The  value  of  n,  the  unit  of  time  being  the  Julian  year,  is  17335594". 
We  then  have 

da      r.  da      .,  da       .,.  da-\  uA 

'-['«  +  '■  jS  +  '-auJ'r'"' 

...   ,       ,   n  <  r.  dn  .    ,,  <fii   .    .„  rfiiT  M      I  rd«  .   da       da~\dA. 

I  rde  ,    dt   ,    de-\  rfA       1  rdy      dy       dy-]  dA\.. 
-5LaE  +  aCF  +  3Hj  de  "  u  LaC  ■*"  50  +  3H  J  ?^  )  ■*"  ^ 

Ai        i\'i''^^>'"»^i>,^'*l"^      I  dad  A      idedA      tdydA\_,    . 
Au  i  T-^'^  .   •/«'*♦  .   •//  ^"•n  ^"^       I  dadA       I  d«  dk       i  dydh\ 
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When  the  numerical  values  of  the  quantities  which  have  been  just  determined  are 
substituted  in  these  equations,  and  the  quantities  a,  e,  and  y,  which  appear  in  the  left 
members  are  made  to  have  the  signification  which  Delaunay  attributes  to  them  after 
the  transformation  of  Tom.  II,  p.  800,  we  have 

(Jo   p     .  ~|  uA. 

—  =  I  2.0135  *  "~  °'0°3329  i'  —  0.0000841"  I  ^2^2  cos  6 

de  =  I  19.207  i  —  19.238  i'  +  0.0032  i"     ^^cos  d 
dy  =  1^0.0014  i  4-  5.5674  i'  —  5.5899  t"J  ^^jcos  6 
^{^  +  ff  +  i)  =ffl»^2{  I  —  3°9o6  i  +  0.05661  i'  — 0.01136  i"  I  yuA  —  2.0100 a ^ 


«f A  dA\    . 

+  0.3447  e  g^  +  0.4719  y  -3-  I  81 


dy 


sin  6 


SI 


~a*n*\  |_— 3-iis6t+  0.062081'  —  0.036601" J  /<A  —  2.0134 a^^ 


„      dA  dA ) 

-349-84e-a^- 0.0313^^^ 


sin  d 


dA. 
da 


Sh  =  ^-f  J  I  —  0.03680  i  +  0.02921  i'  —  0.00376  i'      fiA  +  0.00008  a 

dA  dA\    .    „ 

-  0.05877  e -^  +  124.54  y -g^  J  am  (9 

In  the  special  inequality  we  are  dealing  with  i=zo,  i'  =.2,  i"  =.2,  n-=.  233.0.  On 
substituting  these  values  together  with  the  proper  values  of  A  and  its  derivatives  we 
get 

Se=  —  ©".4546  cos  (2A  ■\-  2g  —  2h"  —  2g"  —  2I") 

^{fi'  +  9+  l)  =  +  ©".2091  sin  (2A  +2g  —  2A"  —  2g"  —  2I") 

eSl  =  —  o".449o  sin  (2A  +  2g  —  2)1"  —  2g"  —  2I") 

The  variations  of  the  other  elements  are  small  enough  to  be  neglected. 

If  these  variations  of  the  elements  are  made  in  the  mean  longitude,  the  principal 
term  of  the  equation  of  the  center  and  in  the  evection,  we  get  as  the  perturbations  of 
the  true  longitude 

tfV  =  —  o".903  8in{2h+  2g+l—  2h"  —  2g"  —  2I") 
+  o".209  sin  (2A  +  2g  —  2h"  —  2(7"  —  2I") 
—  o".i88  sin  {I  —  2h'  —  251'  —  2I'  +  2A"  +  2g"  +  2I") 
These  are  all  the  terms  which  seem  sufficiently  large  to  be  worthy  of  notice. 
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It  will  be  ptmif^d  thnt  the  coofficient«  of  the  first  and  second  differ  from  thoM 
given  by  Mr.  Nbisou,  especially  the  latter,  which  is  only  about  one-tenth  of  Mr. 
Nkison's  value.  On  the  cause  of  this  disagreement  it  is  impossible  at  present  to 
pronounce,  us  Mr.  Nkison  has  given  no  indication  of  the  metliod  ho  employed. 
Although  I  do  not  wish  to  be  too  positive  in  asserting  the  correctness  of  the  foregoing 
investigation,  as  it  is  possible  some  oversight  may  have  been  committed,  yet  I  may  be 
allowed  to  say  that  great  pains  have  been  taken  to  avoid  such.  It  is  to  be  hoped  that 
Mr.  NsiaoN  will  shortly  afford  us  the  means  of  deciding  this  interesting  matter. 


IV. — Thansformatton  Fobmuljs  of  Dblaunat  Employed  in  the  Precedinq 

I5VE8TI0ATI0N. 

In  order  to  save  reference  to  Delaunat's  volumes,  I  will  give  the  formula;  of 
tranHformation  of  Delaitnat's  operations  so  far  as  they  are  needed  for  the  determination 
of  the  effect  of  solar  perturbation  in  adding  new  terms  to  the  coefficients  of  the 
inequalities  here  discussed. 


We  replace 


Operation  2. 

n* 

a  by  aji  —  a-j^oosi{ 

•  oosJby  eoos  I  +  ^«»-jpOOS»/ 
«Binlby«siii(  +  ^<*-^siD>I 

«*by<*  — •oosf 

«» 008  3J  by  e*  cos  3I  —  *  •»  p  cos  «I 

t     n'* 
«*  sin  3J  by  «'  sin  3I  —  *  a'  -jji  sin  ai 

Operaiitm  3. 
We  replace 
•»0O6  3  (a*  +  jp  +  3J—  a*'  -  a^  -  ai')  by  ••00S3  (a»  +  ay  +  3/  -  aV  -  a^  -  at) 

+  ^^^  COS  a  (a*  +  ap  +  3»  -  »*'  -  *g' -  »«') 

•»sin  3(a*+  ap  +  3/-  a*'-  ay'  -  aJ')  by  •»sin  3  (a*  +  jp  +  31— a*'-  ap' -  ai') 


2S 


+  J  «» ?J  MO  a  (a*  +  ap  +  3J  -  »*'  -  »^  -  'O 
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Operation  4. 
We  replace 

q     m" 

a  by  a|  I  —-e-^cos{2h  +  2g  +  I  —  2h'  —  ig*  —  2V)\ 


3- 

2 


4?hj ^  +  ^eK  COS  (2h  +  2g  +  I  -  2h'  -  2g'  -  2I') 

2        71' 

h  +  g  +  Ihj h  +  g  +  I  +  ^e^  Bin  {2h  +  2g  +  I  -  2h'  -  2g'  -  2I') 
ecoB{2h+  2g  +  I—  2h'  —  zg"  —  2I')  by  ecos{2h  +  2g  +  I  —  2A'  —  2g'  —  2I') 

+  ^^^cos2{2h+  2g+l—  2h'  —  2g'  —  2V) 
esin  {2h+  2g  +  I  —  2A'  —  2gf  —  2V)  by  e  sin  (2A  +  2^  +  J  —  2h'  —  2g'  —  2I') 

+  ^e'^  Bin  2  (2h  +  2g  +  I  -  2h'  -  2g'  -  2I') 


Operation  26. 


We  replace 


o  by  a{  I  + 1^  COS  (2^  +  2g  +  2l  —  2h'  —  ig'  —  2V)\ 
e»  by  e»  -  -e»-y  cos  (2A  +  2^  +  2l  —  2A'  -  2g'  -  2I') 
J  by  I  —  7-j  sin  (2A  +  2J1  +  2Z  -  2*'  —  2jr'  —  2i') 


Operation  32. 


We  replace 


I  .n" 


a  by  a|i  —  "^""^  CO82I} 


c*  by  e* e*  — 1  cos  2I 

"  4     n 


A  +  ^  +  i  by  A  +  jf  +  Z  +  |e»^j  sin  2l 


We  replace 


Operation  38. 


ebye-^«»:^co8  3l 

1     n" 
I  by  J  +  ^  c  ^  sin  3J 
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OperativH  4a 
We  replace 

•  by  •  -  ^«»^  oo«(t*  +  .p  -  I  -  «*'  -  ap*  -  »0 
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I  by  * -^'p -in  (»*  +  »*-'-•*'- "f*  - 'O 


Operation  41. 
We  replace 

«•  by  «•  +  [^«'^'  +  t!''?]**'  *'*  ■•"'  ~  '*'  "  '*'  ~  '*'^ 

Opera/ion  49. 
We  replace 

y*  by  y*  +  ^y*«^  CKm  tg 

*by  A  +  I^sioap 


c9  = 


FORKIl 


d-  6 


.s^ss^HW 


^M^-^^  I 
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/    -    \ 
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-  ,o 


UNIVERSITY  OF  CALIFORNIA.  LIBRARY 
BERKELEY 

Retiim  to  desk  from  which  borrowed. 
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